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Çíàêîìñòâî ñ ÝÓÌÊ

Ýëåêòðîííûé ó÷åáíî-ìåòîäè÷åñêèé êîìïëåêñ (äàëåå � ÝÓÌÊ) ñîäåð-
æèò êóðñ ëåêöèé è ïðàêòè÷åñêèõ çàíÿòèé, çàäàíèÿ äëÿ ïîäãîòîâêè ê
ýêçàìåíó è çà÷åòó, âàðèàíòû çàäàíèé äëÿ èíäèâèäóàëüíîé ðàáîòû, à
òàêæå èíòåðàêòèâíûå òåñòîâûå çàäàíèÿ äëÿ ñàìîêîíòðîëÿ ïî ðàçäå-
ëó ¾Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèé îäíîé ïåðåìåííîé¿ äèñöèïëèíû
¾Ìàòåìàòè÷åñêèé àíàëèç¿. Íàëè÷èå áîëüøîãî êîëè÷åñòâà ïðèìåðîâ è
ðàçîáðàííûõ ðåøåíèé çàäà÷ ïîìîæåò â ñàìîñòîÿòåëüíîì èçó÷åíèè âàæ-
íåéøåãî ðàçäåëà ìàòåìàòè÷åñêîãî àíàëèçà.

ÝÓÌÊ íå ïðåäúÿâëÿåò íèêàêèõ ñïåöèàëüíûõ òðåáîâàíèé ê ñèñòåìå.
Â ïðàâîé ÷àñòè ýêðàíà íàõîäèòñÿ íàâèãàöèîííàÿ ïàíåëü. Îïèøåì ïðåä-
íàçíà÷åíèå êíîïîê íà íàâèãàöèîííîé ïàíåëè:

� êíîïêà ¾Íà âåñü ýêðàí¿ ïîçâîëÿåò ¾ðàçâåðíóòü¿ ÝÓÌÊ íà âåñü
ýêðàí ìîíèòîðà;

� êíîïêà ¾Íà÷àëî¿ ïðåäíàçíà÷åíà äëÿ áûñòðîãî ïåðåõîäà íà òèòóëü-
íóþ ñòðàíèöó ÝÓÌÊ;

� êíîïêà ¾Ñîäåðæàíèå¿ ïðåäíàçíà÷åíà äëÿ áûñòðîãî ïåðåõîäà ê ðàç-
äåëó ¾Ñîäåðæàíèå¿ ÝÓÌÊ;

� êíîïêà ¾Ïðèëîæåíèå¿ ïðåäíàçíà÷åíà äëÿ áûñòðîãî ïåðåõîäà ê ðàç-
äåëó ¾Ïðèëîæåíèå¿, â êîòîðîì ïðèâîäèòñÿ òàáëèöà íåîïðåäåëåííûõ èí-
òåãðàëîâ;
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� êíîïêà ¾Íàçàä¿ ïðåäíàçíà÷åíà äëÿ âîçâðàòà íà òó ñòðàíèöó ÝÓÌÊ,
ñ êîòîðîé áûë ñîâåðøåí ïåðåõîä íà ëþáóþ äðóãóþ ñòðàíèöó ñ ïîìîùüþ
ãèïåðññûëêè èëè êíîïêè íàâèãàöèîííîé ïàíåëè;

� êíîïêà ¾Çàêðûòü¿ ïîçâîëÿåò çàêîí÷èòü ðàáîòó ñ ÝÓÌÊ.
Êðîìå óêàçàííûõ âûøå êíîïîê íàâèãàöèîííàÿ ïàíåëü ñîäåðæèò êíîï-

êè, ïîçâîëÿþùèå ¾ëèñòàòü¿ ñòðàíèöû ÝÓÌÊ, à òàêæå êíîïêè áûñòðîãî
ïåðåõîäà íà ïåðâóþ è ïîñëåäíþþ ñòðàíèöû (â ïîëíîýêðàííîì ðåæèìå
ñòðàíèöû ÝÓÌÊ ìîæíî ¾ëèñòàòü¿ íàæèìàÿ êëàâèøè ¾ïðîáåë¿, ¾âëå-
âî¿, ¾âïðàâî¿ íà êëàâèàòóðå, èëè ñ ïîìîùüþ êîëåñèêà ìûøè). Íà íà-
âèãàöèîííîé ïàíåëè óêàçûâàåòñÿ íîìåð ñòðàíèöû, êîòîðàÿ îòêðûòà â
ìîìåíò ïðîñìîòðà ÝÓÌÊ. Íàæàâ íà îòîáðàæàåìûé íîìåð ñòðàíèöû
êóðñîðîì ìûøè, ìîæíî âûçâàòü îêíî, ïîçâîëÿþùåå ñîâåðøèòü ïåðåõîä
íà ëþáóþ ñòðàíèöó ÝÓÌÊ.

Òåñòû, âêëþ÷åííûå â äàííûé ÝÓÌÊ, ïðåäíàçíà÷åíû èñêëþ÷èòåëü-
íî äëÿ ñàìîêîíòðîëÿ ñòóäåíòîâ è íîñÿò âñïîìîãàòåëüíûé õàðàêòåð. Ýòî
ñâÿçàíî ñ òåì, ÷òî â õîäå èçó÷åíèÿ äèñöèïëèíû ñòóäåíòû äîëæíû, ïðåæ-
äå âñåãî, íàó÷èòüñÿ ëîãè÷åñêè ìûñëèòü, ïðèîáðåñòè íàâûêè ðåøåíèÿ çà-
äà÷ è îñíîâíîå âíèìàíèå ñëåäóåò óäåëèòü ïîñòðîåíèþ ìàòåìàòè÷åñêèõ
ðàññóæäåíèé è âûïîëíåíèþ ñòóäåíòàìè çàäà÷ è óïðàæíåíèé.
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Ïðåäèñëîâèå

Ïðåäëàãàåìûé âíèìàíèþ ÷èòàòåëåé ó÷åáíî-ìåòîäè÷åñêèé êîìïëåêñ
(äàëåå � ÓÌÊ) ïðåäíàçíà÷åí, â ïåðâóþ î÷åðåäü, ñòóäåíòàì ôèçè÷åñêîãî
ôàêóëüòåòà, õîòÿ çíà÷èòåëüíàÿ åãî ÷àñòü ìîæåò áûòü èñïîëüçîâàíà è
ñòóäåíòàìè äðóãèõ ñïåöèàëüíîñòåé.

Ïðè ñîñòàâëåíèè ÓÌÊ àâòîðû ðóêîâîäñòâîâàëèñü ó÷åáíûìè ïðîãðàì-
ìàìè ïî äèñöèïëèíå ¾Ìàòåìàòè÷åñêèé àíàëèç¿ äëÿ ôèçè÷åñêèõ ñïåöè-
àëüíîñòåé óíèâåðñèòåòîâ. Â ñîîòâåòñòâèè ñ óêàçàííûìè ïðîãðàììàìè
íà èçó÷åíèå ðàçäåëà ¾Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèé îäíîé ïåðå-
ìåííîé¿ îòâîäèòñÿ 34 ÷àñà ëåêöèé è 32 ÷àñà ïðàêòè÷åñêèõ çàíÿòèé.

ÓÌÊ îáåñïå÷èâàåò äîñòèæåíèå îñíîâíîé äèäàêòè÷åñêîé öåëè � ñàìî-
îáðàçîâàíèÿ. Â óñëîâèÿõ ïîñòîÿííî âîçðàñòàþùåãî îáúåìà íàó÷íîé (à
çíà÷èò, è ó÷åáíîé) èíôîðìàöèè êîëè÷åñòâî ÷àñîâ, ïðåäóñìàòðèâàåìûõ
ó÷åáíûìè ïëàíàìè íà ïðåïîäàâàíèå òðàäèöèîííî èçó÷àåìûõ äèñöèïëèí,
èìååò óñòîé÷èâóþ òåíäåíöèþ ê ñîêðàùåíèþ. Â ýòîé ñâÿçè íåîáõîäèìî,
÷òîáû ó÷åáíûå äèñöèïëèíû, åùå íå ïîòåðÿâøèå ñâîåé àêòóàëüíîñòè,
ïðåïîäàâàëèñü íà ñîâðåìåííîì íàó÷íîì óðîâíå, ïîëíîöåííî è êðàòêî.
Ïðè ýòîì ãëóáîêîå èçó÷åíèå ìàòåðèàëà ñòóäåíòàìè âîçìîæíî òîëüêî
ïðè óñëîâèè óñïåøíîé îðãàíèçàöèè ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ.

Èçëîæåíèå ìàòåðèàëà â ÓÌÊ ïðèâîäèòñÿ â íàèáîëåå îïòèìàëüíîé, ïî
ìíåíèþ àâòîðîâ, ïîñëåäîâàòåëüíîñòè. Ïðè èçëîæåíèè ìàòåðèàëà ïðèâî-
äÿòñÿ ñòàíäàðòíûå è ñïåöèôè÷åñêèå ñïîñîáû ðåøåíèÿ ìíîãèõ çàäà÷ ñ
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öåëüþ îáó÷åíèÿ íà êîíêðåòíûõ ïðèìåðàõ ïîèñêó íàèáîëåå ðàöèîíàëü-
íîãî ñïîñîáà ðåøåíèÿ. Â êîíöå êàæäîé ëåêöèè ïðèâîäÿòñÿ âîïðîñû è
çàäàíèÿ äëÿ ñàìîêîíòðîëÿ ñ öåëüþ ïîìî÷ü ñòóäåíòàì â ïðîâåðêå óñâîå-
íèÿ èìè òåîðåòè÷åñêîãî ìàòåðèàëà. Íàðÿäó ñ ïðèìåðàìè, àíàëîãè÷íûìè
ðåøåííûì íà ïðàêòè÷åñêèõ çàíÿòèÿõ, ÓÌÊ ñîäåðæèò äîñòàòî÷íî áîëü-
øîå êîëè÷åñòâî íåòðèâèàëüíûõ çàäà÷, íå âñå èç êîòîðûõ ìîãóò áûòü
ðåøåíû â àóäèòîðèè èëè ñàìîñòîÿòåëüíî, ìíîãèå çàäà÷è îêàæóòñÿ ïî-
ëåçíûìè äëÿ êðóæêîâîé ðàáîòû ñ íàèáîëåå ñèëüíûìè ñòóäåíòàìè. ÓÌÊ
ñîäåðæèò äîñòàòî÷íî îáøèðíûé ìàòåðèàë äëÿ êîíòðîëüíûõ è èíäèâè-
äóàëüíûõ ðàáîò, à òàêæå âîïðîñû äëÿ ïîäãîòîâêè ê ýêçàìåíó è çà÷åòó
ïî ðàçäåëó ¾Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèé îäíîé ïåðåìåííîé¿.
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ÏÐÈÌÅÐÍÛÉ ÒÅÌÀÒÈ×ÅÑÊÈÉ ÏËÀÍ

� Íàçâàíèå òåìû, ïåðå÷åíü èçó÷àåìûõ âîïðîñîâ ËÊ ÏÐ
Íåîïðåäåëåííûé èíòåãðàë 10 12

1 Ïîíÿòèå è ñâîéñòâà íåîïðåäåëåííîãî èíòåãðà-
ëà. Çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè ïî åå ïðîèçâîä-
íîé. Ïîíÿòèå ïåðâîîáðàçíîé è åå îñíîâíîå ñâîéñòâî.
Íåîïðåäåëåííûé èíòåãðàë. Îñíîâíûå ñâîéñòâà íåîïðå-
äåëåííîãî èíòåãðàëà. Òàáëèöà îñíîâíûõ íåîïðåäåëåí-
íûõ èíòåãðàëîâ. Íåïîñðåäñòâåííîå èíòåãðèðîâàíèå

2 2

2 Çàìåíà ïåðåìåííîé è èíòåãðèðîâàíèå ïî ÷à-
ñòÿì â íåîïðåäåëåííîì èíòåãðàëå. Òåîðåìà î ïîä-
ñòàíîâêå â íåîïðåäåëåííîì èíòåãðàëå. Èíòåãðèðîâà-
íèå ïî ÷àñòÿì â íåîïðåäåëåííîì èíòåãðàëå

2 4

3 Èíòåãðèðîâàíèå ðàöèîíàëüíûõ ôóíêöèé. Ðàç-
ëîæåíèå ðàöèîíàëüíûõ äðîáåé íà ýëåìåíòàðíûå. Èí-
òåãðèðîâàíèå ýëåìåíòàðíûõ ðàöèîíàëüíûõ äðîáåé.
Ìåòîä Îñòðîãðàäñêîãî

2 2

4 Èíòåãðèðîâàíèå ïðîñòåéøèõ èððàöèîíàëüíûõ
ôóíêöèé. Ïðîñòåéøèå ïîäñòàíîâêè. Ïîäñòàíîâêè
Ýéëåðà. Èíòåãðàëû îò äèôôåðåíöèàëüíûõ áèíîìîâ

2 2
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� Íàçâàíèå òåìû, ïåðå÷åíü èçó÷àåìûõ âîïðîñîâ ËÊ ÏÐ
5 Èíòåãðèðîâàíèå íåêîòîðûõ òðàíñöåíäåíòíûõ

ôóíêöèé. Èíòåãðèðîâàíèå ôóíêöèé òèïà
R(sinx, cosx). Èíòåãðàëû òèïà

∫
R(shx, chx)dx.

Èíòåãðàëû òèïà
∫
R(ex)dx

2 2

Îïðåäåëåííûé è íåñîáñòâåííûé èíòåãðàë 24 20
1 Èíòåãðàë Ðèìàíà. Çàäà÷è, ïðèâîäÿùèå ê ïîíÿòèþ

îïðåäåëåííîãî èíòåãðàëà. Ïîíÿòèå îïðåäåëåííîãî èí-
òåãðàëà (èíòåãðàëà Ðèìàíà), åãî ãåîìåòðè÷åñêèé è ìå-
õàíè÷åñêèé ñìûñë. Íåîáõîäèìûå óñëîâèÿ èíòåãðèðóå-
ìîñòè ôóíêöèè

2 1

2 Ñóììû Äàðáó. Íèæíèå è âåðõíèå ñóììû Äàðáó, èõ
ñâîéñòâà. Êðèòåðèé èíòåãðèðóåìîñòè ôóíêöèè

2

3 Êëàññû èíòåãðèðóåìûõ ôóíêöèé. Îá èíòåãðè-
ðóåìîñòè íåïðåðûâíûõ ôóíêöèé. Îá èíòåãðèðóåìîñòè
ìîíîòîííûõ ôóíêöèé. Êðèòåðèé Äàðáó èíòåãðèðóå-
ìîñòè ôóíêöèè. Êðèòåðèé Ðèìàíà èíòåãðèðóåìîñòè
ôóíêöèè. Îá èíòåãðèðóåìîñòè íåêîòîðûõ êëàññîâ ðàç-
ðûâíûõ ôóíêöèé

2
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� Íàçâàíèå òåìû, ïåðå÷åíü èçó÷àåìûõ âîïðîñîâ ËÊ ÏÐ
4 Ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà. Îñíîâíûå

ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà, ñâÿçàííûå ñ ðà-
âåíñòâàìè. Îñíîâíûå ñâîéñòâà îïðåäåëåííîãî èíòåãðà-
ëà, ñâÿçàííûå ñ íåðàâåíñòâàìè. Èíòåãðèðîâàíèå ÷åò-
íûõ, íå÷åòíûõ è ïåðèîäè÷åñêèõ ôóíêöèé. Òåîðåìû î
ñðåäíåì çíà÷åíèè äëÿ îïðåäåëåííîãî èíòåãðàëà. Èíòå-
ãðàëüíûå íåðàâåíñòâà Ãåëüäåðà, Ìèíêîâñêîãî, Êîøè �
Áóíÿêîâñêîãî

2 1

5 Ôîðìóëà Íüþòîíà � Ëåéáíèöà. Îïðåäåëåííûé
èíòåãðàë ñ ïåðåìåííûì âåðõíèì ïðåäåëîì. Ñóùåñòâî-
âàíèå ïåðâîîáðàçíîé ó íåïðåðûâíîé íà ïðîìåæóòêå
ôóíêöèè. Ôîðìóëà Íüþòîíà � Ëåéáíèöà

2 1

6 Âû÷èñëåíèå îïðåäåëåííîãî èíòåãðàëà. Çàìåíà
ïåðåìåííîé (ïîäñòàíîâêà) â îïðåäåëåííîì èíòåãðàëå.
Èíòåãðèðîâàíèå ïî ÷àñòÿì â îïðåäåëåííîì èíòåãðàëå.
Îñòàòîê ôîðìóëû Òåéëîðà â èíòåãðàëüíîé ôîðìå. Èí-
òåãðèðîâàíèå âåêòîðíîçíà÷íûõ ôóíêöèé

2 1
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� Íàçâàíèå òåìû, ïåðå÷åíü èçó÷àåìûõ âîïðîñîâ ËÊ ÏÐ
7 Ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà. Ïîíÿòèå

êâàäðèðóåìîñòè è ïëîùàäè ïëîñêîé ôèãóðû. Êðèòå-
ðèé êâàäðèðóåìîñòè ïëîñêèõ ôèãóð. Êâàäðèðóåìîñòü
êðèâîëèíåéíîé òðàïåöèè. Êâàäðèðóåìîñòü êðèâîëè-
íåéíîãî ñåêòîðà. Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè,
îãðàíè÷åííîé êðèâîé, çàäàííîé â ïàðàìåòðè÷åñêîé
ôîðìå.

8 12

Ïîíÿòèå êóáèðóåìîñòè è îáúåìà òåë. Êðèòåðèé êó-
áèðóåìîñòè òåë. Íåêîòîðûå êëàññû êóáèðóåìûõ òåë.
Ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ.
Ñïðÿìëÿåìàÿ êðèâàÿ è åå äëèíà

Ìåòîä îïðåäåëåííîãî èíòåãðàëà ïðè ðåøåíèè çàäà÷.
Ìàññà ìàòåðèàëüíîé êðèâîé. Ñòàòè÷íûå ìîìåíòû è
öåíòð òÿæåñòè ìàòåðèàëüíîé êðèâîé. Ïåðâàÿ òåîðå-
ìà Ïàïïà � Ãóëüäèíà. Ìàññà ìàòåðèàëüíîé ïëîñêîé
ôèãóðû. Ñòàòè÷íûå ìîìåíòû è öåíòð òÿæåñòè ìàòå-
ðèàëüíîé ïëîñêîé ôèãóðû. Âòîðàÿ òåîðåìà Ïàïïà �
Ãóëüäèíà
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� Íàçâàíèå òåìû, ïåðå÷åíü èçó÷àåìûõ âîïðîñîâ ËÊ ÏÐ
8 Íåñîáñòâåííûå èíòåãðàëû. Ïîíÿòèå íåñîáñòâåííî-

ãî èíòåãðàëà. Íåñîáñòâåííûå íòåãðàëû ïåðâîãî è âòî-
ðîãî ðîäà. Îñíîâíûå ñâîéñòâà íåñîáñòâåííûõ èíòåãðà-
ëîâ. Êðèòåðèé Êîøè ñõîäèìîñòè íåñîáñòâåííûõ èíòå-
ãðàëîâ

2 2

9 Èññëåäîâàíèå ñõîäèìîñòè íåñîáñòâåííûõ èíòå-
ãðàëîâ. Íåñîáñòâåííûå èíòåãðàëû îò íåîòðèöàòåëü-
íûõ ôóíêöèé. Êðèòåðèé ñõîäèìîñòè íåñîáñòâåííûõ
èíòåãðàëîâ íåîòðèöàòåëüíûõ ôóíêöèé. Äîñòàòî÷íûå
ïðèçíàêè ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ îò
íåîòðèöàòåëüíûõ ôóíêöèé (ïðèçíàêè ñðàâíåíèÿ). Ïî-
íÿòèÿ àáñîëþòíîé è óñëîâíîé ñõîäèìîñòè íåñîáñòâåí-
íûõ èíòåãðàëîâ. Òåîðåìà î ñõîäèìîñòè àáñîëþòíî ñõî-
äÿùèõñÿ íåñîáñòâåííûõ èíòåãðàëîâ. Ïðèçíàêè Äèðèõ-
ëå è Àáåëÿ óñëîâíîé ñõîäèìîñòè íåñîáñòâåííûõ èíòå-
ãðàëîâ. Ãëàâíîå çíà÷åíèå íåñîáñòâåííîãî èíòåãðàëà

2 2
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ËÅÊÖÈß 1

Ïîíÿòèå è ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà

1.1. Çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè ïî åå ïðîèçâîäíîé.
Ïîíÿòèå ïåðâîîáðàçíîé è åå îñíîâíîå ñâîéñòâî

Ê ÷èñëó âàæíûõ çàäà÷ ìåõàíèêè îòíîñèòñÿ çàäà÷à îá îïðåäåëåíèè
çàêîíà äâèæåíèÿ ìàòåðèàëüíîé òî÷êè ïî çàäàííîé åå ñêîðîñòè, à òàêæå
çàäà÷à îá îïðåäåëåíèè çàêîíà äâèæåíèÿ è ñêîðîñòè ìàòåðèàëüíîé òî÷êè
ïî çàäàííîìó åå óñêîðåíèþ.

Ýòè çàäà÷è ïðèâîäÿò ê ìàòåìàòè÷åñêîé ïðîáëåìå îòûñêàíèÿ ôóíê-
öèè ïî çàäàííîé ïðîèçâîäíîé ýòîé ôóíêöèè.

Îïðåäåëåíèå 1.1. Ïåðâîîáðàçíîé ôóíêöèè f(x) íà íåêîòîðîì èí-

òåðâàëå (a, b) ⊂ D(f) íàçûâàåòñÿ òàêàÿ ôóíêöèÿ F (x), îïðåäåëåííàÿ
íà (a, b), ÷òî äëÿ ëþáîé òî÷êè x ∈ (a, b) áóäåò âûïîëíÿòüñÿ ðàâåíñòâî

F ′(x) = f(x).

Íàïðèìåð, äëÿ ôóíêöèè f(x) = 2x íà R ïåðâîîáðàçíîé áóäåò
ôóíêöèÿ F (x) = x2, òàê êàê F ′(x) = 2x = f(x) äëÿ ëþáîãî x ∈ R.
Íóæíî çàìåòèòü, ÷òî è ôóíêöèÿ x2+C, ãäå C � ïðîèçâîëüíàÿ êîíñòàíòà,
òàêæå áóäåò ïåðâîîáðàçíîé äëÿ ôóíêöèè f(x) = 2x íà R.
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Òåîðåìà 1.1. Åñëè ôóíêöèÿ F (x) ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ ôóíê-
öèè f(x) íà èíòåðâàëå (a, b), òî:

a) F (x) + C òàêæå ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ ôóíêöèè f(x) íà

èíòåðâàëå (a, b), ãäå C � ïðîèçâîëüíàÿ äåéñòâèòåëüíàÿ ïîñòîÿííàÿ;

á) äëÿ ëþáîé äðóãîé ïåðâîîáðàçíîé Φ(x) ôóíêöèè f(x) íà èíòåðâàëå
(a, b) ñóùåñòâóåò òàêàÿ äåéñòâèòåëüíàÿ êîíñòàíòà C, ÷òî

Φ(x) = F (x) + C. (1.1)

J Ñïðàâåäëèâîñòü çàêëþ÷åíèÿ à) î÷åâèäíà, äîêàæåì á). Ðàññìîòðèì
ôóíêöèþ ϕ(x) = Φ(x)−F (x). Åå ïðîèçâîäíàÿ ϕ′(x) = Φ′(x)−F ′(x) = 0,
è ïî äîñòàòî÷íîìó óñëîâèþ êðèòåðèÿ ïîñòîÿíñòâà ôóíêöèè íà ïðîìå-
æóòêå [12, ñëåäñòâèå 18.5] ïîëó÷èì, ÷òî ϕ(x) = C. I

Çàìå÷àíèå 1.1. Ïîíÿòèå ïåðâîîáðàçíîé ìîæíî ðàññìîòðåòü íà ïðî-
èçâîëüíîì ïðîìåæóòêå X ÷èñëîâîé îñè R.

Îïðåäåëåíèå 1.2. Ôóíêöèÿ F (x), îïðåäåëåííàÿ íà íåêîòîðîì ïðî-

ìåæóòêå X ⊂ R, íàçûâàåòñÿ ïåðâîîáðàçíîé ôóíêöèè f(x) íà X,

åñëè

1) ôóíêöèÿ F (x) íåïðåðûâíà íà ïðîìåæóòêå X;

2) âî âñåõ âíóòðåííèõ òî÷êàõ x ïðîìåæóòêà X ôóíêöèÿ F (x) èìå-
åò ïðîèçâîäíóþ è F ′(x) = f(x).
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1.2. Íåîïðåäåëåííûé èíòåãðàë. Îñíîâíûå ñâîéñòâà
íåîïðåäåëåííîãî èíòåãðàëà

Îïðåäåëåíèå 1.3. Ïóñòü ôóíêöèÿ f(x) íà èíòåðâàëå (a, b) èìååò
ïåðâîîáðàçíóþ F (x). Íåîïðåäåëåííûì èíòåãðàëîì ôóíêöèè f(x)
íà èíòåðâàëå (a, b) íàçûâàåòñÿ ìíîæåñòâî âñåõ åå ïåðâîîáðàçíûõ íà

ýòîì èíòåðâàëå.

Îáîçíà÷åíèå:
∫
f(x)dx.

Òàêèì îáðàçîì, åñëè F (x) � êàêàÿ-ëèáî ïåðâîîáðàçíàÿ ôóíêöèè f(x)
íà èíòåðâàëå (a, b), òî ïèøóò∫

f(x)dx = F (x) + C, (1.2)

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, õîòÿ áûëî áû ïðàâèëüíåå ïèñàòü∫
f(x)dx = {F (x) + C}.

Ìû, êàê îáû÷íî ïðèíÿòî, áóäåì óïîòðåáëÿòü çàïèñü (1.2). Òåì ñàìûì
îäèí è òîò æå ñèìâîë

∫
f(x)dx áóäåò îáîçíà÷àòü êàê âñþ ñîâîêóïíîñòü

ïåðâîîáðàçíûõ ôóíêöèè f(x), òàê è ëþáîé ýëåìåíò ýòîãî ìíîæåñòâà, òî
åñòü êàêóþ-òî ïåðâîîáðàçíóþ ôóíêöèè f(x).

Ôóíêöèþ f(x) íàçûâàþò ïîäûíòåãðàëüíîé ôóíêöèåé, à äèôôå-
ðåíöèàëüíóþ ôîðìó f(x)dx � ïîäûíòåãðàëüíûì âûðàæåíèåì, x �
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ïåðåìåííîé èíòåãðèðîâàíèÿ, C � êîíñòàíòîé èíòåãðèðîâàíèÿ. ×èòàþò∫
f(x)dx: ¾èíòåãðàë ýô îò èêñ äý èêñ¿.
Íàïðèìåð:

1.
∫

2xdx = x2 + C,

2.
∫

sinxdx = − cosx+ C (ïîòîìó ÷òî (− cosx)′ = sinx),

3.
∫

dx
x =

{
ln(−x) + C1, x < 0,
ln(x) + C2, x > 0.

(â äàëüíåéøåì áóäåì ïèñàòü
∫

dx
x = ln |x|+ C).

Ñëåäóåò, îäíàêî, èìåòü â âèäó, ÷òî âñÿêîå ðàâåíñòâî, â îáåèõ ÷àñòÿõ
êîòîðîãî ñòîÿò íåîïðåäåëåííûå èíòåãðàëû, åñòü ðàâåíñòâî ìåæäó ìíî-
æåñòâàìè.

Åñëè F (x) � ïåðâîîáðàçíàÿ ôóíêöèè f(x) íà èíòåðâàëå (a, b), òî, ñî-
ãëàñíî îïðåäåëåíèþ 1.3, â âûðàæåíèè

∫
f(x)dx ïîä çíàêîì èíòåãðàëà

ñòîèò äèôôåðåíöèàë ôóíêöèè F (x) íà èíòåðâàëå (a, b):

dF (x) = F ′(x)dx = f(x)dx.

Áóäåì ñ÷èòàòü ïî îïðåäåëåíèþ, ÷òî ýòîò äèôôåðåíöèàë ïîä çíàêîì èí-
òåãðàëà ìîæíî çàïèñûâàòü â ëþáîì èç óêàçàííûõ âèäîâ, òî åñòü ñîãëàñíî
ýòîìó ñîãëàøåíèþ∫

f(x)dx =

∫
F ′(x)dx =

∫
dF (x). (1.3)
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Ðàññìîòðèì îñíîâíûå ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà.
1. Ïóñòü F (x) äèôôåðåíöèðóåìà íà èíòåðâàëå (a, b). Òîãäà∫

dF (x) = F (x) + C,

èëè, ÷òî òî æå (ñìîòðè (1.3)):∫
F ′(x)dx = F (x) + C.

JÑïðàâåäëèâîñòü ýòîãî ðàâåíñòâà âûòåêàåò èç îïðåäåëåíèÿ íåîïðåäå-
ëåííîãî èíòåãðàëà êàê ñîâîêóïíîñòè âñåõ ôóíêöèé, äèôôåðåíöèàë êî-
òîðûõ ñòîèò ïîä çíàêîì èíòåãðàëà (ñìîòðè (1.3)) è îáùåãî âèäà (1.1)
âñåõ ïåðâîîáðàçíûõ äàííîé ôóíêöèè.I
2. Ïóñòü ôóíêöèÿ f(x) èìååò ïåðâîîáðàçíóþ íà èíòåðâàëå (a, b);

òîãäà äëÿ ëþáîé òî÷êè x ∈ (a, b) èìååò ìåñòî ðàâåíñòâî

d

∫
f(x)dx = f(x)dx.

Â äàííîé ôîðìóëå ïîä èíòåãðàëîì
∫
f(x)dx ïîíèìàåòñÿ ëþáàÿ ïåðâî-

îáðàçíàÿ F (x) ôóíêöèè f(x). Ñïðàâåäëèâîñòü ýòîé ôîðìóëû î÷åâèäíà
â ñèëó îïðåäåëåíèÿ ïåðâîîáðàçíîé.
3. Åñëè ôóíêöèè f1(x) è f2(x) èìåþò ïåðâîîáðàçíûå íà èíòåðâàëå

(a, b), òî è ôóíêöèÿ f1(x)+f2(x) òàêæå èìååò ïåðâîîáðàçíóþ íà (a, b),
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ïðè÷åì ∫
[f1(x) + f2(x)] dx =

∫
f1(x)dx+

∫
f2(x)dx. (1.4)

Ýòî ðàâåíñòâî âûðàæàåò ñîáîé ñîâïàäåíèå äâóõ ìíîæåñòâ ôóíêöèé
è îçíà÷àåò, ÷òî ñóììà êàêèõ-ëèáî ïåðâîîáðàçíûõ äëÿ ôóíêöèé f1(x) è
f2(x) ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ ôóíêöèè f1(x) + f2(x) è, ÷òî íàîáî-
ðîò, âñÿêàÿ ïåðâîîáðàçíàÿ äëÿ ôóíêöèè f1(x) + f2(x) ÿâëÿåòñÿ ñóììîé
íåêîòîðûõ ïåðâîîáðàçíûõ äëÿ ôóíêöèé f1(x) è f2(x).

Ñâîéñòâî èíòåãðàëà, âûðàæàåìîå ôîðìóëîé (1.4), íàçûâàåòñÿ àääè-
òèâíîñòüþ èíòåãðàëà îòíîñèòåëüíî ôóíêöèé.

JÏóñòü
∫
f1(x)dx = F1(x) + C1,

∫
f2(x)dx = F2(x) + C2, è, ñëåäîâà-

òåëüíî, äëÿ ëþáûõ x ∈ (a, b) F ′1(x) = f1(x), F ′2(x) = f2(x).
Ïîëîæèì F (x) = F1(x) + F2(x). Òîãäà äëÿ ëþáîé òî÷êè x ∈ (a, b)

F ′(x) = [F1(x) + F2(x)]′ = F ′1(x) + F ′2(x) = f1(x) + f2(x).

Ýòî îçíà÷àåò, ÷òî F (x) ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ f1(x) + f2(x) íà
(a, b), à ïîýòîìó∫

[f1(x) + f2(x)] dx = F (x) + C = F1(x) + F2(x) + C.

Òàêèì îáðàçîì, ëåâàÿ ÷àñòü ôîðìóëû (1.4) ñîñòîèò èç ôóíêöèé âèäà
F1(x)+F2(x)+C, ïðàâàÿ � èç ôóíêöèé âèäà F1(x)+C1+F2(x)+C2. Ââèäó
ïðîèçâîëüíîñòè ïîñòîÿííûõ C, C1 è C2 ýòè ñîâîêóïíîñòè ñîâïàäàþò.I
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4. Åñëè ôóíêöèÿ f(x) èìååò ïåðâîîáðàçíóþ íà èíòåðâàëå (a, b) è

k � ÷èñëî, òî ôóíêöèÿ kf(x) òàêæå èìååò íà (a, b) ïåðâîîáðàçíóþ,

ïðè÷åì ïðè k 6= 0 ñïðàâåäëèâî ðàâåíñòâî∫
kf(x)dx = k

∫
f(x)dx. (1.5)

JÏóñòü
∫
f(x)dx = F (x) + C, òî åñòü äëÿ ëþáîé òî÷êè x ∈ (a, b)

F ′(x) = f(x). Òîãäà äëÿ ëþáîé òî÷êè x ∈ (a, b) [kF (x)]′ = kF ′(x) = kf(x).
Ýòî îçíà÷àåò, ÷òî ôóíêöèÿ kF (x) ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ kf(x), à
ïîýòîìó

∫
kf(x)dx = = kF (x) +C1.

Òàêèì îáðàçîì, ëåâàÿ ÷àñòü ôîðìóëû (1.5) ïðåäñòàâëÿåò ñîáîé ñîâî-
êóïíîñòü ôóíêöèé âèäà kF (x) +C1, à ïðàâàÿ ÷àñòü ñîñòîèò èç ôóíêöèé
âèäà k[F (x) + C] = = kF (x) + kC. Ââèäó ïðîèçâîëüíîñòè ïîñòîÿííûõ
C è C1 ïðè óñëîâèè k 6= 0 îáå ñîâîêóïíîñòè ñîïàäàþò.I

Ñëåäñòâèå 1.1 (ñâîéñòâî ëèíåéíîñòè). Åñëè íà ïðîìåæóòêå I
ñóùåñòâóþò

∫
fk(x)dx, k = 1, n, à αk � ïðîèçâîëüíûå äåéñòâèòåëüíûå

êîíñòàíòû, ïðè÷åì õîòÿ áû îäíà èç íèõ îòëè÷íà îò íóëÿ, òî íà I
ñóùåñòâóåò ∫ ( n∑

k=1

αkfk(x)

)
dx =

n∑
k=1

αk

∫
fk(x)dx.
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1.3. Òàáëèöà îñíîâíûõ íåîïðåäåëåííûõ èíòåãðàëîâ.
Íåïîñðåäñòâåííîå èíòåãðèðîâàíèå

Èñïîëüçóÿ òàáëèöó ïðîèçâîäíûõ, ïîëó÷èì òàáëèöó îñíîâíûõ íåîïðå-
äåëåííûõ èíòåãðàëîâ:

1.
∫
xαdx = xα+1

α+1 + C, α 6= −1.

2.
∫

dx
x = ln |x|+ C.

3.
∫
axdx = ax

ln a + C
(∫

exdx = ex + C
)
.

4.
∫

cosxdx = sinx+ C.

5.
∫

sinxdx = − cosx+ C.

6.
∫

dx
cos2 x = tg x+ C.

7.
∫

dx
sin2 x

= − ctg x+ C.

8.
∫

shxdx = chx+ C.

9.
∫

chxdx = shx+ C.

10.
∫

dx
ch2 x

= thx+ C.

11.
∫

dx
sh2 x

= − cthx+ C.

12.
∫

dx
a2+x2 = 1

a arctg x
a + C.

13.
∫

dx
a2−x2 = 1

2a ln |a+x
a−x |+ C,

∫
dx

x2−a2 = 1
2a ln

∣∣x−a
x+a

∣∣+ C.

14.
∫

dx√
x2+a

= ln |x+
√
x2 + a|+ C.

15.
∫

dx√
a2−x2 = arcsin x

a + C.
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Çàìå÷àíèå 1.2. Âñå ïðèâåäåííûå âûøå ôîðìóëû ñïðàâåäëèâû äëÿ
ëþáûõ îáîçíà÷åíèé ïåðåìåííîé. Íàïðèìåð,∫

cosHdH = sinH + C.

Âñå ôîðìóëû èç òàáëèöû íåîïðåäåëåííûõ èíòåãðàëîâ ïðîâåðÿ-
þòñÿ íåïîñðåäñòâåííûì äèôôåðåíöèðîâàíèåì èõ ïðàâûõ ÷àñòåé,
â ðåçóëüòàòå ÷åãî äîëæíû ïîëó÷èòüñÿ ïîäûíòåãðàëüíûå ôóíêöèè.
Íàïðèìåð, äëÿ ôîðìóëû 14 (åñëè x+

√
x2 + a < 0) ïîëó÷èì:(

ln |x+
√
x2 + a|

)′
=
(

ln
(
−x−

√
x2 + a

))′
=

=
1

−x−
√
x2 + a

·
(
−1− x√

x2 + a

)
=

1√
x2 + a

.

Çàìå÷àíèå 1.3. Âûøå óæå ðàññìàòðèâàëàñü ôîðìóëà∫
dx

x
= ln |x|+ C =

{
ln(x) + C1, x > 0,
ln(−x) + C2, x < 0.

Àíàëîãè÷íî íóæíî ïîíèìàòü è íåêîòîðûå äðóãèå ôîðìóëû òàáëèöû.
Íàïðèìåð,

∫
dx

sin2 x
= − ctg x+C íóæíî ðàññìàòðèâàòü îòäåëüíî íà êàæ-

äîì èç èíòåðâàëîâ (πk, π+πk), k = 0,±1,±2, ..., ïðè÷åì ñî ñâîåé ïðîèç-
âîëüíîé êîíñòàíòîé, íå çàâèñÿùåé îò äðóãèõ êîíñòàíò òàêîãî æå òèïà.
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Íàõîæäåíèå íåîïðåäåëåííûõ èíòåãðàëîâ ñ ïîìîùüþ óêàçàííîé âû-
øå òàáëèöû è îñíîâíûõ ñâîéñòâ íåîïðåäåëåííûõ èíòåãðàëîâ íàçûâàåòñÿ
íåïîñðåäñòâåííûì èíòåãðèðîâàíèåì.

Ïðèìåð 1.1. Âû÷èñëèòå èíòåãðàë
∫ (
−5 3
√
x+ 2

x + 0,5√
x2−3

)
dx.

JÎáîçíà÷èì èíòåãðàë ÷åðåç I. Èñïîëüçóÿ ñâîéñòâî ëèíåéíîñòè è ôîð-
ìóëó 3

√
x = x1/3 (ñïðàâåäëèâà ïðè x > 0; ïðè x < 0 3

√
x = −(−x)1/3, íî,

ôîðìàëüíî, ìîæíî ñ÷èòàòü è â ýòîì ñëó÷àå 3
√
x = x1/3), ïîëó÷èì:

I = −5

∫
x1/3dx+ 2

∫
dx

x
+ 0, 5

∫
dx√
x2 − 3

= −5
x1/3+1

1/3 + 1
+ 2 ln |x|+

+0, 5 ln
∣∣∣x+

√
x2 − 3

∣∣∣+C = −15

4
x 3
√
x+2 ln |x|+0, 5 ln

∣∣∣x+
√
x2 − 3

∣∣∣+C. I
Íèæå áóäåò äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1.2. Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà èíòåðâàëå (a, b), òî
äëÿ íåå íà ýòîì èíòåðâàëå ñóùåñòâóåò ïåðâîîáðàçíàÿ F (x), à çíà÷èò,
è íåîïðåäåëåííûé èíòåãðàë

∫
f(x)dx.

Çàìå÷àíèå 1.4. Äàëåêî íå âñÿêèé ñóùåñòâóþùèé íåîïðåäåëåííûé
èíòåãðàë ÿâëÿåòñÿ ýëåìåíòàðíîé ôóíêöèåé. Òàêèìè èíòåãðàëàìè áóäóò:∫

e−x
2

dx,

∫
dx

lnx
,

∫
sinx

x
dx

è ìíîãèå äðóãèå.
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Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Äàéòå îïðåäåëåíèå ïåðâîîáðàçíîé ôóíêöèè f(x) íà èíòåðâàëå (a, b).
2. Ñôîðìóëèðóéòå îñíîâíîå ñâîéñòâî ïåðâîîáðàçíîé ôóíêöèè f(x) íà

èíòåðâàëå (a, b).
3. Äàéòå îïðåäåëåíèå íåîïðåäåëåííîãî èíòåãðàëà îò çàäàííîé ôóíê-

öèè f(x) íà èíòåðâàëå.
4. Ñôîðìóëèðóéòå ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà, íåïîñðåä-

ñòâåííî âûòåêàþùèå èç åãî îïðåäåëåíèÿ.
5. Â ÷åì ðàçíèöà ìåæäó âûðàæåíèÿìè d

∫
f(x)dx è

∫
dF (x)?

6. Ïðîâåðüòå ïðàâèëüíîñòü ôîðìóë òàáëèöû íåîïðåäåëåííûõ èíòå-
ãðàëîâ íåïîñðåäñòâåííûì äèôôåðåíöèðîâàíèåì ïðàâûõ ÷àñòåé ôîðìóë.

7. Îòâåòüòå íà âîïðîñû òåñòà.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 1
Íåïîñðåäñòâåííîå èíòåãðèðîâàíèå

Çàäàíèå 1. Íàéòè èíòåãðàë∫
5 + 7x+ x2

x
√
x

dx.

J×èñëèòåëü ïîäûíòåãðàëüíîé ôóíêöèè äåëèì ïî÷ëåííî íà çíàìåíà-
òåëü. Çàòåì ïðèìåíÿåì ñâîéñòâî ëèíåéíîñòè íåîïðåäåëåííîãî èíòåãðàëà
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è ôîðìóëó 1 èç òàáëèöû íåîïðåäåëåííûõ èíòåãðàëîâ:∫
5 + 7x+ x2

x
√
x

dx =

∫ (
5x−

3
2 + 7x−

1
2 + x

1
2

)
dx =

=

∫
5x−

3
2dx+

∫
7x−

1
2dx+

∫
x

1
2dx =

= 5

∫
x−

3
2dx+ 7

∫
x−

1
2dx+

∫
x

1
2dx = 5

x−
3
2+1

−3
2 + 1

+ 7
x−

1
2+1

−1
2 + 1

+
x

1
2+1

1
2 + 1

+C =

= 5
x−

1
2

−1
2

+ 7
x

1
2

1
2

+
x

3
2

3
2

+ C = − 10√
x

+ 14
√
x+

2

3
x
√
x+ C. I

Çàäàíèå 2. Íàéòè èíòåãðàë∫
(1− x)3

x 3
√
x

dx.

JÂ ÷èñëèòåëå ïðèìåíèì ôîðìóëó êóáà ðàçíîñòè è ðàçäåëèì ïî÷ëåí-
íî ÷èñëèòåëü íà çíàìåíàòåëü. Äàëåå ïîñòóïàåì, êàê â çàäàíèè 1:∫

(1− x)3

x 3
√
x

dx =

∫
1− 3x+ 3x2 − x3

x
4
3

dx =

=

∫
x−

4
3dx− 3

∫
x−

1
3dx+ 3

∫
x

2
3dx−

∫
x

5
3dx =
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=
x−

1
3

−1
3

− 3
x

2
3

2
3

+ 3
x

5
3

5
3

− x
8
3

8
3

+C = − 3
3
√
x
− 9

3
√
x2

2
+

9x
3
√
x2

5
− 3x2 3

√
x2

8
+C. I

Çàìå÷àíèå 1.5. Íèæå ìû áóäåì èñïîëüçîâàòü ñâîéñòâî ëèíåéíîñòè
íåîïðåäåëåííîãî èíòåãðàëà áåç äîïîëíèòåëüíûõ ðàçúÿñíåíèé.

Çàäàíèå 3. Íàéòè èíòåãðàë∫ (
1− 1

x2

)√
x
√
xdx.

J
∫ (

1− 1

x2

)√
x
√
xdx =

∫ (
1− x−2

) (
x

3
2

) 1
2

dx =

=

∫ (
x

3
4 − x−

5
4

)
dx =

x
7
4

7
4

− x−
1
4

−1
4

+ C =
4x

4
√
x3

7
+

4
4
√
x

+ C. I

Çàäàíèå 4. Íàéòè èíòåãðàë∫ √
x4 + x−4 + 2

x3
dx.

J
∫ √

x4 + x−4 + 2

x3
dx =

∫ √
x4 + 1

x4 + 2

x3
dx =

∫ √
x8+2x4+1

x4

x3
dx =



33

=

∫ √
(x4 + 1)2

x2x3
dx =

∫
x4 + 1

x5
dx =

∫ (
1

x
+ x−5

)
dx =

= ln |x|+ x−4

−4
+ C = ln |x| − 1

4x4
+ C. I

Çàäàíèå 5. Íàéòè èíòåãðàë∫
x2 + 3

x2 − 1
dx.

J
∫
x2 + 3

x2 − 1
dx =

∫
x2 − 1 + 4

x2 − 1
dx =

∫ (
x2 − 1

x2 − 1
+

4

x2 − 1

)
dx =

=

∫ (
1 +

4

x2 − 1

)
dx = x+ 4 · 1

2
ln

∣∣∣∣x− 1

x+ 1

∣∣∣∣+C = x+ 2 ln

∣∣∣∣x− 1

x+ 1

∣∣∣∣+C. I

Çàäàíèå 6. Íàéòè èíòåãðàë∫
dx

(x2 − 2)(x2 + 3)
.

JÈñïîëüçóåì òîæäåñòâî 1 ≡ 1
5

(
(x2 + 3)− (x2 − 2)

)
.∫

dx

(x2 − 2)(x2 + 3)
=

1

5

∫
(x2 + 3)− (x2 − 2)

(x2 − 2)(x2 + 3)
dx =
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=
1

5

(∫
dx

x2 − 2
−
∫

dx

x2 + 3

)
=

1

5

(∫
dx

x2 − (
√

2)2
−
∫

dx

x2 + (
√

3)2

)
=

=
1

5

(
1

2
√

2
ln

∣∣∣∣∣x−
√

2

x+
√

2

∣∣∣∣∣− 1√
3

arctg
x√
3

)
+ C. I

Çàäàíèå 7. Íàéòè èíòåãðàë∫
dx

sin2 x · cos2 x
.

JÈñïîëüçóåì òîæäåñòâî 1 ≡ sin2 x+ cos2 x.∫
dx

sin2 x · cos2 x
=

∫
sin2 x+ cos2 x

sin2 x · cos2 x
dx =

∫
dx

cos2 x
+

∫
dx

sin2 x
=

= tg x− ctg x+ C. I

Çàäàíèå 8. Äîêàçàòü, ÷òî åñëè∫
f(x)dx = F (x) + C,

òî ∫
f(ax+ b)dx =

1

a
F (ax+ b) + C (a 6= 0). (1.6)

JÝòó ôîðìóëó ìîæíî äîêàçàòü ñ ïîìîùüþ òåîðåìû î ïîäñòàíîâêå â
íåîïðåäåëåííîì èíòåãðàëå (óêàçàííàÿ òåîðåìà áóäåò ñôîðìóëèðîâàíà è
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äîêàçàíà íà ñëåäóþùåé ëåêöèè). Ñåé÷àñ æå ìû åå äîêàæåì íåïîñðåä-
ñòâåííûì äèôôåðåíöèðîâàíèåì ïðàâîé ÷àñòè. Èñïîëüçóÿ ïðàâèëà äèô-
ôåðåíöèðîâàíèÿ è òåîðåìó î ïðîèçâîäíîé ñëîæíîé ôóíêöèè, ïîëó÷èì:(

1

a
F (ax+ b) + C

)′
=

1

a
(F (ax+ b))′ + C ′ =

1

a
F ′(ax+ b)(ax+ b)′ =

=
1

a
f(ax+ b) · a = f(ax+ b). I

Çàäàíèå 9. Íàéòè èíòåãðàë∫
2x+1 − 5x−1

10x
dx.

J
∫

2x+1 − 5x−1

10x
dx =

∫
2x · 2− 5x · 5−1

10x
dx =

∫ (
2

2x

10x
− 1

5

5x

10x

)
dx =

= 2

∫
5−xdx− 1

5

∫
2−xdx = [èñïîëüçóåì (1.6)] = −2

5−x

ln 5
+

1

5

2−x

ln 2
+ C =

= − 2

5x ln 5
+

1

5 · 2x ln 2
+ C. I

Çàäàíèå 10. Íàéòè èíòåãðàë∫ 5
√

1− 2x+ x2

1− x
dx.



36

J
∫ 5
√

1− 2x+ x2

1− x
dx =

∫
5
√

(1− x)2

1− x
dx =

∫
(1− x)

2
5

1− x
dx =

=

∫
(1− x)−

3
5dx = [èñïîëüçóåì (1.6)] = −(1− x)

2
5

2
5

+ C =

= −
5 5
√

(1− x)2

2
+ C. I

Çàäàíèå 11. Íàéòè èíòåãðàë∫
6x3 + x2 − 2x+ 1

2x− 1
dx.

JÑíà÷àëà âûäåëÿåì öåëóþ ÷àñòü ðàöèîíàëüíîé äðîáè, äåëÿ ÷èñëè-
òåëü íà çíàìåíàòåëü. Èìååì:

6x3 + x2 − 2x+ 1

2x− 1
= 3x2 + 2x+

1

2x− 1
.

Òîãäà ∫
6x3 + x2 − 2x+ 1

2x− 1
dx =

∫
3x2dx+

∫
2xdx+

∫
dx

2x− 1
=

= x3 + x2 +
1

2
ln |2x− 1|+ C. I
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Çàäàíèå 12. Íàéòè èíòåãðàë∫
dx√

x+ 4−
√
x
.

JÎñâîáîæäàåìñÿ îò èððàöèîíàëüíîñòè â çíàìåíàòåëå, óìíîæàÿ ÷èñ-
ëèòåëü è çíàìåíàòåëü ïîäûíòåãðàëüíîé ôóíêöèè íà âûðàæåíèå, ñîïðÿ-
æåííîå çíàìåíàòåëþ:∫

dx√
x+ 4−

√
x
dx =

∫ √
x+ 4 +

√
x

(
√
x+ 4−

√
x)(
√
x+ 4 +

√
x)
dx =

=
1

4

∫ √
x+ 4dx+

1

4

∫ √
xdx =

1

4

∫
(x+ 4)

1
2dx+

1

4

∫
x

1
2dx =

=
1

6
(x+ 4)

3
2 +

1

6
x

3
2 + C =

1

6
(x+ 4)

√
x+ 4 +

1

6
x
√
x+ C. I

Çàäàíèå 13. Íàéòè èíòåãðàë∫
sin
(

2x− π

6

)
· cos

(
3x+

π

4

)
dx.

JÏðèìåíèì òðèãîíîìåòðè÷åñêîå òîæäåñòâî

sinα · cos β =
1

2
(sin(α− β) + sin(α + β))
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(îá ýòîì ñïîñîáå èíòåãðèðîâàíèÿ áóäåò ïîäðîáíåå ãîâîðèòüñÿ íà ïÿòîé
ëåêöèè). ∫

sin
(

2x− π

6

)
· cos

(
3x+

π

4

)
dx =

=
1

2

∫ (
sin

(
−x− 5π

12

)
+ sin

(
5x+

π

12

))
dx =

=
1

2

(
cos

(
x+

5π

12

)
− 1

5
cos
(

5x+
π

12

))
+ C. I

Çàäàíèå 14. Íàéòè èíòåãðàë∫
dx

x2 + x− 2
.

JÂûäåëÿåì â çíàìåíàòåëå ïîäûíòåãðàëüíîé ôóíêöèè ïîëíûé êâàäðàò:∫
dx

x2 + x− 2
=

∫
dx

x2 + 2 · 1
2x+ 1

4 −
1
4 − 2

=

∫
dx(

x+ 1
2

)2 − 9
4

=

=
1

2 · 3
2

ln

∣∣∣∣x+ 1
2 −

3
2

x+ 1
2 + 3

2

∣∣∣∣+ C =
1

3
ln

∣∣∣∣x− 1

x+ 2

∣∣∣∣+ C. I
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Çàäàíèå 15. Íàéòè èíòåãðàë∫
dx√

x2 − 4x+ 3
.

J Ðåøàåì òåì æå ìåòîäîì, ÷òî è â çàäàíèè 14:∫
dx√

x2 − 4x+ 3
=

∫
dx√

x2 − 4x+ 4− 4 + 3
=

∫
dx√

(x− 2)2 − 1
=

= ln
∣∣∣x− 2 +

√
(x− 2)2 − 1

∣∣∣+ C = ln
∣∣∣x− 2 +

√
x2 − 4x+ 3

∣∣∣+ C. I

Çàäàíèå 16. Íàéòè èíòåãðàë∫
(x4 + 3x2 − 6x+ 1)(x− 2)44dx.

J Ðàçëîæèì ìíîãî÷ëåí P4(x) = x4 + 3x2 − 6x+ 1 ïî ñòåïåíÿì x− 2
ïî ôîðìóëå Òåéëîðà äëÿ ìíîãî÷ëåíà

Pn(x) =
n∑
k=0

P
(k)
n (x0)

k!
(x− x0)

k. (1.7)

Äëÿ ýòîãî íàéäåì çíà÷åíèÿ ïðîèçâîäíûõ ìíîãî÷ëåíà P4(x) â òî÷êå

x0 = 2 âñåõ ïîðÿäêîâ îò 0 äî 4 âêëþ÷èòåëüíî (P
(0)
4 ≡ P4(x)):

P
(0)
4 (2) = P4(2) = 17;
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P ′4(x) = 4x3 + 6x− 6, P ′4(2) = 38;

P ′′4 (x) = 12x2 + 6, P ′′4 (2) = 54;

P ′′′4 (x) = 24x, P ′′′4 (2) = 48;

P
(4)
4 (x) = 24, P

(4)
4 (2) = 24.

Èñïîëüçóÿ ôîðìóëó (1.7), ïîëó÷èì:

P4(x) = 17 + 38(x− 2) +
54

2!
(x− 2)2 +

48

3!
(x− 2)3 +

24

4!
(x− 2)4 =

= 17 + 38(x− 2) + 27(x− 2)2 + 8(x− 2)3 + (x− 2)4.

Òîãäà ∫
(x4 + 3x2 − 6x+ 1)(x− 2)44dx =

=

∫ (
17 + 38(x− 2) + 27(x− 2)2 + 8(x− 2)3 + (x− 2)4

)
(x− 2)44dx =

= 17

∫
(x− 2)44dx+ 38

∫
(x− 2)45dx+ 27

∫
(x− 2)46dx+

+8

∫
(x− 2)47dx+

∫
(x− 2)48dx =

= 17
(x− 2)45

45
+ 38

(x− 2)46

46
+ 27

(x− 2)47

47
+ 8

(x− 2)48

48
+

(x− 2)49

49
+C =
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= (x−2)45

(
17

45
+

19

23
(x− 2) +

27

47
(x− 2)2 +

1

6
(x− 2)3 +

1

49
(x− 2)4

)
+C. I

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Íàéäèòå íåîïðåäåëåííûå èíòåãðàëû:

1.1
∫

(3− x2)3dx;

1.2
∫
x2(5− x)4dx;

1.3
∫

(1− x)(1− 3x)dx;

1.4
∫ (

1−x
x

)2
dx;

1.5
∫

x+1√
x
dx;

1.6
∫ √x−2

3
√
x2+1

4
√
x

dx;

1.7
∫ (
√

2x− 3
√

3x)
2

x dx;

1.8
∫

x2

1+x2dx;

1.9
∫

x2

1−x2dx;

1.10
∫ √

1+x2+
√

1−x2√
1−x4 dx;

1.11
∫ √

x2+1−
√
x2−1√

x4−1
dx;

1.12
∫

(2x + 3x)2dx;

1.13
∫

e3x+1
ex+1 dx;

1.14
∫

(1 + sin x+ cosx)dx;

1.15
∫

ctg2 xdx;

1.16
∫

tg2 xdx;

1.17
∫

dx
x+a ;

1.18
∫

(2x− 3)10dx;

1.19
∫

3
√

1− 3xdx;

1.20
∫

dx√
2−5x

;

1.21
∫

dx
2+3x2 ;

1.22
∫

dx
2−3x2 ;

1.23
∫

dx√
2−3x2

;

1.24
∫

dx√
3x2−2

;

1.25
∫

(e−x + e−2x)dx;
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1.26
∫

(sin 5x− cos 6x)dx;

1.27
∫

dx

sin2(2x+π
4 )
;

1.28
∫

dx
1+cosx ;

1.29
∫

dx
1−cosx ;

1.30
∫

dx
1+sinx ;

1.31
∫

1+x
1−xdx;

1.32
∫

x2

1+xdx;

1.33
∫

x4+4x3+3x2+12x+20
x2+4x+5 dx;

1.34
∫ (1+x)2

1+x2 dx;

1.35
∫ (2−x)2

2−x2 dx;

1.36
∫

x5

x+1dx;

1.37
∫

dx
4x2−5x+6 ;

1.38
∫

dx
x2−6x+9 ;

1.39
∫

dx
1−3x−x2 ;

1.40
∫

dx√
x2−3x+8

;

1.41
∫

dx√
1−4x−x2 ;

1.42
∫

dx√
x3−3x2+3x−1

;

1.43
∫

dx√
x+1+

√
x−1

;

1.44
∫

dx√
x−
√

4+x
;

1.45
∫
x
√

2− 5xdx;

1.46
∫

dx
(x−1)(x+3) ;

1.47
∫

dx
(x2+1)(x2+2) ;

1.48
∫

sin2 xdx;

1.49
∫

cos2 xdx;

1.50
∫

sin 3x · sin 5xdx;

1.51
∫

cos x
2 · cos x

3dx.

Ïðîâåðüòå ñåáÿ, îòâåòèâ íà âîïðîñû òåñòà.
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ËÅÊÖÈß 2

Çàìåíà ïåðåìåííîé è èíòåãðèðîâàíèå ïî ÷àñòÿì
â íåîïðåäåëåííîì èíòåãðàëå

2.1. Çàìåíà ïåðåìåííîé â íåîïðåäåëåííîì èíòåãðàëå

Ïðè âû÷èñëåíèÿõ íåîïðåäåëåííûõ èíòåãðàëîâ ÷àñòî èñïîëüçóþò òàê
íàçûâàåìûéìåòîä ïîäñòàíîâêè (ìåòîä çàìåíû ïåðåìåííîé). Ñïðà-
âåäëèâà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 2.1. Åñëè íà ïðîìåæóòêå U ñóùåñòâóåò∫
f(u)du = F (u)+C,

à ôóíêöèÿ u = ϕ(x) ÿâëÿåòñÿ äèôôåðåíöèðóåìîé íà ïðîìåæóòêå X,
ïðè÷åì E(ϕ) ⊂ U, òî ñóùåñòâóåò∫

f(ϕ(x))ϕ′(x)dx = F (ϕ(x)) + C. (2.1)

J Íà ïðîìåæóòêå X êàæäàÿ èç ôóíêöèé F (ϕ(x)) è f(ϕ(x)) ÿâëÿ-
åòñÿ ñëîæíîé. Äëÿ ôóíêöèè F (ϕ(x)) âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû
[12, òåîðåìà 15.2] î äèôôåðåíöèðîâàíèè ñëîæíîé ôóíêöèè (ñóùåñòâó-
åò F ′(u) = f(u) íà U , òàê êàê ñóùåñòâóåò

∫
f(u)du = F (u) + C; ϕ′(x)
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ñóùåñòâóåò íà X � ïî óñëîâèþ òåîðåìû). Çíà÷èò, íà ïðîìåæóòêå X ñó-
ùåñòâóåò

(F (ϕ(x)))′ = F ′(u)
∣∣∣
u=ϕ(x)

· ϕ′(x) = f(ϕ(x))ϕ′(x). (2.2)

Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ F (ϕ(x)) ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ
ôóíêöèè f(ϕ(x))ϕ′(x) íà ïðîìåæóòêå X.I

Ôîðìóëà (2.1) íàçûâàåòñÿôîðìóëîé èíòåãðèðîâàíèÿ ïîäñòàíîâ-
êîé, à èìåííî ïîäñòàíîâêîé ϕ(x) = u. Ýòî íàçâàíèå îáúÿñíÿåòñÿ òåì,
÷òî åñëè ëåâóþ ÷àñòü ôîðìóëû (2.1) çàïèñàòü â âèäå∫

f(ϕ(x))dϕ(x) =

∫
f(u)du |u=ϕ(x), (2.3)

òî áóäåò âèäíî, ÷òî, äëÿ òîãî ÷òîáû âû÷èñëèòü èíòåãðàë∫
f(ϕ(x))ϕ′(x)dx =

∫
f(ϕ(x))d(ϕ(x)),

ìîæíî ñäåëàòü ïîäñòàíîâêó u = ϕ(x), âû÷èñëèòü èíòåãðàë
∫
f(u)du è

çàòåì âåðíóòüñÿ ê ïåðåìåííîé x, ïîëîæèâ u = ϕ(x).

Ïðèìåð 2.1. Âû÷èñëèòå
∫

dx
sinx .

J
∫

dx

sinx
=

∫
sinxdx

sin2 x
=

∫
sinxdx

1− cos2 x
=

∫
− 1

1− cos2 x
(− sinx)dx =
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=

 u = cosx = ϕ(x), f(u) = − 1
1−u2 ;

X = (πk, π + πk), k ∈ Z;
u = (−1, 1)

 = −
∫

d(cosx)

1− cos2 x
=

= −
∫

du

1− u2
= −1

2
ln

∣∣∣∣1 + u

1− u

∣∣∣∣+ C = −1

2
ln

∣∣∣∣1 + cos x

1− cosx

∣∣∣∣+ C. I

Ïðèìåð 2.2. Âû÷èñëèòå
∫

cos x
2dx.

J d(x2) = (x2)′dx = 1
2dx.∫

cos
x

2
dx = 2

∫
cos

x

2
·1
2
dx = 2

∫
cos

x

2
d
(x

2

)
=
[
u =

x

2
, f(u) = cosu

]
=

= 2

∫
cosudu = 2 sinu+ C = 2 sin

x

2
+ C. I

Çàìå÷àíèå 2.1. Èñïîëüçîâàíèå îïðåäåëåíèÿ äèôôåðåíöèàëà dϕ(x) =
= ϕ′(x)dx ñïðàâà íàëåâî ïðè âû÷èñëåíèè èíòåãðàëîâ ìåòîäîì ïîäñòà-
íîâêè íàçûâàåòñÿ ïîäíåñåíèåì ïîä çíàê äèôôåðåíöèàëà ôóíêöèè
ϕ(x). Ïðè ýòîì ñîîòâåòñòâóþùàÿ ïîäñòàíîâêà u = ϕ(x) ÷àñòî ïðîâîäèò-
ñÿ òîëüêî ìûñëåííî, à íå â çàïèñè. Íàïðèìåð:∫

sin2 x · cosxdx =

∫
sin2 xd(sinx) =

sin3 x

3
+ C;
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∫
dx

x2 − x+ 1
=

[
x2 − x+ 1 = (x− 1

2)2 + 3
4 ;

d(x− 1
2) = dx;

]
=

=

∫
d(x− 1

2)(
x− 1

2

)2
+
(√

3
2

)2 =
1
√

3
2

arctg
x− 1

2√
3

2

+ C =
2√
3

arctg
2x− 1√

3
+ C.

Êðîìå òîãî, èñïîëüçóÿ îïåðàöèþ ïîäíåñåíèÿ ïîä çíàê äèôôåðåíöèà-
ëà, ëåãêî äîêàçàòü ôîðìóëó∫

f(ax+ b)dx =
1

a
F (ax+ b) + C,

ãäå F (x) � ïåðâîîáðàçíàÿ ôóíêöèè f(x). Íàïðèìåð:∫
e2xdx =

1

2
e2x + C;∫

(0, 2x− 3)54dx =
1

0, 2

(0, 2x− 3)55

55
+ C =

(0, 2x− 3)55

11
+ C;∫

dx

cos2(3x− 4)
=

1

3
tg(3x− 4) + C.

Çàìå÷àíèå 2.2. ×àñòíûì ñëó÷àåì ôîðìóëû çàìåíû ïåðåìåííîé ÿâ-
ëÿåòñÿ ñëåäóþùàÿ ôîðìóëà:

I =

∫
f ′(x)dx

f(x)
= ln |f(x)|+ C.
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Çàìå÷àíèå 2.3. Â ñëó÷àå, êîãäà ôóíêöèÿ ϕ(x) èìååò îáðàòíóþ ϕ−1(u),
ïåðåéäÿ â îáåèõ ÷àñòÿõ ôîðìóëû (2.3) ê ïåðåìåííîé u ñ ïîìîùüþ ïîä-
ñòàíîâêè x = ϕ−1(u) è ïîìåíÿâ ìåñòàìè ñòîðîíû ðàâåíñòâà, ïîëó÷èì∫

f(u)du =

∫
f(ϕ(x))ϕ′(x)dx |x=ϕ−1(u) .

Ýòà ôîðìóëà íàçûâàåòñÿ îáû÷íî ôîðìóëîé èíòåãðèðîâàíèÿ çàìå-
íîé ïåðåìåííîé.

Òàê, ñ ïîìîùüþ ýòîé ôîðìóëû äëÿ âû÷èñëåíèÿ
∫ √

a2 − x2dx èñïîëü-
çóþò ïîäñòàíîâêó x = a cosu èëè x = a sinu; äëÿ

∫ √
x2 − a2dx � ïîäñòà-

íîâêó x = a
cosu èëè x = a

sinu ; äëÿ
∫ √

x2 + a2dx � ïîäñòàíîâêó x = a tg u
èëè x = a ctg u.

Óêàçàííûå ïîäñòàíîâêè èñïîëüçóþòñÿ ñîîòâåòñòâåííî è äëÿ âû÷èñëå-
íèÿ íåêîòîðûõ äðóãèõ èíòåãðàëîâ, ïîäûíòåãðàëüíûå ôóíêöèè êîòîðûõ
ñîäåðæàò â êà÷åñòâå ìíîæèòåëåé

√
a2 − x2, èëè

√
x2 − a2, èëè

√
x2 + a2.

Ïðèìåð 2.3. Âû÷èñëèòü
∫ √

4−x2
x dx.

J
∫ √

4− x2

x
dx =

[
x = 2 cosu;
0 < u < π

]
=

=

[ √
4− x2 =

√
4− 4 cos2 u = 2 sinu;

dx = −2 sinudu; u = arccos x
2

]
=
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=

∫
2 sinu

2 cosu
(−2 sinu)du = −2

∫
sin2 ud(sinu)

1− sin2 u
= [t = sinu] =

= −2

∫
t2dt

1− t2
= 2

∫
1− t2 − 1

1− t2
dt = 2

(
t− 1

2
ln

∣∣∣∣1 + t

1− t

∣∣∣∣)+ C =

= 2

(
sinu− 1

2
ln

∣∣∣∣1 + sinu

1− sinu

∣∣∣∣)+ C =

= 2

√1− x2

4
− 1

2
ln

∣∣∣∣∣∣∣
1 +

√
1− x2

4

1−
√

1− x2

4

∣∣∣∣∣∣∣
+ C =

=
√

4− x2 − ln

∣∣∣∣∣2 +
√

4− x2

2−
√

4− x2

∣∣∣∣∣+ C. I

2.2. Èíòåãðèðîâàíèå ïî ÷àñòÿì

Òåîðåìà 2.2. Åñëè ôóíêöèè u = u(x) è v = v(x) äèôôåðåíöèðóå-

ìû íà íåêîòîðîì ïðîìåæóòêå I, è íà ýòîì ïðîìåæóòêå ñóùåñòâó-

åò èíòåãðàë
∫
vdu, òî íà íåì ñóùåñòâóåò è íòåãðàë

∫
udv, ïðè÷åì

ñïðàâåäëèâà ôîðìóëà (ôîðìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì)∫
udv = uv −

∫
vdu. (2.4)
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J Ïóñòü ôóíêöèè u(x) è v(x) äèôôåðåíöèðóåìû íà ïðîìåæóòêå I.
Òîãäà ïî ïðàâèëó äèôôåðåíöèðîâàíèÿ ïðîèçâåäåíèÿ äëÿ âñåõ òî÷åê ýòî-
ãî ïðîìåæóòêà èìååò ìåñòî ðàâåíñòâî

d(uv) = vdu+ udv,

è ïîýòîìó

udv = d(uv)− vdu.

Èíòåãðàë îò êàæäîãî ñëàãàåìîãî ïðàâîé ÷àñòè ñóùåñòâóåò, òàê êàê∫
d(uv) = uv + C,

à èíòåãðàë
∫
vdu ñóùåñòâóåò ïî óñëîâèþ òåîðåìû. Ïîýòîìó ñóùåñòâóåò

è èíòåãðàë
∫
udv, ïðè÷åì∫

udv =

∫
d(uv)−

∫
vdu. (2.5)

Ïîäñòàâëÿÿ â ïðàâóþ ÷àñòü (2.5) uv+C âìåñòî
∫
d(uv) è îòíîñÿ ïðî-

èçâîëüíóþ ïîñòîÿííóþ C ê èíòåãðàëó
∫
vdu, ïîëó÷èì ôîðìóëó (2.4).I

Çàìå÷àíèå 2.4. Âûäåëèì òðè ãðóïïû èíòåãðàëîâ, âû÷èñëåíèå êîòî-
ðûõ ïðîâîäèòñÿ ïî ôîðìóëå (2.4) ñ íåêîòîðûìè îñîáåííîñòÿìè.



50

1.

∫
Pn(x)aαxdx,

∫
Pn(x) sinαxdx,

∫
Pn(x) cosαxdx.

Ïðè âû÷èñëåíèè èíòåãðàëîâ ïåðâîãî òèïà ôóíêöèåé u = u(x) ñ÷èòà-
þò ìíîãî÷ëåí Pn(x) ñòåïåíè n ∈ N, ïðè÷åì èíòåãðèðîâàíèå ïî ÷àñòÿì
íåîáõîäèìî ïðîâîäèòü n ðàç.

Ïðèìåð 2.4. Âû÷èñëèòå
∫

(3x2 − x)2
x
4dx.

J
∫

(3x2 − x)2
x
4dx =

[
u = 3x2 − x; du = (6x− 1)dx;

dv = 2
x
4dx; v = 4 2

x
4

ln 2

]
=

=
4

ln 2
(3x2− x)2

x
4 − 4

ln 2

∫
(6x− 1)2

x
4dx =

[
u = 6x− 1; du = 6dx;

dv = 2
x
4dx; v = 4 2

x
4

ln 2

]
=

=
4

ln 2
(3x2 − x)2

x
4 −

(
4

ln 2

)2

(6x− 1)2
x
4 +

(
4

ln 2

)2

6

∫
2
x
4dx =

=
4

ln 2
(3x2 − x)2

x
4 −

(
4

ln 2

)2

(6x− 1)2
x
4 + 6

(
4

ln 2

)3

2
x
4 + C. I

2. a)

∫
aαx sin βxdx,

∫
aαx cos βxdx;
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á)

∫ √
a2 + x2dx,

∫ √
a2 − x2dx,

∫ √
x2 − a2dx;

â)

∫
sin(lnx)dx,

∫
cos(lnx)dx.

Ïðè âû÷èñëåíèè èíòåãðàëîâ âòîðîãî òèïà ïðîâîäèòñÿ èíòåãðèðîâà-
íèå ïî ÷àñòÿì: äëÿ ïóíêòà a) � äâà ðàçà, çà u = u(x) îáà ðàçà áåðåò-
ñÿ ëèáî ïîêàçàòåëüíàÿ ôóíêöèÿ, ëèáî òðèãîíîìåòðè÷åñêàÿ; äëÿ ïóíê-
òà á) � îäèí ðàç, ïîñëå ÷åãî ïîëó÷èì ðàâåíñòâî îòíîñèòåëüíî èñêîìîãî
èíòåãðàëà; äëÿ ïóíêòà â) � èíòåãðèðîâàíèå ïî ÷àñòÿì ïðîâîäèòñÿ äâà
ðàçà.

Ïðèìåð 2.5. Âû÷èñëèòü
∫
e−x cosxdx.

J
∫
e−x cosxdx =

[
u = e−x; du = −e−xdx;
dv = cosxdx; v = sinx

]
= e−x sinx+

+

∫
e−x sinxdx = e−x sinx+

[
u = e−x; du = −e−xdx;
dv = sinxdx; v = − cosx

]
=

= e−x sinx− e−x cosx−
∫
e−x cosxdx.

Ðåøàÿ ðàâåíñòâî îòíîñèòåëüíî
∫
e−x cosxdx, ïîëó÷èì∫

e−x cosxdx =
e−x

2
(sinx− cosx) + C. I
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Ïðèìåð 2.6. Âû÷èñëèòü
∫ √

2x− x2dx.

J
∫ √

2x− x2dx =
[
−x2 + 2x = −(x2 − 2x+ 1− 1) = 1− (x− 1)2;

t = x− 1, dt = d(x− 1) = dx] =

∫ √
1− t2dt =

=

[
u =
√

1− t2; du = −tdt√
1−t2

dv = dt; v = t

]
= t
√

1− t2 −
∫

1− t2 − 1√
1− t2

dt =

= t
√

1− t2 −
∫ √

1− t2dt+

∫
dt√

1− t2
=

= t
√

1− t2 −
∫ √

1− t2dt+ arcsin t = (x− 1)
√

2x− x2−

−
∫ √

2x− x2dx+ arcsin(x− 1),

2

∫ √
2x− x2dx = (x− 1)

√
2x− x2 + arcsin(x− 1),∫ √

2x− x2dx =
1

2

(
(x− 1)

√
2x− x2 + arcsin(x− 1)

)
+ C. I

3.

∫
f(x) (loga αx)n dx,

∫
f(x) (arcsinαx)n dx,

∫
f(x) (arccosαx)n dx,
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∫
f(x) (arctgαx)n dx,

∫
f(x) (arcctgαx)n dx,

ãäå ôóíêöèÿ f(x) åñòü ïðîèçâîäíàÿ ïîðÿäêà n ∈ N íåêîòîðîé ôóíêöèè
ϕ(x)

(
f(x) = ϕ(n)(x)

)
.

Ïðè âû÷èñëåíèè èíòåãðàëîâ òðåòüåãî òèïà ïðîâîäèòñÿ èíòåãðèðîâà-
íèå ïî ÷àñòÿì (n ðàç), ïðè÷åì çà u = u(x) áåðóò âòîðîé ìíîæèòåëü.

Ïðèìåð 2.7. Âû÷èñëèòü
∫
x arctg xdx.

J
∫
x arctg xdx =

[
u = arctg x; du = dx

1+x2 ;

dv = xdx; v = x2

2

]
=
x2

2
arctg x−

−1

2

∫
x2 + 1− 1

1 + x2
dx =

x2

2
arctg x− 1

2
(x− arctg x) + C =

=
x2 arctg x+ arctg x− x

2
+ C. I

Çàìå÷àíèå 2.5. Ñïðàâåäëèâî ñëåäóþùåå îáîáùåíèå òåîðåìû 2.2.

Òåîðåìà 2.3. Åñëè ôóíêöèè u = u(x) è v = v(x) n ðàç äèôôåðåí-

öèðóåìû íà ïðîìåæóòêå I, è íà ýòîì ïðîìåæóòêå ñóùåñòâóåò èí-

òåãðàë
∫
uv(n)dx, òî íà íåì ñóùåñòâóåò è èíòåãðàë

∫
u(n)vdx, ïðè÷åì

ñïðàâåäëèâà ôîðìóëà∫
uv(n)dx =

n−1∑
k=0

(−1)ku(k)v(n−k−1) + (−1)n
∫
u(n)vdx.
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Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Â ÷åì ñîñòîèò ñóùíîñòü ñïîñîáà çàìåíû ïåðåìåííîé èëè ñïîñî-
áà ïîäñòàíîâêè â íåîïðåäåëåííîì èíòåãðàëå? Ïðè êàêèõ óñëîâèÿõ ýòîò
ñïîñîá ïðèìåíèì?

2. Êàêèå ïîäñòàíîâêè óäîáíî èñïîëüçîâàòü äëÿ íàõîæäåíèÿ ñëåäóþ-
ùèõ íåîïðåäåëåííûõ èíòåãðàëîâ:∫ √

a2 − x2dx;

∫ √
a2 + x2dx;

∫ √
x2 − a2dx?

3. Íàçîâèòå êëàññû èíòåãðàëîâ, êîòîðûå ìîæíî âû÷èñëÿòü èíòåãðè-
ðîâàíèåì ïî ÷àñòÿì.

4. Êàê âû÷èñëÿþòñÿ èíòåãðàëû âèäà:∫
Pn(x)eαxdx,

∫
Pn(x) sinαxdx,

∫
Pn(x) cosαxdx,

ãäå Pn(x) � ìíîãî÷ëåí ñòåïåíè n, n ∈ N?
5. Â ÷åì îñîáåííîñòè âû÷èñëåíèÿ èíòåãðàëîâ∫

eαx cos βxdx,

∫
eαx sin βxdx ?

6. Îòâåòüòå íà âîïðîñû òåñòà.



55

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 2
Çàìåíà ïåðåìåííîé â íåîïðåäåëåííîì èíòåãðàëå

Ñïîñîá çàìåíû ïåðåìåííîé èëè ñïîñîá ïîäñòàíîâêè � îäèí èç íàèáî-
ëåå ñèëüíûõ ïðèåìîâ èíòåãðèðîâàíèÿ. Ê ñîæàëåíèþ, íåëüçÿ äàòü îáùåãî
îòâåòà íà âîïðîñ, êàê âûáðàòü óäà÷íóþ ïîäñòàíîâêó. Â ïðîöåññå ðåøå-
íèÿ çàäà÷ ìû óêàæåì íåêîòîðûå ïðèåìû äëÿ âàæíûõ ÷àñòíûõ ñëó÷àåâ.
Çàäàíèå 1. Íàéòè èíòåãðàë∫

cosxdx
3
√

sin2 x
.

JÂîçüìåì ïîäñòàíîâêó sinx = u. Äèôôåðåíöèðóåì îáå ÷àñòè ýòîãî
ðàâåíñòâà: cosxdx= du. Òåïåðü èíòåãðàë ïðèìåò âèä:∫

cosxdx
3
√

sin2 x
=

∫
du
3
√
u2

=

∫
u−

2
3du.

Èòàê, ñ ïîìîùüþ ïîäñòàíîâêè sinx = u ìû ïðåîáðàçîâàëè çàäàííûé
èíòåãðàë ê òàáëè÷íîìó, êîòîðûé ëåãêî íàõîäèòñÿ:∫

cosxdx
3
√

sin2 x
=

∫
u−

2
3du = 3u

1
3 + C = 3

3
√

sinx+ C.

Ïîñëå èíòåãðèðîâàíèÿ ìû ñíîâà âåðíóëèñü ê ïåðâîíà÷àëüíîé ïåðå-
ìåííîé x.
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Ïðè ðåøåíèè çàäà÷è ìîæíî ðàññóæäàòü è ïî-äðóãîìó. Â çàäàííîì
èíòåãðàëå, ââîäÿ ìíîæèòåëü cosx ïîä çíàê äèôôåðåíöèàëà, ïîëó÷èì:∫

cosxdx
3
√

sin2 x
=

∫
d(sinx)
3
√

sin2 x
.

Âèäíî, ÷òî òåïåðü ïîä çíàêîì èíòåãðàëà âñå âûðàæåíî ÷åðåç sinx è
ñàìà ñîáîé íàïðàøèâàåòñÿ ïîäñòàíîâêà sinx = u. Òàêóþ ïîäñòàíîâêó,
êîíå÷íî æå, ìîæíî ïðîâåñòè ìûñëåííî, òî åñòü íàéòè çàäàííûé èíòå-
ãðàë ìåòîäîì ïîäíåñåíèÿ ïîä çíàê äèôôåðåíöèàëà (ñìîòðè çàìå÷àíèå
2.1).I

Âî âñåõ ïðèìåðàõ, ðàññìàòðèâàåìûõ äàëåå, ïî-âîçìîæíîñòè ìû áó-
äåì èñïîëüçîâàòü ìåòîä ïîäíåñåíèÿ ïîä çíàê äèôôåðåíöèàëà äëÿ íà-
õîæäåíèÿ íåîïðåäåëåííûõ èíòåãðàëîâ. Åñëè æå ïðîâîäèòü ïîäñòàíîâêó
ìûñëåííî çàòðóäíèòåëüíî � áóäåì ââîäèòü íîâóþ ïåðåìåííóþ.
Çàäàíèå 2. Íàéòè èíòåãðàë∫

sin5 x · cosxdx.

J
∫

sin5 x · cosxdx =
[
d(sinx) = cos xdx

]
=

=

∫
sin5 xd(sinx) =

sin6 x

6
+ C. I
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Çàäàíèå 3. Íàéòè èíòåãðàë∫ (
tg x+ 3 tg2 x

) dx

cos2 x
.

J
∫ (

tg x+ 3 tg2 x
) dx

cos2 x
=
[
d(tg x) =

dx

cos2 x

]
=

=

∫ (
tg x+ 3 tg2 x

)
d(tg x) =

tg2 x

2
+ tg3 x+ C. I

Çàäàíèå 4. Íàéòè èíòåãðàë∫
sinx+ cosx
3
√

sinx− cosx
dx.

J
∫

sinx+ cosx
3
√

sinx− cosx
dx =

[
d(sinx− cosx) = (cos x+ sinx)dx

]
=

=

∫
(sinx− cosx)−

1
3d(sinx− cosx) =

(sinx− cosx)
2
3

2
3

+ C =

=
3

2
3
√

(sinx− cosx)2 + C. I

Çàäàíèå 5. Íàéòè èíòåãðàë∫
dx

cosx
.
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J
∫

dx

cosx
=

∫
cosxdx

cos2 x
=

∫
cosxdx

1− sin2 x
=
[
d(sinx) = cos xdx

]
=

=

∫
d(sinx)

1− sin2 x
=

1

2
ln

∣∣∣∣1 + sin x

1− sinx

∣∣∣∣+ C. I

Çàäàíèå 6. Íàéòè èíòåãðàë∫
cosx√
cos 2x

dx.

J
∫

cosx√
cos 2x

dx =
[
cos 2x = 1− 2 sin2 x

]
=

∫
cosxdx√

1− 2 sin2 x
=

=
[
d(sinx) = cos xdx

]
=

∫
d(sinx)√

1− (
√

2 sinx)2

=

=
1√
2

arcsin(
√

2 sinx) + C. I

Çàäàíèå 7. Íàéòè èíòåãðàë∫
xdx√
1− x2

.

J
∫

xdx√
1− x2

=

[
d(
√

1− x2) =
−xdx√
1− x2

]
= −

∫
−xdx√
1− x2

=
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= −
∫
d(
√

1− x2) = −
√

1− x2 + C. I

Çàäàíèå 8. Íàéòè èíòåãðàë∫
x3dx

x8 − 2
.

J
∫

x3dx

x8 − 2
=
[
d(x4) = 4x3dx

]
=

1

4

∫
4x3dx

(x4)2 − 2
=

1

4

∫
d(x4)

(x4)2 − (
√

2)2
=

=
1

4
· 1

2
√

2
ln

∣∣∣∣∣x4 −
√

2

x4 +
√

2

∣∣∣∣∣+ C =
1

8
√

2
ln

∣∣∣∣∣x4 −
√

2

x4 +
√

2

∣∣∣∣∣+ C. I

Çàäàíèå 9. Íàéòè èíòåãðàë∫
dx

ex + e−x
.

J
∫

dx

ex + e−x
=

∫
dx

ex + 1
ex

=

∫
exdx

e2x + 1
=
[
d(ex) = exdx

]
=

=

∫
d(ex)

e2x + 1
= arctg ex + C. I

Çàäàíèå 10. Íàéòè èíòåãðàë∫
dx

(arcsinx)2
√

1− x2
.
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J
∫

dx

(arcsinx)2
√

1− x2
=

[
d(arcsinx) =

dx√
1− x2

]
=

=

∫
(arcsinx)−2d(arcsinx) =

(arcsinx)−1

−1
+ C =

= − 1

arcsinx
+ C. I

Çàäàíèå 11. Íàéòè èíòåãðàë∫
x2 + 1

x4 + 1
dx.

JÐàçäåëèì ÷èñëèòåëü è çíàìåíàòåëü ïîäûíòåãðàëüíîé ôóíêöèè íà x2:∫
x2 + 1

x4 + 1
dx =

∫
1 + 1

x2

x2 + 1
x2

dx =

∫
1 + 1

x2

x2 − 2 + 1
x2 + 2

dx =

=

∫
1 + 1

x2

x2 − 2x 1
x + 1

x2 + 2
dx =

∫
1 + 1

x2(
x− 1

x

)2
+ 2

dx =

=

[
d

(
x− 1

x

)
=

(
1 +

1

x2

)
dx

]
=

∫
d
(
x− 1

x

)(
x− 1

x

)2
+ (
√

2)2
=

=
1√
2

arctg
x− 1

x√
2

+ C =
1√
2

arctg
x2 − 1

x
√

2
+ C. I
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Çàäàíèå 12. Íàéòè èíòåãðàë∫
dx

x
√
x2 + 1

.

J
∫

dx

x
√
x2 + 1

=

[
1

x
= t, x =

1

t
, dx = −dt

t2

]
=

∫
t
(
−dt
t2

)√
1
t2 + 1

=

= −
∫

dt

t
√

1+t2

t2

= −
∫

dt√
1 + t2

= − ln
∣∣∣t+

√
1 + t2

∣∣∣+ C =

= − ln

∣∣∣∣∣1x +

√
1 +

1

x2

∣∣∣∣∣+ C = − ln

∣∣∣∣∣1 +
√

1 + x2

x

∣∣∣∣∣+ C. I

Çàäàíèå 13. Íàéòè èíòåãðàë∫
x2

√
2− x

dx.

J
∫

x2

√
2− x

dx =
[√

2− x = t, x = 2− t2; dx = −2tdt
]

=

=

∫
(2− t2)2

t
(−2tdt) = −2

∫
(4− 4t2 + t4)dt =
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= −2

(
4t− 4

3
t3 +

1

5
t5
)

+ C =

= −2

(
4
√

2− x− 4

3
(
√

2− x)3 +
1

5
(
√

2− x)5

)
+ C. I

Çàäàíèå 14. Íàéòè èíòåãðàë∫
lnxdx

x
√

1 + ln x
.

J
∫

lnxdx

x
√

1 + ln x
=

[
1 + ln x = t, d(1 + ln x) = dt,

dx

x
= dt

]
=

=

∫
(t− 1)dt√

t
=

∫ √
tdt−

∫
dt√
t

=

∫
t
1
2dt−

∫
t−

1
2dt =

t
3
2

3
2

− t
1
2

1
2

+ C =

=
2

3
t
√
t− 2

√
t+ C =

2

3
(1 + ln x)

√
1 + ln x− 2

√
1 + ln x+ C. I

Çàäàíèå 15. Íàéòè èíòåãðàë∫
arctg

√
x√

x
· dx

1 + x
.

J
∫

arctg
√
x√

x
· dx

1 + x
=

[
d(arctg

√
x) =

1

1 + x
· 1

2
√
x
dx

]
=
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= 2

∫
arctg

√
x · 1

1 + x
· dx

2
√
x

= 2

∫
arctg

√
xd(arctg

√
x) =

= (arctg
√
x)2 + C. I

Çàäàíèå 16. Íàéòè èíòåãðàë∫
dx

x2
√
x2 − 9

.

J1-é ñïîñîá.∫
dx

x2
√
x2 − 9

=

[
x =

3

cos t
, 0 < t <

π

2
, dx =

3 sin tdt

cos2 t

]
=

=

∫ 3 sin tdt
cos2 t

9
cos2 t · 3 ·

√
1−cos2 t

cos2 t

=
1

9

∫
cos tdt =

1

9
sin t+ C =

=

[
x =

3

cos t
⇒ cos t =

3

x
⇒ t = arccos

3

x

]
=

1

9
sin

(
arccos

3

x

)
+ C =

=
1

9

√
1− 9

x2
+ C =

√
x2 − 9

9x
+ C.

2-é ñïîñîá.∫
dx

x2
√
x2 − 9

=

[
x =

1

t
, t =

1

x
, dt = −dx

x2

]
= −

∫
dt√
1
t2 − 9

=
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= −
∫

tdt√
1− 9t2

=

[
d
(√

1− 9t2
)

=
−9tdt√
1− 9t2

]
=

1

9

∫
−9tdt√
1− 9t2

=

=
1

9

∫
d
(√

1− 9t2
)

=

√
1− 9t2

9
+ C =

√
x2 − 9

9x
+ C. I

Çàäàíèå 17. Íàéòè èíòåãðàë∫
dx√

(x− a)(b− x)
, b > a.

J
∫

dx√
(x− a)(b− x)

=

=

[
x− a = (b− a) sin2 t, 0 < t < π

2 ,
dx = (b− a)2 sin t · cos tdt, b− x = (b− a) cos2 t

]
=

=

∫
2(b− a) sin t · cos t√
(b− a)2 sin2 t · cos2 t

dt = 2

∫
dt = 2t+ C =

=

[
x− a = (b− a) sin2 t, 0 < t <

π

2
, ⇒ sin2 t =

x− a
b− a

⇒

⇒ sin t =

√
x− a
b− a

⇒ t = arcsin

√
x− a
b− a

]
= 2 arcsin

√
x− a
b− a

+ C. I
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Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Íàéäèòå íåîïðåäåëåííûå èíòåãðàëû:

1.1
∫

dx
1+
√
x+1

;

1.2
∫

dx
x
√
x2−1

;

1.3
∫

x2dx
(x2+1)2 ;

1.4
∫

exdx
3+4ex ;

1.5
∫

dx
sin 2x ;

1.6
∫ 3
√

sin2 2x cos 2xdx;

1.7
∫

3
√

arctg x dx
1+x2 ;

1.8
∫ √

arcsinx
1−x2 dx;

1.9
∫

dx
(1+x2) arctg x ;

1.10
∫

dx√
1−x2 arcsinx

;

1.11
∫

dx√
1−4x2 arcsin3 2x

;

1.12
∫

dx
x ln5 x

;

1.13
∫

(e2x + 5)3e2xdx;

1.14
∫
e−x

2

xdx;

1.15
∫
earctg 3x dx

1+9x2 ;

1.16
∫
ex

2+x+1(2x+ 1)dx;

1.17
∫

etg xdx
cos2 x ;

1.18
∫

sin(ex) · exdx;
1.19

∫
cos(3ex + 1) · exdx;

1.20
∫

dx
x sin2(lnx)

;

1.21
∫

xdx
cos2(x2+1) ;

1.22
∫
x sin(4− x2)dx;

1.23
∫

sinxdx
cos5 x ;

1.24
∫

tg 4xdx;

1.25
∫

e2x−e−2x
e2x+e−2xdx;

1.26
∫

cos 4x−sin 2x
sin 4x+2 cos 2xdx;

1.27
∫ 3

2 sin 2x(sinx−cosx)

sin3 x+cos3 x
dx;

1.28
∫

cosxdx
1+2 sinx ;

1.29
∫

sinxdx√
1+2 cosx

;
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1.30
∫

x+1√
x2+1

dx;

1.31
∫

x2dx
x6+4 ;

1.32
∫

exdx√
4−e2x ;

1.33
∫ ex

√
arctg ex

1+e2x dx;

1.34
∫
e
√
x dx√

x
;

1.35
∫

lnx−3
x
√

lnx
dx;

1.36
∫

e2xdx√
1+e4x

;

1.37
∫

2xdx√
1−4x

;

1.38
∫
e2x2+lnxdx;

1.39
∫

sin 1
x
dx
x2 ;

1.40
∫

dx
x lnx·ln(lnx) ;

1.41
∫

dx
sin2 x 4

√
ctg x

;

1.42
∫ √

x
3
√
x2− 4
√
x
dx;

1.43
∫

x2dx√
x2−2

;

1.44
∫

dx

(1−x2)
3
2
;

1.45
∫ √

a+x
a−xdx.

Ïðîâåðüòå ñåáÿ, îòâåòèâ íà âîïðîñû òåñòà.
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ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 3
Èíòåãðèðîâàíèå ïî ÷àñòÿì â íåîïðåäåëåííîì èíòåãðàëå

Çàäàíèå 1. Íàéòè èíòåãðàë∫
lnxdx.

JÈíòåãðàë îòíîñèòñÿ ê òðåòüåé ãðóïïå èíòåãðàëîâ, êîòîðûå ìîæíî
âû÷èñëèòü èíòåãðèðîâàíèåì ïî ÷àñòÿì. Ïîëîæèì çäåñü

u = lnx, dv = dx, îòêóäà du =
dx

x
è v =

∫
dx = x.

Ïðèìåíÿÿ ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëó÷èì:∫
lnxdx = x lnx−

∫
x
dx

x
= x lnx− x+ C. I

Ïðèìåíÿÿ ñïîñîá èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ìû äîëæíû ïðåäâàðè-
òåëüíî ïðåäñòàâèòü ïîäûíòåãðàëüíîå âûðàæåíèå â âèäå ïðîèçâåäåíèÿ
îäíîé ôóíêöèè íà äèôôåðåíöèàë äðóãîé ôóíêöèè. Äàëåå âñå âñïîìîãà-
òåëüíûå çàïèñè áóäåì äåëàòü â êâàäðàòíûõ ñêîáêàõ òàê, êàê ýòî áûëî
ïîêàçàíî íà ëåêöèè.
Çàäàíèå 2. Íàéòè èíòåãðàë∫

arcsin2 xdx.
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J
∫

arcsin2 xdx =

[
u = arcsin2 x, du = 2 arcsinx√

1−x2 dx,

dv = dx, v = x

]
=

= x arcsin2 x− 2

∫
x arcsinx√

1− x2
dx = x arcsin2 x−

−2

[
u = arcsinx, du = dx√

1−x2 ,

dv = xdx√
1−x2 , v =

∫
xdx√
1−x2 = −

∫
d(
√

1− x2) = −
√

1− x2

]
=

= x arcsin2 x− 2

(
−
√

1− x2 arcsinx+

∫
dx

)
=

= x arcsin2 x+ 2
√

1− x2 arcsinx− 2x+ C. I

Çàäàíèå 3. Íàéòè èíòåãðàë∫
(x2 − 2x+ 3) sin 2xdx.

J
∫

(x2 − 2x+ 3) sin 2xdx =

[
u = x2 − 2x+ 3, du = (2x− 2)dx,
dv = sin 2xdx, v = −1

2 cos 2x

]
=

= −1

2
(x2 − 2x+ 3) cos 2x+

∫
(x− 1) cos 2xdx =

= −1

2
(x2 − 2x+ 3) cos 2x+

[
u = x− 1, du = dx,
v = cos 2xdx, v = 1

2 sin 2x

]
=
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= −1

2
(x2 − 2x+ 3) cos 2x+

1

2
(x− 1) sin 2x− 1

2

∫
sin 2xdx =

= −1

2
(x2 − 2x+ 3) cos 2x+

1

2
(x− 1) sin 2x+

1

4
cos 2x+ C. I

Çàìå÷àíèå 2.6. Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ âèäà∫
(Pn(x) sin ax+Qm(x) cos ax) dx

ìîæíî ïðèìåíèòü ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ.
Äëÿ ôóíêöèè

Pn(x) sin ax+Qm(x) cos ax

ïåðâîîáðàçíîé áóäåò ôóíêöèÿ âèäà

Sl(x) sin ax+ Tl(x) cos ax,

ãäå Sl(x) è Tl(x) � ìíîãî÷ëåíû ñòåïåíè l = max{m;n} ñ íåèçâåñòíûìè
êîýôôèöèåíòàìè. Òîãäà:∫ (

Pn(x) cos ax+Qm(x) sin ax
)
dx = Sl(x) sin ax+ Tl(x) cos ax+ C.

Äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ ìíîãî÷ëåíîâ Sl(x) è
Tl(x) ïðîäèôôåðåíöèðóåì îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà è, ïðèðàâíÿâ
êîýôôèöèåíòû ïðè ïîäîáíûõ ñëàãàåìûõ âèäà xk sin ax è xk cos ax, ïîëó-
÷èì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ.
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Çàäàíèå 4. Íàéòè èíòåãðàë∫
(x2 + x+ 1) sinxdx.

JÏðèìåíèì äëÿ ðåøåíèÿ ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ.∫
(x2+x+1) sinxdx = (A2x

2+A1x+A0) sinx+(B2x
2+B1x+B0) cosx+C.

Ïðîäèôôåðåíöèðîâàâ îáå ÷àñòè ðàâåíñòâà, ïîëó÷èì:

(x2 + x+ 1) sinx = sinx
[
(A1 −B0) + (2A2 −B1)x−B2x

2
]
+

+ cosx
[
(A0 +B1) + (A1 + 2B2)x+ A2x

2
]
.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñëàãàåìûõ, ïîëó÷àåì
ñèñòåìó óðàâíåíèé:

1 = A1 −B0 (êîýôôèöèåíòû ïðè sinx),
1 = 2A2 −B1 (êîýôôèöèåíòû ïðè x sinx),
1 = −B2 (êîýôôèöèåíòû ïðè x2 sinx),
0 = A0 +B1 (êîýôôèöèåíòû ïðè cosx),
0 = A1 + 2B2 (êîýôôèöèåíòû ïðè x cosx),
0 = A2 (êîýôôèöèåíòû ïðè x2 cosx).
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Ðåøàÿ ñèñòåìó, ïîëó÷àåì:

A2 = 0, B2 = −1, B1 = −1, A0 = 1, A1 = 2, B0 = 1.

Ñëåäîâàòåëüíî,∫
(x2 + x+ 1) sinxdx = (2x+ 1) sinx+ (−x2 − x+ 1) cosx+ C. I

Çàäàíèå 5. Íàéòè èíòåãðàë∫
x2e−2xdx.

J
∫
x2e−2xdx =

[
u = x2, du = 2xdx,
dv = e−2xdx, v = −1

2e
−2x

]
= −1

2
x2e−2x+

∫
xe−2xdx =

= −1

2
x2e−2x +

[
u = x, du = dx,
dv = e−2xdx, v = −1

2e
−2x

]
=

= −1

2
x2e−2x − 1

2
xe−2x +

1

2

∫
e−2xdx =

= −1

2
x2e−2x − 1

2
xe−2x − 1

4
e−2x + C = −1

4
e−2x(2x2 + 2x+ 1) + C. I
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Çàìå÷àíèå 2.7. Èç ðàçîáðàííîãî ïðèìåðà âèäíî, ÷òî â ðåçóëüòà-
òå âû÷èñëåíèÿ èíòåãðàëîâ âèäà

∫
eaxPn(x)dx ìû ïîëó÷àåì âûðàæåíèå

eaxQn(x), ãäå Qn(x) � ìíîãî÷ëåí òîé æå ñòåïåíè, ÷òî è ìíîãî÷ëåí Pn(x).
Ýòî îáñòîÿòåëüñòâî ïîçâîëÿåò ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ

ïðèìåíÿòü è äëÿ èíòåãðàëîâ óêàçàííîãî òèïà.

Çàäàíèå 6. Íàéòè èíòåãðàë∫
e3x(x2 − 6x+ 2)dx.

JÏóñòü ∫
e3x(x2 − 6x+ 2)dx = e3x(Mx2 +Nx+ P ) + C.

Ïðîäèôôåðåíöèðóåì îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà. Ïîëó÷èì:

e3x(x2 − 6x+ 2) = 3e3x(Mx2 +Nx+ P ) + e3x(2Mx+N).

Ñîêðàòèâ îáå ÷àñòè íà e3x 6= 0, ïîëó÷èì:

x2 − 6x+ 2 = 3Mx2 + (3N + 2M)x+N + 3P.

Ïðèðàâíÿâ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x, ïîëó÷èì:
1 = 3M,

−6 = 3N + 2M,
2 = N + 3P.
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Ðåøèâ ñèñòåìó, ïîëó÷èì:

M =
1

3
, N = −20

9
, P =

38

27
.

Ñëåäîâàòåëüíî,∫
e3x(x2 − 6x+ 2)dx = e3x

(
1

3
x2 − 20

9
x+

38

27

)
+ C. I

Çàäàíèå 7. Íàéòè èíòåãðàë∫
e2x sin2 xdx.

J
∫
e2x sin2 xdx =

∫
e2x1− cos 2x

2
dx =

=
1

2

(∫
e2xdx−

∫
e2x cos 2xdx

)
=

1

2

(
1

2
e2x − 1

2

∫
e2x cos 2xd(2x)

)
=

=
1

4
e2x − 1

4

∫
e2x cos 2xd(2x).∫

e2x cos 2xd(2x) =
[
2x = t

]
=

∫
et cos tdt = I.

I =

[
u = et, du = etdt,

dv = cos tdt, v = sin t

]
= et sin t−

∫
et sin tdt =
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= et sin t−
[
u = et, du = etdt,

dv = sin tdt, v = − cos t

]
=

= et sin t+ et cos t−
∫
et cos tdt⇒ I = et(sin t+ cos t)− I ⇒

2I = et(sin t+ cos t)⇒ I =
1

2
et(sin t+ cos t) + C.

Â èòîãå ïîëó÷èì:∫
e2x sin2 xdx =

1

4
e2x − 1

8
e2x(sin 2x+ cos 2x) + C. I

Çàäàíèå 8. Íàéòè èíòåãðàë∫ √
1 + x2dx.

J I =

∫ √
1 + x2dx =

[
u =
√

1 + x2, du = xdx√
1+x2

,

dv = dx, v = x

]
=

= x
√

1 + x2 −
∫

x2dx√
1 + x2

= x
√

1 + x2 −
∫
x2 + 1− 1√

1 + x2
dx =

= x
√

1 + x2 −
∫ √

1 + x2dx+

∫
dx√

1 + x2
=
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= x
√

1 + x2 + ln
∣∣∣x+

√
1 + x2

∣∣∣− I.
Çíà÷èò,

2I = x
√

1 + x2 + ln
∣∣∣x+

√
1 + x2

∣∣∣ ,
I =

1

2

(
x
√

1 + x2 + ln
∣∣∣x+

√
1 + x2

∣∣∣)+ C. I

Â íåêîòîðûõ ñëó÷àÿõ, ïðåæäå ÷åì ïðèìåíÿòü ìåòîä èíòåãðèðîâàíèÿ
ïî ÷àñòÿì, âûãîäíî ïðåäâàðèòåëüíî ñäåëàòü çàìåíó ïåðåìåííîé.

Çàäàíèå 9. Íàéòè èíòåãðàë∫
x2 arctg x

1 + x2
dx.

J
∫
x2 arctg x

1 + x2
dx =

∫
x2 arctg xd(arctg x) =

=

[
arctg x = t,

x = tg t

]
=

∫
t · tg2 tdt =

=

[
u = t, du = dt,

dv = tg2 tdt, v =
∫

sin2 t
cos2 tdt =

∫
1−cos2 t

cos2 t dt =
∫

dt
cos2 t −

∫
dt = tg t− t

]
=

= t(tg t− t)−
∫

(tg t− t)dt = t(tg t− t)−
∫

tg tdt+

∫
tdt =
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= t(tg t− t)−
∫

sin t

cos t
dt+

t2

2
= t(tg t− t) +

∫
d(cos t)

cos t
+
t2

2
=

= t(tg t− t) + ln | cos t|+ t2

2
+ C = arctg x(tg(arctg x)− arctg x)+

+ ln | cos(arctg x)|+ 1

2
arctg2 x+ C = x arctg x− 1

2
arctg2 x+

+ ln
1√

1 + x2
+ C = x arctg x− 1

2
arctg2 x− ln(

√
1 + x2) + C. I

Çàäàíèå 10. Âûâåñòè ðåêóððåíòíóþ ôîðìóëó äëÿ âû÷èñëåíèÿ èí-
òåãðàëà ∫

sinn xdx, n ∈ N, n > 2.

Ïîëüçóÿñü âûâåäåííîé ôîðìóëîé, íàéòè∫
sin6 xdx.

J In =

∫
sinn xdx =

∫
sinn−2 x · sin2 xdx =

∫
sinn−2 x · (1− cos2 x)dx =

= In−2 −
∫

sinn−2 x · cos2 xdx.
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Âòîðîé èíòåãðàë ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà áóäåì âû÷èñ-
ëÿòü ïî ÷àñòÿì. ∫

sinn−2 x · cos2 xdx =

=

[
u = cosx, du = − sinxdx,
dv = sinn−2 x · cosxdx, v =

∫
sinn−2 xd(sinx) = 1

n−1 sinn−1 x

]
=

=
1

n− 1
cosx·sinn−1 x+

1

n− 1

∫
sinn xdx =

1

n− 1
cosx·sinn−1 x+

1

n− 1
In.

Â èòîãå ïîëó÷èì:

In = In−2 −
1

n− 1
cosx · sinn−1 x− 1

n− 1
In,

In

(
1 +

1

n− 1

)
= In−2 −

1

n− 1
cosx · sinn−1 x,

In =
n− 1

n
In−2 −

1

n
cosx · sinn−1 x.

Òåïåðü íàéäåì ñ ïîìîùüþ âûâåäåííîé ôîðìóëû
∫

sin6 xdx.∫
sin6 xdx =

5

6

∫
sin4 xdx− 1

6
cosx · sin5 x,∫

sin4 xdx =
3

4

∫
sin2 xdx− 1

4
cosx · sin3 x,
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∫
sin2 xdx =

1

2

∫
dx− 1

2
cosx · sinx =

1

2
x− 1

2
cosx · sinx.

Òàêèì îáðàçîì, îêîí÷àòåëüíî ïîëó÷èì:∫
sin6 xdx =

5

6

(
3

4

(
1

2
x− 1

2
cosx · sinx

)
− 1

4
cosx · sin3 x

)
−

−1

6
cosx · sin5 x+C =

5

16
x−

cosx · sinx
(
8 sin4 x+ 10 sin2 x+ 15

)
48

+C. I

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Íàéäèòå íåîïðåäåëåííûå èíòåãðàëû:

1.1
∫

(x2 − 2x+ 3) lnxdx;

1.2
∫

arcsinxdx;

1.3
∫

arctg xdx;

1.4
∫

x arcsinxdx√
1−x2 ;

1.5
∫
x2 arctg 4xdx;

1.6
∫
x2 arcsin 2xdx;

1.7
∫
e−x sin2 xdx;

1.8
∫

ln(x+
√

4 + x2)dx;

1.9
∫

ln2 xdx;

1.10
∫ √

1+x2

x2 dx;

1.11
∫ √

x lnxdx;

1.12
∫

sinx · ln(cosx)dx;

1.13
∫ arcsin x

2√
2−x dx;

1.14
∫ x arccos xadx√

a2−x2 ;

1.15
∫

x cosxdx
sin2 x

;

1.16
∫

(x2 + x− 2)e−3xdx;
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1.17
∫

(1 + x2) cosxdx;

1.18
∫
x5 sin 5xdx;

1.19
∫
e3x(sin 2x− cos 2x)dx;

1.20
∫

(x+ ex cos2 x)dx;

1.21
∫
x

3
2 ln2 xdx;

1.22
∫
e−4xx3dx;

1.23
∫

arctg x · x4

x2+1dx;

1.24
∫
x3e−

x
3dx;

1.25
∫

(x2 + 3x+ 1) cos 2xdx;

1.26
∫
e−x cos 2xdx;

1.27
∫
e−2x cos 3xdx;

1.28
∫

arcsinx

(1−x2)
3
2
dx;

1.29
∫
x2 ln 1−x

1+xdx;

1.30
∫

sinx · ln(tg x)dx;

1.31
∫

xearctg x

(1+x2)
3
2
dx.

2. Âûâåäèòå ðåêóððåíòíûå ôîðìóëû äëÿ èíòåãðàëîâ:

2.1 In =
∫

cosn xdx; íàéòè I4 è I5;

2.2 In =
∫
xne−xdx; íàéòè I10;

2.3 In =
∫

xndx√
x2+a

.

3. Âû÷èñëèòå èíòåãðàëû:

3.1
∫

cos8 xdx;

3.2
∫

cos5 xdx;

3.3
∫

sin5 xdx;

3.4
∫

sin7 xdx;

3.5
∫

x5dx√
x2+4

;

3.6
∫

x6dx√
x2+9

;

3.7
∫

dx
(x2+8)4 ;

3.8
∫

dx
(x2−5)3 ;

3.9
∫
x6e−xdx.

4. Îòâåòüòå íà âîïðîñû òåñòà.



80

ËÅÊÖÈß 3

Èíòåãðèðîâàíèå ðàöèîíàëüíûõ ôóíêöèé

3.1. Ðàçëîæåíèå ðàöèîíàëüíûõ äðîáåé íà ýëåìåíòàðíûå

Îïðåäåëåíèå 3.1. Äðîáíî-ðàöèîíàëüíîé ôóíêöèåé íàçûâàåòñÿ

ôóíêöèÿ, êîòîðóþ ìîæíî ïðåäñòàâèòü â âèäå îòíîøåíèÿ äâóõ ìíî-

ãî÷ëåíîâ:

f(x) =
Pn(x)

Qm(x)
,

ãäå Pn(x) � ìíîãî÷ëåí ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè ñòåïåíè

n (n ∈ N èëè n = 0), Qm(x) � ìíîãî÷ëåí ñ äåéñòâèòåëüíûìè êîýô-

ôèöèåíòàìè ñòåïåíè m (m∈N èëè m = 0). Åñëè m = 0, òî f(x)
íàçûâàþò öåëîé ðàöèîíàëüíîé ôóíêöèåé, à åñëè m 6= 0 � äðîáíî-

ðàöèîíàëüíîé ôóíêöèåé, èëè ðàöèîíàëüíîé äðîáüþ (ïðè óñëîâèè,
÷òî äðîáü íåñîêðàòèìàÿ).

Îïðåäåëåíèå 3.2. Ðàöèîíàëüíàÿ äðîáü Pn(x)
Qm(x) íàçûâàåòñÿ ïðàâèëü-

íîé, åñëè ñòåïåíü ìíîãî÷ëåíà Pn(x) ìåíüøå ñòåïåíè ìíîãî÷ëåíà Qm(x)
(n < m).

Îïðåäåëåíèå 3.3. Ðàöèîíàëüíàÿ äðîáü
Pn(x)
Qm(x) íàçûâàåòñÿ íåïðà-

âèëüíîé, åñëè ñòåïåíü ìíîãî÷ëåíà Pn(x) íå ìåíüøå ñòåïåíè ìíîãî-

÷ëåíà Qm(x) (n > m).
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Âñÿêàÿ ðàöèîíàëüíàÿ äðîáü ÿâëÿåòñÿ ëèáî ïðàâèëüíîé, ëèáî íåïðà-
âèëüíîé.

Åñëè ðàöèîíàëüíàÿ äðîáü Pn(x)
Qm(x) íåïðàâèëüíàÿ, òî, ðàçäåëèâ ÷èñëè-

òåëü íà çíàìåíàòåëü ïî ïðàâèëó äåëåíèÿ ìíîãî÷ëåíîâ, ïîëó÷èì ðàâåíñòâî

Pn(x)

Qm(x)
= R(x) +

P (x)

Qm(x)
,

ãäå R(x), P (x) � íåêîòîðûå ìíîãî÷ëåíû, à P (x)
Qm(x) � ïðàâèëüíàÿ ðàöèî-

íàëüíàÿ äðîáü.

Ëåììà 3.1. Äëÿ âñÿêîãî ìíîãî÷ëåíà ñòåïåíè n ñ äåéñòâèòåëüíûìè
êîýôôèöèåíòàìè ñïðàâåäëèâî ðàçëîæåíèå

Pn(x) = An(x− a1)
n1 . . . (x− ar)nr · (x2 + p1x+ q1)

m1 . . . (x2 + psx+ qs)
ms,

ãäå
r∑
i=1

ni + 2
s∑
i=1

mi = n,
p2
j

4
− qj < 0, j = 1, 2, . . . , s,

è a1, . . . , ar � äåéñòâèòåëüíûå êîðíè ìíîãî÷ëåíà, An, pj, qj � äåéñòâè-
òåëüíûå ÷èñëà [2, ñ. 522].

Ëåììà 3.2. Ïóñòü Pn(x)
Qm(x) � ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü. Åñëè

÷èñëî a ÿâëÿåòñÿ äåéñòâèòåëüíûì êîðíåì êðàòíîñòè k > 1 ìíîãî-

÷ëåíà Qm(x), òî åñòü

Qm(x) = (x− a)kQm−k(x), Qm−k(a) 6= 0,
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òî ñóùåñòâóþò äåéñòâèòåëüíîå ÷èñëî A è ìíîãî÷ëåí P (x) ñ äåéñòâè-
òåëüíûìè êîýôôèöèåíòàìè òàêèå, ÷òî

Pn(x)

Qm(x)
=

A

(x− a)k
+

P (x)

(x− a)k−1Qm−k(x)
,

ãäå äðîáü
P (x)

(x−a)k−1Qm−k(x)
òàêæå ÿâëÿåòñÿ ïðàâèëüíîé [2, ñ. 527].

Ëåììà 3.3. Ïóñòü Pn(x)
Qm(x) � ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü. Åñëè

êîìïëåêñíîå ÷èñëî z ÿâëÿåòñÿ êîðíåì êðàòíîñòè k > 1 ìíîãî÷ëåíà

Qm(x), òî åñòü

Qm(x) = (x2 + px+ q)kQm−2k(x), p2 − 4q < 0,

ãäå Qm−2k(z) 6= 0, òî ñóùåñòâóþò äåéñòâèòåëüíûå ÷èñëà M, N è

ìíîãî÷ëåí P (x) ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè òàêèå, ÷òî

Pn(x)

Qm(x)
=

Mx+N

(x2 + px+ q)k
+

P (x)

(x2 + px+ q)k−1Qm−2k(x)
,

ãäå äðîáü
P (x)

(x2+px+q)k−1Qm−2k(x)
òàêæå ÿâëÿåòñÿ ïðàâèëüíîé [2, ñ. 529].

Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî êîýôôèöèåíò ñòàðøåãî
÷ëåíà ìíîãî÷ëåíà Qm(x) ðàâåí åäèíèöå.
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Òåîðåìà 3.1. Ïóñòü Pn(x)
Qm(x) � ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü. Åñëè

Qm(x) = (x−a1)
n1 . . . (x−ar)nr(x2+p1x+q1)

m1 . . . (x2+psx+qs)
ms, (3.1)

ai � ïîïàðíî ðàçëè÷íûå äåéñòâèòåëüíûå êîðíè ìíîãî÷ëåíà Qm(x) êðàò-
íîñòè ni (i = 1, 2, . . . , r), p2

j − 4qj < 0 (j = 1, 2, . . . , s), òî ñóùåñòâóþò

äåéñòâèòåëüíûå ÷èñëà A
(α)
i (i = 1, 2, . . . , r, α = 1, 2, . . . , ni), M

(β)
j è

N
(β)
j (j = 1, 2, . . . , s, β = 1, 2, . . . ,mj), òàêèå, ÷òî

Pn(x)

Qm(x)
=

A
(1)
1

(x− a1)n1
+

A
(2)
1

(x− a1)n1−1
+ . . .+

A
(n1)
1

x− a1
+ . . .+

+
A

(1)
r

(x− ar)nr
+

A
(2)
r

(x− ar)nr−1
+ . . .+

A
(nr)
r

x− ar
+

+
M

(1)
1 x+N

(1)
1

(x2 + p1x+ q1)m1
+

M
(2)
1 x+N

(2)
1

(x2 + p1x+ q1)m1−1
+ . . .+

M
(m1)
1 x+N

(m1)
1

x2 + p1x+ q1
+ . . .+

+
M

(1)
s x+N

(1)
s

(x2 + p1x+ q1)ms
+

M
(2)
s x+N

(2)
s

(x2 + p1x+ q1)ms−1
+ . . .+

M
(ms)
s x+N

(ms)
s

x2 + p1x+ q1
. (3.2)

[2, ñ. 530]

Îïðåäåëåíèå 3.4. Ðàöèîíàëüíûå äðîáè âèäà

A

(x− a)n
, A 6= 0 è

Mx+N

(x2 + px+ q)m
, M 2 +N 2 > 0,
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ãäå a, p, q, A,M,N � äåéñòâèòåëüíûå ÷èñëà è p2 − 4q < 0, íàçûâàþòñÿ
ýëåìåíòàðíûìè ðàöèîíàëüíûìè äðîáÿìè.

Òàêèì îáðàçîì, ñôîðìóëèðîâàííàÿ òåîðåìà óòâåðæäàåò, ÷òî âñÿêàÿ
íåíóëåâàÿ ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü ìîæåò áûòü ðàçëî-
æåíà íà ñóììó ýëåìåíòàðíûõ ðàöèîíàëüíûõ äðîáåé.

Ïðè âûïîëíåíèè ðàçëîæåíèÿ âèäà (3.2) äëÿ êîíêðåòíî çàäàííîé äðî-
áè îáû÷íî îêàçûâàåòñÿ óäîáíûì ìåòîä íåîïðåäåëåííûõ êîýôôè-
öèåíòîâ. Îí ñîñòîèò â ñëåäóþùåì. Äëÿ ïðàâèëüíîé äðîáè çàïèñûâàþò
ðàçëîæåíèå (3.2), â êîòîðîì êîýôôèöèåíòû A

(α)
i , M

(β)
j , N

(β)
j ñ÷èòàþò

íåèçâåñòíûìè. Ïîñëå ýòîãî îáå ÷àñòè ðàâåíñòâà ïðèâîäÿò ê îáùåìó çíà-
ìåíàòåëþ è ó ïîëó÷èâøèõñÿ â ÷èñëèòåëå ìíîãî÷ëåíîâ ïðèðàâíèâàþò
êîýôôèöèåíòû. Ïðè ýòîì åñëè ñòåïåíü ìíîãî÷ëåíà Qm(x) ðàâíà m, òî
â ÷èñëèòåëå ïðàâîé ÷àñòè ðàâåíñòâà (3.2) ïîñëå ïðèâåäåíèÿ ê îáùåìó
çíàìåíàòåëþ ïîëó÷àåòñÿ ìíîãî÷ëåí ñòåïåíè m− 1, òî åñòü ìíîãî÷ëåí ñ
m êîýôôèöèåíòàìè, ÷èñëî æå íåèçâåñòíûõ M

(β)
j , N

(β)
j òàêæå ðàâíî m.

Òàêèì îáðàçîì, ïîëó÷åíà ñèñòåìà m óðàâíåíèé ñ m íåèçâåñòíûìè.

Îòìåòèì, ÷òî ïîñëå ïðèâåäåíèÿ âûðàæåíèÿ (3.2) ê îáùåìó çíàìåíà-
òåëþ è åãî îòáðàñûâàíèÿ, â ñëó÷àå, êîãäà Qm(x) èìååò äåéñòâèòåëüíûå
êîðíè, öåëåñîîáðàçíî ïîäñòàâèòü â îáå ÷àñòè ïîëó÷èâøåãîñÿ ðàâåíñòâà
ïîñëåäîâàòåëüíî ýòè êîðíè; â ðåçóëüòàòå ïîëó÷àþòñÿ íåêîòîðûå ñîîò-
íîøåíèÿ ìåæäó èñêîìûìè êîýôôèöèåíòàìè, ïîëåçíûå äëÿ èõ îêîí÷à-
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òåëüíîãî îïðåäåëåíèÿ. Îïèñàííûé ìåòîä îáû÷íî íàçûâàþò ìåòîäîì
÷àñòíûõ çíà÷åíèé.

Ïðèìåð 3.1. Ðàçëîæèòü äðîáü x
(x2−1)(x−2) íà ýëåìåíòàðíûå äðîáè.

J Ñîãëàñíî (3.2) èñêîìîå ðàçëîæåíèå èìååò âèä

x

(x2 − 1)(x− 2)
=

A

x− 1
+

B

x+ 1
+

C

x− 2
.

Ïðèâîäÿ ê îáùåìó çíàìåíàòåëþ è îòáðàñûâàÿ åãî, ïîëó÷èì

x = A(x+ 1)(x− 2) +B(x− 1)(x− 2) + C(x− 1)(x+ 1). (3.3)

Ïîëàãàÿ â ðàâåíñòâå (3.3) ïîñëåäîâàòåëüíî x = 1, x = −1, x = 2,
íàõîäèì

1 = −2A, −1 = 6B, 2 = 3C,

îòêóäà

A = −1

2
, B = −1

6
, C =

2

3
.

òàêèì îáðàçîì, èñêîìîå ðàçëîæåíèå èìååò âèä

x

(x2 − 1)(x− 2)
= − 1

2(x− 1)
− 1

6(x+ 1)
+

2

3(x− 2)
. I

Ïðèìåð 3.2. Ðàçëîæèòü äðîáü x2−1
x(x2+1)2 íà ýëåìåíòàðíûå äðîáè.
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J Îáùèé âèä ðàçëîæåíèÿ â ýòîì ñëó÷àå

x2 − 1

x(x2 + 1)2
=
A

x
+

Bx+ C

(x2 + 1)2
+
Dx+ E

x2 + 1
.

Ïðèâîäÿ ê îáùåìó çíàìåíàòåëþ è îòáðàñûâàÿ åãî, ïîëó÷èì

x2 − 1 = A(x2 + 1)2 + (Bx+ C)x+ (Dx+ E)(x2 + 1)x.

Ïðèðàâíèâàåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x:

x0
∣∣∣ − 1 = A,

x1
∣∣∣ 0 = C + E,

x2
∣∣∣ 1 = 2A+B +D,

x3
∣∣∣ 0 = E,

x4
∣∣∣ 0 = A+D,

ðåøàÿ ïîëó÷åííóþ ñèñòåìó, íàõîäèì

A = −1, B = 2, C = 0, D = 1, E = 0,

ïîýòîìó èñêîìîå ðàçëîæåíèå èìååò âèä

x2 − 1

x(x2 + 1)2
= −1

x
+

2x

(x2 + 1)2
+

x

x2 + 1
. I
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Çàìå÷àíèå 3.1. Â îòäåëüíûõ ñëó÷àÿõ ðàçëîæåíèå íà ýëåìåíòàðíûå
äðîáè ìîæíî ïîëó÷èòü áûñòðåå è ïðîùå, íå ïðèáåãàÿ ê ìåòîäó íåîïðå-
äåëåííûõ êîýôôèöèåíòîâ, à êàêèì-ëèáî äðóãèì ïóòåì. Íàïðèìåð, äëÿ
ðàçëîæåíèÿ äðîáè

1

x2(1 + x2)2

íà ñóììó ýëåìåíòàðíûõ äðîáåé ïðîùå âñåãî äâàæäû ïðèáàâèòü è âû-
÷åñòü â ÷èñëèòåëå x2 è ïðîèçâåñòè äåëåíèå òàê, êàê ýòî óêàçàíî íèæå:

1

x2(1 + x2)2
=

(1 + x2)− x2

x2(1 + x2)2
=

1

x2(1 + x2)
− 1

(1 + x2)2
=

=
(1 + x2)− x2

x2(1 + x2)
− 1

(1 + x2)2
=

1

x2
− 1

1 + x2
− 1

(1 + x2)2
.

Ïîëó÷åííîå â ðåçóëüòàòå ðàçëîæåíèå è ÿâëÿåòñÿ ðàçëîæåíèåì äàííîé
äðîáè íà ñóììó ýëåìåíòàðíûõ äðîáåé.

Çàìå÷àíèå 3.2. Ìîæíî ïîêàçàòü, ÷òî ðàçëîæåíèå âèäà (3.2) ïðà-
âèëüíîé ðàöèîíàëüíîé äðîáè åäèíñòâåííî.

3.2. Èíòåãðèðîâàíèå ýëåìåíòàðíûõ ðàöèîíàëüíûõ äðîáåé

Ðàññìîòðèì âîïðîñ îá èíòåãðèðîâàíèè ýëåìåíòàðíûõ ðàöèîíàëüíûõ
äðîáåé.
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Ñíà÷àëà ðàññìîòðèì âû÷èñëåíèå èíòåãðàëîâ îò äðîáåé âèäà

A

(x− a)n
, n = 1, 2, . . .

Åñëè n = 1, òî, ïðîèçâåäÿ íåïîñðåäñòâåííîå èíòåãðèðîâàíèå, ïîëó÷èì∫
A

x− a
dx = A ln |x− a|+ C,

à åñëè n 6= 1, òî∫
A

(x− a)n
dx = A

∫
d(x− a)

(x− a)n
= A

(x− a)−n+1

−n+ 1
+ C =

= − A

(n− 1)(x− a)n−1
+ C. (3.4)

Ðàññìîòðèì òåïåðü èíòåãðàëû îò äðîáåé

Mx+N

(x2 + px+ q)n
,

ãäå p2−4q < 0, n = 1, 2, . . . Ñíîâà íà÷íåì ñî ñëó÷àÿ n = 1. Çàìå÷àÿ, ÷òî

x2 + px+ q =
(
x+

p

2

)2

+

(
q − p2

4

)
,
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è ïîëàãàÿ t = x+ p
2 , a2 = q − p2

4 > 0, èìååì∫
Mx+N

x2 + px+ q
dx =

∫
M
(
t− p

2

)
+N

t2 + a2
dt = M

∫
tdt

t2 + a2
+

+

(
N − Mp

2

)∫
dt

t2 + a2
=
M

2
ln
(
t2 + a2

)
+

2N −Mp

2a
arctg

t

a
+ C =

=
M

2
ln
(
x2 + px+ q

)
+

2N −Mp

2a
arctg

2x+ p

2a
+ C. (3.5)

Â ñëó÷àå n > 1, ïîëàãàÿ, êàê è âûøå, t = x+ p
2 , a

2 = q− p2

4 , ïîäîáíûì
æå îáðàçîì ïîëó÷èì∫

Mx+N

(x2 + px+ q)n
dx = M

∫
tdt

(t2 + a2)n
+

2N −Mp

2

∫
dt

(t2 + a2)n
. (3.6)

Ðàññìîòðèì îòäåëüíî êàæäûé èç ïîëó÷èâøèõñÿ èíòåãðàëîâ â ïðàâîé
÷àñòè ýòîãî ðàâåíñòâà. ×òî êàñàåòñÿ ïåðâîãî èç íèõ, òî îí âû÷èñëÿåòñÿ
ñðàçó:∫

tdt

(t2 + a2)n
=

1

2

∫
d(t2 + a2)

(t2 + a2)n
= − 1

2(n− 1)(t2 + a2)n−1
+ C.

Âòîðîé æå èíòåãðàë ïðàâîé ÷àñòè ðàâåíñòâà (3.6) âû÷èñëÿåòñÿ íåñêîëü-
êî ñëîæíåå. Ïóñòü

In =

∫
dt

(t2 + a2)n
, n = 1, 2, 3, . . .
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Ïðîèíòåãðèðóåì èíòåãðàë In ïî ÷àñòÿì, ïîëîæèâ u = 1
(t2+a2)n , dv=dt,

è, ñëåäîâàòåëüíî, du = − 2ntdt
(t2+a2)n+1 , v = t, à çàòåì, äîáàâèâ è âû÷òÿ a2

â ÷èñëèòåëå ïîëó÷èâøåéñÿ ïîä çíàêîì èíòåãðàëà ôóíêöèè è ïðîèçâåäÿ
äåëåíèå òàê, êàê ýòî óêàçàíî íèæå, ïîëó÷èì

In =

∫
dt

(t2 + a2)n
=

t

(t2 + a2)n
+ 2n

∫
t2 + a2 − a2

(t2 + a2)n+1
dt =

=
t

(t2 + a2)n
+ 2n

[∫
dt

(t2 + a2)n
− a2

∫
dt

(t2 + a2)n+1

]
,

òî åñòü In = t
(t2+a2)n + 2nIn − 2na2In+1, îòêóäà

In+1 =
1

2na2

t

(t2 + a2)n
+

2n− 1

2na2
In, n = 1, 2, . . . (3.7)

Èíòåãðàë I1 ëåãêî âû÷èñëÿåòñÿ, ôîðìóëà (3.7) ïîçâîëÿåò âû÷èñëèòü
I2; çíàÿ æå I2, ïî òîé æå ôîðìóëå ìîæíî íàéòè I3, ïðîäîëæàÿ ýòîò
ïðîöåññ äàëüøå, ìîæíî íàéòè âûðàæåíèå äëÿ ëþáîãî èíòåãðàëà In.

Ïðèìåð 3.3. Âû÷èñëèòü
∫

xdx
(x2−1)(x−2) .

JÓæå èçâåñòíî (ñìîòðè ïðèìåð 3.1), ÷òî

x

(x2 − 1)(x− 2)
= − 1

2(x− 1)
− 1

6(x+ 1)
+

2

3(x− 2)
,
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ïîýòîìó∫
xdx

(x2 − 1)(x− 2)
= −1

2

∫
dx

x− 1
− 1

6

∫
dx

x+ 1
+

2

3

∫
dx

x− 2
=

= −1

2
ln |x− 1| − 1

6
ln |x+ 1|+ 2

3
ln |x− 2|+ C. I

Ïðèìåð 3.4. Âû÷èñëèòü
∫

x6+2x4+2x2−1
x(x2+1)2 dx.

JÑîãëàñíî îáùåìó ïðàâèëó, âûäåëèì öåëóþ ÷àñòü, ðàçäåëèâ ÷èñëè-
òåëü íà çíàìåíàòåëü; èìååì

x6 + 2x4 + 2x2 − 1

x(x2 + 1)2
= x+

x2 − 1

x(x2 + 1)2
.

Äëÿ ïîëó÷èâøåéñÿ ïðàâèëüíîé ðàöèîíàëüíîé äðîáè óæå íàéäåíî åå
ðàçëîæåíèå íà ýëåìåíòàðíûå äðîáè â ïðèìåðå 3.2:

x2 − 1

x(x2 + 1)2
= −1

x
+

2x

(x2 + 1)2
+

x

x2 + 1
,

ïîýòîìó∫
x6 + 2x4 + 2x2 − 1

x(x2 + 1)2
dx =

∫
xdx−

∫
dx

x
+

∫
2xdx

(x2 + 1)2
+
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+

∫
x

x2 + 1
dx =

x2

2
− ln |x|+

∫
d(x2 + 1)

(x2 + 1)2
+

1

2

∫
d(x2 + 1)

x2 + 1
=

=
x2

2
− ln |x| − 1

x2 + 1
+

1

2
ln(x2 + 1) + C. I

Ïðèìåð 3.5. Âû÷èñëèòü I =
∫

x2dx
(1−x2)3 .

JÄëÿ âû÷èñëåíèÿ èíòåãðàëà ïðîùå íå ðàñêëàäûâàòü ïîäûíòåãðàëü-
íóþ ôóíêöèþ íà ýëåìåíòàðíûå äðîáè, à ïðèìåíèòü ïðàâèëî èíòåãðèðî-
âàíèÿ ïî ÷àñòÿì. Ïîëîæèâ

u = x, dv =
xdx

(1− x2)3
, du = dx, v =

1

4(1− x2)2
,

ïîëó÷èì

I =
x

4(1− x2)2
− 1

4

∫
1

(1− x2)2
dx.

Ïðèáàâëÿÿ è âû÷èòàÿ â ÷èñëèòåëå ïîëó÷èâøåéñÿ ïîäûíòåãðàëüíîé
ôóíêöèè x2, ïðîèçâîäÿ äåëåíèå, ïîëó÷èì äâà èíòåãðàëà, èç êîòîðûõ ïåð-
âûé òàáëè÷íûé, à âòîðîé ëåãêî âû÷èñëÿåòñÿ èíòåãðèðîâàíèåì ïî ÷àñòÿì.

I =
x

4(1− x2)2
− 1

4

∫
1− x2 + x2

(1− x2)2
dx =

=
x

4(1− x2)2
− 1

4

∫
dx

1− x2
− 1

4

∫
x2dx

(1− x2)2
=
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=
x

4(1− x2)2
− 1

8
ln

∣∣∣∣1 + x

1− x

∣∣∣∣− 1

4

∫
x2dx

(1− x2)2
.

Âû÷èñëèì
∫

x2dx
(1−x2)2 ïî ÷àñòÿì:

u = x, dv =
xdx

(1− x2)2
, du = dx, v =

1

2(1− x2)
.

Ïîëó÷èì

I =
x

4(1− x2)2
− 1

8
ln

∣∣∣∣1 + x

1− x

∣∣∣∣− x

8(1− x2)
+

1

8

∫
dx

1− x2
=

=
x

4(1− x2)2
− 1

16
ln

∣∣∣∣1 + x

1− x

∣∣∣∣− x

8(1− x2)
+ C. I

3.3. Ìåòîä Îñòðîãðàäñêîãî

Àíàëèçèðóÿ ïðîöåññ èíòåãðèðîâàíèÿ ýëåìåíòàðíûõ äðîáåé, ìîæíî
äîêàçàòü ñïðàâåäëèâîñòü òàê íàçûâàåìîé ôîðìóëû Îñòðîãðàäñêî-
ãî1.

Åñëè Pn(x)
Qm(x) � ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü è

Qm(x) = (x− a1)
n1 . . . (x− ar)nr(x2 + p1x+ q1)

m1 . . . (x2 + psx+ qs)
ms�

1Ì.Â. Îñòðîãðàäñêèé (1801�1869) � ðîññèéñêèé ìàòåìàòèê è ìåõàíèê.
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ðàçëîæåíèå åå çíàìåíàòåëÿ â âèäå (3.1), òî∫
Pn(x)

Qm(x)
dx =

Tl−1(x)

Rl(x)
+

∫
Km−l−1(x)

Nm−l(x)
dx, (3.8)

Nm−l(x) = (x− a1) . . . (x− ar)(x2 + p1x+ q1) . . . (x
2 + psx+ qs).

Èç ôîðìóëû (3.1) ñëåäóåò, ÷òî ìíîãî÷ëåí Rl(x) èìååò âèä

Rl(x) = (x−a1)
n1−1 . . . (x−ar)nr−1(x2+p1x+q1)

m1−1 . . . (x2+psx+qs)
ms−1,
(3.9)

òî åñòü ÿâëÿåòñÿ íàèáîëüøèì îáùèì äåëèòåëåì ìíîãî÷ëåíà Qm(x) è åãî
ïðîèçâîäíîé Q′m(x).

Ìíîãî÷ëåí Rl(x), ÿâëÿÿñü íàèáîëüøèì îáùèì äåëèòåëåì ìíîãî÷ëå-
íîâ Qm(x) è Q′m(x), âñåãäà ìîæåò áûòü íàéäåí ñ ïîìîùüþ àëãîðèòìà
Åâêëèäà [ñìîòðè 1, § 23, ï. 23.5], òåì ñàìûì äëÿ îòûñêàíèÿ ìíîãî÷ëå-
íà Rl(x) íå òðåáóåòñÿ çíàíèÿ êîðíåé ìíîãî÷ëåíà Qm(x). Îäíàêî, åñëè
êîðíè ìíîãî÷ëåíà Qm(x) èçâåñòíû, à çíà÷èò, èçâåñòíî è åãî ðàçëîæå-
íèå âèäà (3.1), òî ìíîãî÷ëåí Rl(x) ñðàçó çàïèñûâàåòñÿ ïî ôîðìóëå (3.9).
Ìíîãî÷ëåí Nm−l(x) íàõîäèòñÿ êàê ÷àñòíîå îò äåëåíèÿ Qm(x) íà Rl(x).

Äëÿ îòûñêàíèÿ æå ìíîãî÷ëåíîâ Tl−1(x) è Km−l−1(x) ìîæíî ïðèìå-
íèòü ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ.

Ïðèìåð 3.6. Âû÷èñëèòü
∫

x4+2x3−2x2+x
(1−x)3(1+x2)2 dx.
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JÑîãëàñíî ôîðìóëå (3.8),∫
x4 + 2x3 − 2x2 + x

(1− x)3(1 + x2)2
dx =

Kx3 + Lx2 +Mx+N

(1− x)2(1 + x2)
+

∫
kx2 + lx+m

(1− x)(1 + x2)
dx,

ïîýòîìó

x4 + 2x3 − 2x2 + x

(1− x)3(1 + x2)2
=

[
Kx3 + Lx2 +Mx+N

(1− x)2(1 + x2)

]′
+

kx2 + lx+m

(1− x)(1 + x2)
.

Ïðîèçâåäÿ äèôôåðåíöèðîâàíèå, ïîëó÷èì

x4 + 2x3 − 2x2 + x

(1− x)3(1 + x2)2
=

=
(3Kx2 + 2Lx+M)(1− x)(1 + x2)

(1− x)3(1 + x2)2
−

−
(Kx3 + Lx2 +Mx+N)

[
−2(1 + x2) + (1− x)2x

]
(1− x)3(1 + x2)2

+
kx2 + lx+m

(1− x)(1 + x2)
.

Îòñþäà èìååì:

x4 + 2x3 − 2x2 + x = (3Kx2 + 2Lx+M)(−x3 + x2 − x+ 1)−

−(Kx3+Lx2+Mx+N)(−4x2+2x−2)+(kx2+lx+m)(x4−2x3+2x2−2x+1).



96

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x, ïîëó÷èì

x0
∣∣∣ M + 2N +m = 0,

x1
∣∣∣ −M + 2L+ 2M − 2N − 2m+ l = 1,

x2
∣∣∣ 3K − 2L+M + 2L− 2M + 4N + k − 2l + 2m = −2,

x3
∣∣∣ −M + 2L− 3K + 2K − 2L+ 4M − 2k + 2l − 2m = 2,

x4
∣∣∣ 3K − 2L− 2K + 4L+ 2k − 2l +m = 1,

x5
∣∣∣ − 3K + 4K − 2k + l = 0,

x6
∣∣∣ k = 0,

èëè
M + 2N +m = 0,

2L+M − 2N + l − 2m = 1,

3K −M + 4N + k − 2l + 2m = −2,

−K + 3M − 2k + 2l − 2m = 2,

K + 2L+ 2k − 2l +m = 1,
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K − 2k + l = 0,

k = 0.

Ðåøàÿ ýòó ñèñòåìó óðàâíåíèé, íàõîäèì:

K =
1

2
, L = −1

2
, M =

3

2
, N = −1, k = 0, l = −1

2
, m =

1

2
;

ïîýòîìó ∫
x4 + 2x3 − 2x2 + x

(1− x)3(1 + x2)2
dx =

1

2

x3 − x2 + 3x− 2

(1− x)2(1 + x2)
+

+
1

2

∫
−x+ 1

(1− x)(1 + x2)
dx =

1

2

x3 − x2 + 3x− 2

(1− x)2(1 + x2)
+

1

2
arctg x+ C. I

Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Äàéòå îïðåäåëåíèå äðîáíî-ðàöèîíàëüíîé ôóíêöèè.

2. Â êàêîì ñëó÷àå ðàöèîíàëüíóþ äðîáü íàçûâàþò ïðàâèëüíîé (íåïðà-
âèëüíîé)?

3. Ïåðå÷èñëèòå âñå òèïû ýëåìåíòàðíûõ ðàöèîíàëüíûõ äðîáåé.

4. Ïîêàæèòå, êàê âû÷èñëÿþòñÿ èíòåãðàëû âèäà∫
dx

(x− a)n
, n ∈ N.
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5. Ïîêàæèòå, êàê âû÷èñëÿþòñÿ èíòåãðàëû âèäà∫
Mx+N

x2 + px+ q
dx.

6. Ïîêàæèòå, êàê âû÷èñëÿþòñÿ èíòåãðàëû âèäà∫
Mx+N

(x2 + px+ q)n
dx, n ∈ N.

7. Ñ ïîìîùüþ êàêèõ ôóíêöèé âûðàæàåòñÿ â êîíå÷íîì âèäå èíòåãðàë
îò ëþáîé ðàöèîíàëüíîé ôóíêöèè?

8. Îòâåòüòå íà âîïðîñû òåñòà.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 4
Èíòåãðèðîâàíèå ðàöèîíàëüíûõ ôóíêöèé

Âîïðîñ èíòåãðèðîâàíèÿ ýëåìåíòàðíûõ äðîáåé áûë ïîäðîáíî èçó÷åí
íà ëåêöèè. Ïîýòîìó äàëåå áóäåì ðàññìàòðèâàòü íåîïðåäåëåííûå èíòå-
ãðàëû îò ðàöèîíàëüíûõ ôóíêöèé, íå ÿâëÿþùèõñÿ ýëåìåíòàðíûìè äðî-
áÿìè.

Íàïîìíèì, ÷òî ðàññìîòðåííûå íà ëåêöèè ñïîñîáû ðàçëîæåíèÿ ðàöè-
îíàëüíîé ôóíêöèè íà ñóììó ýëåìåíòàðíûõ äðîáåé ïðèìåíèìû òîëüêî
äëÿ ðàöèîíàëüíûõ ôóíêöèé, ÿâëÿþùèõñÿ ïðàâèëüíûìè ðàöèîíàëüíûìè
äðîáÿìè.
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Çàäàíèå 1. Âû÷èñëèòü èíòåãðàë∫
x2 − x+ 2

x4 − 5x2 + 4
dx.

JÐàçëîæèì çíàìåíàòåëü ïîäûíòåãðàëüíîé ôóíêöèè íà ìíîæèòåëè:

x4 − 5x2 + 4 = (x− 1)(x+ 1)(x− 2)(x+ 2).

Çíà÷èò, ïîäûíòåãðàëüíóþ ôóíêöèþ ìîæíî ðàçëîæèòü íà ñóììó ýëå-
ìåíòàðíûõ äðîáåé ñëåäóþùèì îáðàçîì:

x2 − x+ 2

(x− 1)(x+ 1)(x− 2)(x+ 2)
=

A

x+ 1
+

B

x− 1
+

C

x+ 2
+

D

x− 2
. (3.10)

Ïðèâîäèì ïðàâóþ ÷àñòü ðàâåíñòâà (3.10) ê îáùåìó çíàìåíàòåëþ. Â
èòîãå ïðèõîäèì ê ðàâåíñòâó

x2 − x+ 2 = A(x− 1)(x+ 2)(x− 2) +B(x+ 1)(x+ 2)(x− 2)+

+ C(x+ 1)(x− 1)(x− 2) +D(x+ 1)(x− 1)(x+ 2). (3.11)

Òàê êàê âñå êîðíè çíàìåíàòåëÿ ïîäûíòåãðàëüíîé ôóíêöèè äåéñòâè-
òåëüíûå, äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ A, B, C è D ïðèìåíèì îïèñàí-
íûé íà ëåêöèè ìåòîä ÷àñòíûõ çíà÷åíèé.

Ïîäñòàâëÿÿ ïîî÷åðåäíî íóëè çíàìåíàòåëÿ â ðàâåíñòâî (3.11), ïîëó÷èì:
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ïðè x = −1: 4 = A · (−2) · (1) · (−3)+B ·0+C ·0+D ·0, îòêóäà A = 2
3 ;

ïðè x = 1: 2 = A · 0 +B · 2 · 3 · (−1) + C · 0 +D · 0, îòêóäà B = −1
3 ;

ïðè x = −2: 8 = A · 0 + B · 0 + C · (−1) · (−3) · (−4) + D · 0, îòêóäà
C = −2

3 ;
ïðè x = 2: 4 = A · 0 +B · 0 + C · 0 +D · 3 · 1 · 4, îòêóäà D = 1

3 .
Òàêèì îáðàçîì, ìû ïîëó÷èëè ðàçëîæåíèå ðàöèîíàëüíîé äðîáè íà

ïðîñòåéøèå:

x2 − x+ 2

x4 − 5x2 + 4
=

2

3(x+ 1)
− 1

3(x− 1)
− 2

3(x+ 2)
+

1

3(x− 2)
.

Èíòåãðèðóÿ, ïîëó÷èì:∫
x2 − x+ 2

x4 − 5x2 + 4
dx =

2

3

∫
dx

x+ 1
− 1

3

∫
dx

x− 1
− 2

3

∫
dx

x+ 2
+

1

3

∫
dx

x− 2
=

=
2

3
ln |x+ 1| − 1

3
ln |x− 1| − 2

3
ln |x+ 2|+ 1

3
ln |x− 2|+ C =

=
1

3
ln

∣∣∣∣(x+ 1)2(x− 2)

(x− 1)(x+ 2)2

∣∣∣∣+ C. I

Çàäàíèå 2. Âû÷èñëèòü èíòåãðàë

I =

∫
(x− 1)dx

x2(x− 2)(x+ 1)2
.
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JÐàçëîæåíèå íà ýëåìåíòàðíûå äðîáè èìååò âèä

x− 1

x2(x− 2)(x+ 1)2
=
A

x2
+
B

x
+

C

x− 2
+

D

(x+ 1)2
+

F

x+ 1
.

Ïðèâåäåì ïðàâóþ ÷àñòü ê îáùåìó çíàìåíàòåëþ è ïðèðàâíÿåì ÷èñëè-
òåëè:

x− 1 = A(x− 2)(x+ 1)2 +Bx(x− 2)(x+ 1)2+

+ Cx2(x+ 1)2 +Dx2(x− 2) + Fx2(x+ 1)(x− 2). (3.12)

Ïîëàãàÿ ïîñëåäîâàòåëüíî x = 0, x = 2, x = −1, íàõîäèì, ÷òî
−1 = −2A,
1 = 36C,
−2 = −3D,

îòêóäà A = 1
2 , C = 1

36 , D = 2
3 . Ïîäñòàâèì ýòè çíà÷åíèÿ â (3.12) è ðàñ-

êðîåì ñêîáêè. Ïîëó÷èì:

x− 1 =

(
B + F +

1

36

)
x4 +

(
11

9
− F

)
x3 +

(
−3B − 2F − 47

36

)
x2+

+

(
−3

2
− 2B

)
x− 1.
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Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè x3 è x, ïîëó÷èì: 11
9 − F = 0,

−3
2 − 2B = 1, îòêóäà B = −5

4 , F = 11
9 . Èòàê, A = 1

2 , B = −5
4 , C = 1

36 ,
D = 2

3 , F = 11
9 . Òàêèì îáðàçîì,

I =
1

2

∫
dx

x2
− 5

4

∫
dx

x
+

1

36

∫
dx

x− 2
+

2

3

∫
dx

(x+ 1)2
+

11

9

∫
dx

x+ 1
=

= − 1

2x
− 5

4
ln |x|+ 1

36
ln |x− 2| − 2

3(x+ 1)
+

11

9
ln |x+ 1|+ C. I

Çàäàíèå 3. Âû÷èñëèòü èíòåãðàë

I =

∫
3x2 + 5x+ 12

(x2 + 3)(x2 + 1)
dx.

JÇíàìåíàòåëü íå èìååò äåéñòâèòåëüíûõ êîðíåé. Ïîýòîìó ðàçëîæåíèå
äàííîé ïðàâèëüíîé äðîáè íà ýëåìåíòàðíûå èìååò âèä:

3x2 + 5x+ 12

(x2 + 3)(x2 + 1)
=
Ax+B

x2 + 3
+
Cx+D

x2 + 1
.

Ïðèâîäèì äðîáè â ïðàâîé ÷àñòè ðàâåíñòâà ê îáùåìó çíàìåíàòåëþ è
ïðèðàâíèâàåì ÷èñëèòåëè:

3x2 + 5x+ 12 = (Ax+B)(x2 + 1) + (Cx+D)(x2 + 3) =

= (A+ C)x3 + (B +D)x2 + (A+ 3C)x+ (B + 3D).
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Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ïåðåìåííîé x
â ëåâîé è ïðàâîé ÷àñòÿõ ðàâåíñòâà, áóäåì èìåòü:

A+ C = 0,
B +D = 3,
A+ 3C = 5,
B + 3D = 12.

Ðåøàÿ ñèñòåìó, ïîëó÷èì: A = −5
2 , B = −3

2 , C = 5
2 , D = 9

2 , îòêóäà

3x2 + 5x+ 12

(x2 + 3)(x2 + 1)
= −1

2
· 5x+ 3

x2 + 3
+

5x+ 9

2(x2 + 1)
,

∫
3x2 + 5x+ 12

(x2 + 3)(x2 + 1)
dx = −5

2

∫
xdx

x2 + 3
− 3

2

∫
dx

x2 + 3
+

5

2

∫
xdx

x2 + 1
+

+
9

2

∫
dx

x2 + 1
= −5

4

∫
d(x2 + 3)

x2 + 3
− 3

2

1√
3

arctg
x√
3

+
5

4

∫
d(x2 + 1)

x2 + 1
+

+
9

2
arctg x = −5

4
ln(x2 +3)−

√
3

2
arctg

x√
3

+
5

4
ln(x2 +1)+

9

2
arctg x+C. I

Çàäàíèå 4. Âû÷èñëèòü èíòåãðàë

I =

∫
3x+ 1

x(1 + x2)2
dx.
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JÐàçëîæèì äàííóþ äðîáü íà ïðîñòåéøèå:

3x+ 1

x(1 + x2)2
=
A

x
+
Bx+ C

(1 + x2)
+
Dx+ F

(1 + x2)2
.

Ïðèâåäåì ê îáùåìó çíàìåíàòåëþ ïðàâóþ ÷àñòü ðàâåíñòâà è ïðèðàâ-
íÿåì ÷èñëèòåëè, ïîëó÷èì:

3x+ 1 = A(1 + x2)2 + (Bx+ C)x(1 + x2) + (Dx+ F )x.

Ïðèðàâíÿâ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x â ïðàâîé è
ëåâîé ÷àñòè, ïîëó÷èì ñèñòåìó óðàâíåíèé:

A+B = 0,
C = 0,

2A+B +D = 0,
C + F = 3,

A = 1.

Ðåøèâ ñèñòåìó, ïîëó÷èì: A = 1, B = −1, C = 0, D = −1, F = 3.
Ñëåäîâàòåëüíî,

3x+ 1

x(1 + x2)
=

1

x
− x

1 + x2
+
−x+ 3

(1 + x2)2
,

I =

∫
3x+ 1

x(1 + x2)
dx =

∫
dx

x
−
∫

xdx

1 + x2
−
∫

xdx

(1 + x2)2
+
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+3

∫
dx

(1 + x2)2
= ln |x| − 1

2
ln(1 + x2)− 1

2

∫
(1 + x2)−2d(1 + x2) + 3I2 =

= ln |x| − 1

2
ln(1 + x2) +

1

2(1 + x2)
+ 3I2.

Îñòàåòñÿ âû÷èñëèòü èíòåãðàë

I2 =

∫
dx

(1 + x2)2
.

Èñïîëüçóÿ ðåêóððåíòíóþ ôîðìóëó (3.7), ïîëó÷èì:

I2 =

∫
dx

(x2 + 1)2
=

1

2

x

x2 + 1
+

1

2
I1 =

x

2(x2 + 1)
+

1

2

∫
dx

x2 + 1
=

=
x

2(x2 + 1)
+

1

2
arctg x+ C.

Èòàê, îêîí÷àòåëüíî ïîëó÷èì:

I = ln |x| − 1

2
ln(1 + x2) +

1

2(1 + x2)
+

3x+ 1

2(1 + x2)
+

3

2
arctg x+ C. I

Çàäàíèå 5. Âû÷èñëèòü èíòåãðàë

I =

∫
x7 + 2

x4 + 2x3 + 3x2 + 2x+ 1
dx.
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JÄåëèì ìíîãî÷ëåí íà ìíîãî÷ëåí è âûäåëÿåì öåëóþ ÷àñòü. Ïîëó÷èì:

x7 + 2

x4 + 2x3 + 3x2 + 2x+ 1
= x3 − 2x2 + x+ 2 +

−4x3 − 6x2 − 5x

x4 + 2x3 + 3x2 + 2x+ 1
,

ïîýòîìó

I =
x4

4
− 2

3
x3 +

x2

2
+ 2x−

∫
4x3 + 6x2 + 5x

x4 + 2x3 + 3x2 + 2x+ 1
dx =

=
x4

4
− 2

3
x3 +

x2

2
+ 2x− I1.

Äëÿ âû÷èñëåíèÿ èíòåãðàëà ïðèìåíèì ìåòîä Îñòðîãðàäñêîãî. ×òîáû
ïðèìåíèòü ôîðìóëó Îñòðîãðàäñêîãî, íàéäåì íàèáîëüøèé îáùèé äåëè-
òåëü ìíîãî÷ëåíà

Q4(x) = x4 + 2x3 + 3x2 + 2x+ 1

è

Q′4(x) = 4x3 + 6x2 + 6x+ 2.

Ïðèìåíèì äëÿ ýòîãî àëãîðèòì Åâêëèäà. Ðàçäåëèâ Q4(x) íà Q′4(x),
ïîëó÷èì:

x4 + 2x3 + 3x2 + 2x+ 1

4x3 + 6x2 + 6x+ 2
=

1

4
x+

1

8
+

3
4x

2 + 3
4x+ 3

4

4x3 + 6x2 + 6x+ 2
.
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Òàê êàê íàèáîëüøèé îáùèé äåëèòåëü îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî ïî-
ñòîÿííîãî ìíîæèòåëÿ, òî äàëåå ñîãëàñíî àëãîðèòìó ìíîãî÷ëåí 4x3+6x2+6x+2
áóäåì äåëèòü íà x2 + x+ 1. Ïîëó÷èì:

4x3 + 6x2 + 6x+ 2

x2 + x+ 1
= 4x+ 2,

çíà÷èò, R2(x) = x2 + x+ 1, à

I1 =

∫
4x3 + 6x2 + 5x

x4 + 2x3 + 3x2 + 2x+ 1
dx =

Ax+B

x2 + x+ 1
+

∫
Cx+D

x2 + x+ 1
dx.

Äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ ïðîäèôôåðåíöèðóåì
îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà. Ïîëó÷èì:

4x3 + 6x2 + 5x

x4 + 2x3 + 3x2 + 2x+ 1
=
A(x2 + x+ 1)− (2x+ 1)(Ax+B)

(x2 + x+ 1)2
+

+
(Cx+D)(x2 + x+ 1)

(x2 + x+ 1)2
.

Ïðèðàâíèâàÿ ÷èñëèòåëè, à çàòåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòå-
ïåíÿõ, ïîëó÷èì:

4x3 + 6x2 + 5x = A(x2 +x+ 1)− (2x+ 1)(Ax+B) + (Cx+D)(x2 +x+ 1),

4 = C, 6 = −A+ C +D, 5 = −2B + C +D, 0 = A−B +D.
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Ðåøèâ ñèñòåìó, ïîëó÷èì:

C = 4, B = 0, A = −1, D = 1,

òîãäà

I1 =
−x

x2 + x+ 1
+

∫
4x+ 1

x2 + x+ 1
dx =

−x
x2 + x+ 1

+2

∫
2x+ 1

2 + 1− 1

x2 + x+ 1
dx =

=
−x

x2 + x+ 1
+ 2

∫
(2x+ 1)dx

x2 + x+ 1
−
∫

dx

x2 + x+ 1
=

= − x

x2 + x+ 1
+ 2 ln(x2 + x+ 1)−

∫
dx(

x+ 1
2

)2
+ 3

4

=

=
−x

x2 + x+ 1
+ 2 ln(x2 + x+ 1)− 2√

3
arctg

2x+ 1√
3

+ C1.

Òîãäà

I =
x4

4
− 2x3

3
+
x2

2
+2x+

x

x2 + x+ 1
−2 ln(x2+x+1)+

2√
3

arctg
2x+ 1√

3
+C,

ãäå C = −C1. I
Çàìå÷àíèå. Èíîãäà èíòåãðàëû îò ðàöèîíàëüíûõ äðîáåé óäàåòñÿ âû-

÷èñëèòü íå ïðèáåãàÿ ê ìåòîäó íåîïðåäåëåííûõ êîýôôèöèåíòîâ. Ïîêà-
æåì ýòî íà ïðèìåðå.
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Çàäàíèå 6. Âû÷èñëèòü èíòåãðàë

I =

∫
dx

x(3 + x6)2
.

J
∫

dx

x(3 + x6)2
=

1

3

∫
3 + x6 − x6

x(3 + x6)2
dx =

1

3

∫
dx

x(3 + x6)
− 1

3

∫
x5dx

(3 + x6)2
=

= − 1

3 · 18

∫
d
(

3
x6 + 1

)
3
x6 + 1

− 1

3 · 6

∫
d(3 + x6)

(3 + x6)2
=

= − 1

54
ln

(
3

x6
+ 1

)
+

1

18(3 + x6)
+ C. I

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Íàéäèòå íåîïðåäåëåííûå èíòåãðàëû:

1.1
∫

2x4−x2+1
x3−x dx;

1.2.
∫

x2−3
x2−1dx;

1.3
∫

x2+1
(x2−1)(x2−4)dx;

1.4
∫

x3+5
(x−1)(x2+4)dx;

1.5
∫

5x−14
x3−x2−4x+4dx;

1.6
∫

dx
(x−1)3(x+1)2 ;

1.7
∫

11x+16
(x−1)(x+2)2dx;

1.8
∫ (x−1)2dx

(x+1)3(x−4) ;
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1.9
∫

dx
x4−1 ;

1.10
∫

dx
x4+1 ;

1.11
∫

x4−6x3+12x2+6
x3−6x2+12x−8 dx;

1.12
∫

dx
(x2−4x+3)(x2+4x+5) ;

1.13
∫

2x4−2x3+7x2+5
(x2+x+1)(x−2) dx;

1.14
∫

x4+2x2+4
(1+x2)3 dx;

1.15
∫

x2−2
x3(x+2)2dx;

1.16
∫

dx
(x+1)2(x2+1)2 ;

1.17
∫

dx
(x3+1)2 ;

1.18
∫

x2+3x−2
(x−1)(x2+x+1)2dx;

1.19
∫

x2dx
(x2+2x+2)2 ;

1.20
∫

x2+1
(x4+x2+1)2dx;

1.21
∫

x11dx
x8+3x4+2 ;

1.22
∫

x5−x
x8+1dx;

1.23
∫

dx
x6+1 ;

1.24
∫

dx
(9x2−4x+4)(x2−4x+5) .

2. Îòâåòüòå íà âîïðîñû òåñòà.

ËÅÊÖÈß 4

Èíòåãðèðîâàíèå ïðîñòåéøèõ èððàöèîíàëüíûõ ôóíêöèé

4.1. Ïðîñòåéøèå ïîäñòàíîâêè

Èíòåãðàëû îò íåêîòîðûõ èððàöèîíàëüíûõ ôóíêöèé ñ ïîìîùüþ ñî-
îòâåòñòâóþùåé ïîäñòàíîâêè ñâîäÿòñÿ ê èíòåãðàëàì îò ðàöèîíàëüíûõ
ôóíêöèé.
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I =

∫
R

(
x,

(
ax+ b

cx+ d

)m1
n1

, . . . ,

(
ax+ b

cx+ d

)ml
nl

)
dx, (4.1)

mi ∈ Z, ni ∈ N, i = 1, l; a, b, c, d � êîíñòàíòû, 4 =

∣∣∣∣ a b
c d

∣∣∣∣ 6= 0.

Åñëè 4 = 0, òî a
c = b

d è
ax+b
cx+d = const, à ïîäûíòåãðàëüíàÿ ôóíêöèÿ áóäåò

ðàöèîíàëüíîé (R(x) � óñëîâíîå îáîçíà÷åíèå ðàöèîíàëüíîé ôóíêöèè).
Ðàññìîòðèì àëãîðèòì âû÷èñëåíèÿ èíòåãðàëîâ òèïà (4.1):
1. Íàõîäèì íàèìåíüøåå îáùåå êðàòíîå ÷èñåë ni ∈ N, i = 1, l. Îáî-

çíà÷àåì åãî n;
2. Èñïîëüçóåì ïîäñòàíîâêó

t =

(
ax+ b

cx+ d

) 1
n

.

Òîãäà

tn =
ax+ b

cx+ d
, x = R0(t), dx = R01(t)dt;(

ax+ b

cx+ d

)mi
ni

=

[
n

ni
= ki ∈ N

]
=

((
ax+ b

cx+ d

) 1
n

)miki

= tmiki = Ri(t).

I =

∫
R (R0(t), R1(t), . . . , Rl(t))R01(t)dt =

∫
R∗(t)dt.
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Ïîëó÷èëè èíòåãðàë îò ðàöèîíàëüíîé ôóíêöèè, àëãîðèòì âû÷èñëåíèÿ
êîòîðîãî áûë äàí âûøå (ëåêöèÿ � 3).

Ïðèìåð 4.1. Âû÷èñëèòü I =
∫ √

x+1

(1+ 3
√
x+1)(x+1)

2
3
dx.

J Èìååì:

x+ 1 =
1 · x+ 1

0 · x+ 1
=
ax+ b

cx+ d
.

Èñïîëüçóåì ïîäñòàíîâêó 6
√
x+ 1 = t. Òîãäà

x = t6 − 1; dx = 6t5dt; t = 6
√
x+ 1; t2 = 3

√
x+ 1; t4 = (x+ 1)

2
3 .

I =

∫
t36t5dt

(1 + t2)t4
= 6

∫
t4 − 1 + 1

t2 + 1
dt = 6

(∫
(t2 − 1)dt+

∫
dt

t2 + 1

)
=

= 6

(
t3

3
− t+ arctg t

)
+C = 2

√
x+ 1− 6 6

√
x+ 1 + 6 arctg 6

√
x+ 1 +C. I

4.2. Ïîäñòàíîâêè Ýéëåðà

Ñ ïîìîùüþ ïîäñòàíîâîê Ýéëåðà ìîæíî âû÷èñëÿòü èíòåãðàëû âèäà

I =

∫
R
(
x,
√
ax2 + bx+ c

)
dx. (4.2)

I. Ïåðâàÿ ïîäñòàíîâêà (a > 0) :√
ax2 + bx+ c = ±x

√
a± t.
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Îòñþäà âèäíî, ÷òî x = R1(t), íàïðèìåð:√
ax2 + bx+ c = x

√
a+ t; ax2 + bx+ c = ax2 + 2xt

√
a+ t2;

x
(
b− 2t

√
a
)

= t2 − c; x = R1(t) =
t2 − c

b− 2t
√
a
,

òîãäà √
ax2 + bx+ c = R2(t), dx = R3(t)dt,

I =

∫
R(R1(t), R2(t))R3(t)dt =

∫
R∗(t)dt �

èíòåãðàë îò ðàöèîíàëüíîé ôóíêöèè.
II. Âòîðàÿ ïîäñòàíîâêà (êîðíè òðåõ÷ëåíà ax2 + bx+ c � äåéñòâèòåëü-

íûå)
Ïóñòü x1, x2 � êîðíè òðåõ÷ëåíà ax2 + bx+ c. Òîãäà

ax2 + bx+ c = a(x− x1)(x− x2),

çíà÷èò,

R
(
x,
√
ax2 + bx+ c

)
= R

x, |x− x1|

√
a(x− x2)

x− x1

 .

À ýòî åñòü èððàöèîíàëüíàÿ ôóíêöèÿ, êîòîðóþ ðàññìàòðèâàëè ïðè
âû÷èñëåíèè èíòåãðàëîâ òèïà (4.1).
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Òàêèì îáðàçîì, èìååì ïîäñòàíîâêó ±(x − xi)t =
√
ax2 + bx+ c, ãäå

xi � èëè x1, èëè x2.

III. Òðåòüÿ ïîäñòàíîâêà (c > 0).

Ïîäñòàíîâêà èìååò âèä√
ax2 + bx+ c = ±

√
c± xt.

Ïîëó÷èì, íàïðèìåð, ïðè
√
ax2 + bx+ c =

√
c+ xt,

ax2 + bx+ c = c+ 2
√
ctx+ x2t2.

Îòñþäà èìååì:

x = R1(t),
√
ax2 + bx+ c = R2(t), dx = R3(t)dt.

Òîãäà∫
R(x,

√
ax2 + bx+ c)dx =

∫
R(R1(t), R2(t))R3(t)dt =

∫
R∗(t)dt �

ïîëó÷èëè èíòåãðàë îò ðàöèîíàëüíîé ôóíêöèè.

Çàìå÷àíèå 4.1. Ïåðâàÿ è âòîðàÿ ïîäñòàíîâêè ïîçâîëÿþò âû÷èñëèòü
âñå èíòåãðàëû òèïà (4.2), åñëè ôóíêöèÿ f(x) =

√
ax2 + bx+ c îïðåäåëå-

íà õîòÿ áû íà îäíîì íåâûðîæäåííîì ïðîìåæóòêå.
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Òðåòèé ñëó÷àé (c > 0) ñâîäèòñÿ ê ïåðâîìó (a > 0) ïðè ïîìîùè ïîä-
ñòàíîâêè x = 1

z .

Ïðèìåð 4.2. Âû÷èñëèòå I =
∫

dx
1+
√

1−2x−x2 .

JÈìååì òðåòèé ñëó÷àé � c = 1 > 0 (ïîäõîäèò è âòîðàÿ ïîäñòàíîâêà
Ýéëåðà) √

1− 2x− x2 = 1 + xt.

Ïîëó÷èì:

1− 2x− x2 = 1 + 2xt+ x2t2; −2− x = 2t+ xt2; x =
−2− 2t

1 + t2
;

dx =
2t2 + 4t− 2

(1 + t2)2
dt;

√
1− 2x− x2 + 1 = 2 + t

−2− 2t

1 + t2
=

2− 2t

1 + t2
.

I =

∫
(2t2 + 4t− 2)(1 + t2)

(1 + t2)2(2− 2t)
dt =

∫
t2 + 2t− 1

(1 + t2)(1− t)
dt =

=

[
t2 + 2t− 1

(1 + t2)(1− t)
=
At+B

1 + t2
+

C

1− t
=

(At+B)(1− t) + C(1 + t2)

(1 + t2)(1− t)
,

t2 + 2t− 1 = (At+B)(1− t) + C(1 + t2)⇒ A = 0, B = −2, C = 1
]

=

=

∫
−2

1 + t2
dt+

∫
dt

1− t
= −2 arctg t− ln |1− t|+ C,

ãäå t =
√

1−2x−x2−1
x .I
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Çàìå÷àíèå 4.2. Ïðè èñïîëüçîâàíèè ïîäñòàíîâîê Ýéëåðà îáû÷íî ïðè-
õîäèòñÿ èìåòü äåëî ñ ãðîìîçäêèìè âû÷èñëåíèÿìè, ïîýòîìó, ïî âîçìîæ-
íîñòè, ïðèìåíÿþò äðóãèå, áîëåå êîðîòêèå ìåòîäû. Íàïðèìåð:

1. Äëÿ èíòåãðàëîâ òèïà ∫
Pn(x)dx√
ax2 + bx+ c

, (4.3)

ãäå Pn(x) � ìíîãî÷ëåí ñòåïåíè n ∈ N, ñïðàâåäëèâà ñëåäóùàÿ ôîðìóëà:∫
Pn(x)dx√
ax2 + bx+ c

= Qn−1(x)
√
ax2 + bx+ c+C0

∫
dx√

ax2 + bx+ c
, (4.4)

ãäå Qn−1 � ìíîãî÷ëåí ñòåïåíè íå âûøå, ÷åì n − 1, êîýôôèöèåíòû êî-
òîðîãî è C0 íàõîäÿòñÿ ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ ïîñëå
äèôôåðåíöèðîâàíèÿ îáåèõ ÷àñòåé (4.4). Åñëè æå n 6 1, òî ñ ïîìîùüþ
âûäåëåíèÿ ïîëíîãî êâàäðàòà è ïîäñòàíîâêè èíòåãðàë (4.3) ñâîäèòñÿ ê
òàáëè÷íîìó.
2. Èíòåãðàëû òèïà ∫

Bdx

(x− A)α
√
ax2 + bx+ c

, (4.5)

ãäå A, B, a, b, c � íåêîòîðûå äåéñòâèòåëüíûå ïîñòîÿííûå, à α ∈ N,
ñâîäÿòñÿ ê èíòåãðàëàì òèïà (4.3) ñ ïîìîùüþ ïîäñòàíîâêè t = 1

x−A .
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3. Ïðè âû÷èñëåíèè èíòåãðàëîâ òèïà∫
(Mx+D)dx

(x2 + px+ q)m
√
ax2 + bx+ c

, (4.6)

ãäåM, D, p, q, a, b, c � èçâåñòíûå äåéñòâèòåëüíûå ïîñòîÿííûå, m∈N,
íóæíî èñïîëüçîâàòü ñëåäóùåå:

1) åñëè p = b = 0, òî èíòåãðàë ðàçáèâàåì íà äâà:

I1 =

∫
Mxdx

(x2 + q)m
√
ax2 + c

=
M

2

∫
d(x2)

(x2 + q)m
√
ax2 + c

�

ýòî èíòåãðàë ñ ëèíåéíîé èððàöèîíàëüíîñòüþ îòíîñèòåëüíî x2 (èíòåãðàë
òèïà (4.1), ïîäñòàíîâêà t =

√
ax2 + c);

I2 = D

∫
dx(

1 + q
x2

)m√
a+ c

x2x
2mx

= −D
2

∫ (
1
x2

)m−1
d
(

1
x2

)
(1 + q

x2 )
m
√
a+ c

x2

�

ëèíåéíàÿ èððàöèîíàëüíîñòü îòíîñèòåëüíî 1
x2 (ïîäñòàíîâêà t=

√
a+ c

x2 );
2) îñíîâíîé ñëó÷àé (4.6), íî b = ap. Ïîäñòàíîâêà x = t− p

2 (ïîëó÷èì
ïåðâûé ñëó÷àé);

3) èíòåãðàë (4.6) è b 6= ap � ïîäñòàíîâêà x = µt+ν
1+t (ïîñòîÿííûå µ

è ν âûáèðàåì òàê, ÷òîáû â êâàäðàòíûõ òðåõ÷ëåíàõ êîýôôèöèåíòû ïðè
ïåðåìåííûõ x â ïåðâîé ñòåïåíè áûëè ðàâíû íóëþ).
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Ïðèìåð 4.3. Âû÷èñëèòü
∫

x2+x+1
x
√
x2−x+1

dx, x > 0.

J
∫

x2 + x+ 1

x
√
x2 − x+ 1

dx =

∫
x+ 1√

x2 − x+ 1
dx+

∫
dx

x
√
x2 − x+ 1

.

I1 =

∫
x+ 1√

x2 − x+ 1
dx =

1

2

∫
2x+ 2− 1 + 1√

x2 − x+ 1
dx =

=

∫
2x− 1

2
√
x2 − x+ 1

dx+
3

2

∫
dx√

x2 − x+ 1
=

=

∫
d
(√

x2 − x+ 1
)

+
3

2

∫
dx√(

x− 1
2

)2
+ 3

4

=

=
√
x2 − x+ 1 +

3

2
ln

∣∣∣∣x− 1

2
+
√
x2 − x+ 1

∣∣∣∣+ C1.

I2 =

∫
dx

x
√
x2 − x+ 1

=

[
1
x = t; x = 1

t ; dx = − 1
t2dt√

x2 − x+ 1 =
√

1
t2 −

1
t + 1 =

√
t2−t+1
t

]
=

= −
∫

t · tdt
t2
√
t2 − t+ 1

= −
∫

d(t− 1
2)√

(t− 1
2)2 + 3

4

=

= − ln

∣∣∣∣t− 1

2
+
√
t2 − t+ 1

∣∣∣∣+ C2 = − ln

∣∣∣∣∣1x − 1

2
+

√
x2 − x+ 1

x

∣∣∣∣∣+ C2.
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∫
(x2 + x+ 1)dx

x
√
x2 − x+ 1

=
√
x2 − x+ 1 +

3

2
ln

∣∣∣∣x− 1

2
+
√
x2 − x+ 1

∣∣∣∣−
− ln

∣∣∣∣∣1x − 1

2
+

√
x2 − x+ 1

x

∣∣∣∣∣+ C, ãäå C = C1 + C2. I

Çàìå÷àíèå 4.3. Ïðè âû÷èñëåíèè èíòåãðàëîâ∫
R(x,

√
ax+ b,

√
cx+ d)dx

ñíà÷àëà áåðåì ïîäñòàíîâêó t =
√
ax+ b èëè t =

√
cx+ d, ïîñëå ÷åãî

ïîëó÷èì èíòåãðàë òèïà (4.2).

Ïðèìåð 4.4. Âû÷èñëèòå
∫

dx
1+
√
x+
√

1+x
.

J
∫

dx

1 +
√
x+
√

1 + x
=

 √x = t

x = t2

dx = 2tdt

 =

∫
2tdt

1 + t+
√

1 + t2
=

=


√

1 + t2 = t+ z, 1 + t2 = t2 + 2tz + z2, t = 1
2z −

z
2 ,

dt = −1
2

1+z2

z2 dz, 1 + t+
√

1 + t2 = 1 + 21−z2
2z + z = z+1

z

 =

= −1

2

∫
(1− z2)z(1 + z2)

z(z + 1)z2
dz = −1

2

∫
(1− z)(1 + z2)

z2
dz =
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= −1

2

∫ (
1

z2
+ 1− 1

z
− z
)
dz = −1

2

(
−1

z
+ z − ln |z| − z2

2

)
+ C =

=
1

2

(
1√

1 + t2 − t
+ t−

√
1 + t2 + ln

∣∣∣√1 + t2 − t
∣∣∣+

(
√

1 + t2 − t)2

2

)
+C,

ãäå t =
√
x.I

4.3. Èíòåãðàëû îò äèôôåðåíöèàëüíûõ áèíîìîâ

Îïðåäåëåíèå 4.1. Âûðàæåíèå xm(a + bxn)pdx, ãäå a 6= 0 è b 6= 0 �

äåéñòâèòåëüíûå ïîñòîÿííûå, m, n, p � íåêîòîðûå ðàöèîíàëüíûå ÷èñ-
ëà, íàçûâàåòñÿ äèôôåðåíöèàëüíûì áèíîìîì.

Ïîëîæèì

x = t
1
n , (4.7)

òîãäà dx = 1
nt

1
n−1dt, è ñëåäîâàòåëüíî,∫

xm(a+ bxn)pdx =
1

n

∫
(a+ bt)pt

m+1
n −1dt.

Òàêèì îáðàçîì, èíòåãðàë∫
xm(a+ bxn)pdx (4.8)
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ñâîäèòñÿ ïîäñòàíîâêîé (4.7) ê èíòåãðàëó òèïà∫
(a+ bt)ptqdt, (4.9)

ãäå p è q � ðàöèîíàëüíûå ÷èñëà. Â ðàññìàòðèâàåìîì ñëó÷àå

q =
m+ 1

n
− 1.

Ïåðâûé ñëó÷àé: p � öåëîå ÷èñëî.
Ïóñòü q = r

s , ãäå r ∈ Z, s ∈ N. Ñîãëàñíî ï. 4.1.1, â ýòîì ñëó÷àå

ïîäñòàíîâêà z = t
1
s ñâîäèò èíòåãðàë (4.9) ê èíòåãðàëó îò ðàöèîíàëüíîé

äðîáè.
Âòîðîé ñëó÷àé: q � öåëîå ÷èñëî.
Ïóñòü òåïåðü p = r

s , r ∈ Z, s ∈ N. Ñîãëàñíî ï. 4.1.1, èíòåãðàë (4.9)

ïðèâîäèòñÿ â ýòîì ñëó÷àå ïîäñòàíîâêîé z = (a + bt)
1
s ê èíòåãðàëó îò

ðàöèîíàëüíîé äðîáè.
Òðåòèé ñëó÷àé: p+ q � öåëîå.
Ïóñòü p = r

s , r ∈ Z, s ∈ N. Çàïèøåì äëÿ íàãëÿäíîñòè èíòåãðàë (4.9)
â âèäå ∫

(a+ bt)ptqdt =

∫ (
a+ bt

t

)p
tp+qdt.

Ñíîâà èìååì èíòåãðàë òèïà, ðàññìîòðåííîãî â òîì æå ï. 4.1.1. Íà
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ýòîò ðàç ê èíòåãðàëó îò ðàöèîíàëüíîé äðîáè åãî ïðèâîäèò ïîäñòàíîâêà

z =

(
a+ bt

t

) 1
s

.

Èòàê, â òðåõ ñëó÷àÿõ, êîãäà îäíî èç ÷èñåë p, q èëè p + q ÿâëÿåòñÿ
öåëûì, èíòåãðàë (4.9) ïðè ïîìîùè óêàçàííûõ âûøå ïîäñòàíîâîê ïðèâî-
äèòñÿ ê èíòåãðàëó îò ðàöèîíàëüíîé äðîáè.

Ïðèìåíèòåëüíî ê èíòåãðàëó (4.8) ýòîò ðåçóëüòàò âûãëÿäèò ñëåäóþ-
ùèì îáðàçîì: êîãäà îäíî èç ÷èñåë p, m+1

n èëè m+1
n + p ÿâëÿåòñÿ öåëûì,

èíòåãðàë (4.8) ìîæåò áûòü ñâåäåí ê èíòåãðàëó îò ðàöèîíàëüíîé äðîáè.
Ïðè ýòîì â òîì ñëó÷àå, êîãäà p öåëîå, ýòî ñâåäåíèå îñóùåñòâëÿåò ïîä-
ñòàíîâêà

z = x
n
s ,

ãäå ÷èñëî s ÿâëÿåòñÿ çíàìåíàòåëåì äðîáè m+1
n , òî åñòü m+1

n = r
s ; â òîì

ñëó÷àå, êîãäà m+1
n � öåëîå, � ïîäñòàíîâêà

z = (a+ bxn)
1
s ,

ãäå ÷èñëî s ÿâëÿåòñÿ çíàìåíàòåëåì äðîáè p, òî åñòü p = r
s , à â òîì ñëó÷àå,

êîãäà m+1
n + p � öåëîå, � ïîäñòàíîâêà

z = (ax−n + b)
1
s ,
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ãäå ÷èñëî s òàêæå ÿâëÿåòñÿ çíàìåíàòåëåì äðîáè p.
Ýòîò ôàêò áûë èçâåñòåí åùå È. Íüþòîíó. Ë. Ýéëåð âûñêàçàë ïðåä-

ïîëîæåíèå, ÷òî íè äëÿ êàêèõ äðóãèõ ïîêàçàòåëåé m, n è p èíòåãðàë îò
äèôôåðåíöèàëüíîãî áèíîìà íåëüçÿ ñâåñòè ê èíòåãðàëó îò ðàöèîíàëüíûõ
ôóíêöèé. Äëÿ ðàöèîíàëüíûõ ïîêàçàòåëåém, n è p, íå óäîâëåòâîðÿþùèõ
óêàçàííûì âûøå óñëîâèÿì, ýòî áûëî äîêàçàíî Ï.Ë. ×åáûøåâûì1, à äëÿ
èððàöèîíàëüíûõ � Ä.Ä. Ìîðäóõàé-Áîëòîâñêèì2.

Ïðèìåð 4.5. Âû÷èñëèòü
∫ (1+2x3)

2
3

x6 dx.

J p = 2
3 /∈ Z, m = −6, n = 3. Òîãäà è

m+ 1

n
=
−6 + 1

3
= −5

3
/∈ Z.

Îñòàåòñÿ ïðîâåðèòü ïîñëåäíèé ñëó÷àé

m+ 1

n
+ p = −5

3
+

2

3
= −3

3
= −1 ∈ Z.

Áåðåì ïîäñòàíîâêó

t =

(
1 + 2x3

x3

) 1
3

=
(1 + 2x3)

1
3

x
=
(
x−3 + 2

) 1
3 .

1Ï.Ë. ×åáûøåâ (1821�1894) � ðîññèéñêèé ìàòåìàòèê è ìåõàíèê.
2Ä.Ä. Ìîðäóõàé-Áîëòîâñêîé (1876�1952) � ðîññèéñêèé ìàòåìàòèê.
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Òîãäà

x−3 + 2 = t3; −3x−4dx = 3t2dt; −x−4dx = t2dt, dx = −x4t2dt.

Èìååì

−
∫

(1 + 2x3)
2
3

x2

1

x4
x4t2dt = −

∫
t2t2dt = −t

5

5
+ C = −

(
1 + 2x3

) 5
3

5x5
+ C. I

Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Îïèøèòå àëãîðèòì âû÷èñëåíèÿ èíòåãðàëîâ òèïà (4.1).
2. Èíòåãðàëû êàêîãî âèäà ìîæíî âû÷èñëÿòü ñ ïîìîùüþ ïîäñòàíîâîê

Ýéëåðà?
3. Çàïèøèòå âèä ïåðâîé ïîäñòàíîâêè Ýéëåðà. Â êàêîì ñëó÷àå îíà

ïðèìåíÿåòñÿ?
4. Çàïèøèòå âèä âòîðîé ïîäñòàíîâêè Ýéëåðà. Â êàêîì ñëó÷àå îíà

ïðèìåíÿåòñÿ?
5. Çàïèøèòå âèä òðåòüåé ïîäñòàíîâêè Ýéëåðà. Â êàêîì ñëó÷àå îíà

ïðèìåíÿåòñÿ?
6. Çàïèøèòå ôîðìóëó äëÿ âû÷èñëåíèÿ ìåòîäîì íåîïðåäåëåííûõ êî-

ýôôèöèåíòîâ èíòåãðàëîâ òèïà∫
Pn(x)dx√
ax2 + bx+ c

.
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7. Îïèøèòå àëãîðèòì âû÷èñëåíèÿ èíòåãðàëîâ òèïà∫
(Mx+D)dx

(x2 + px+ q)m
√
ax2 + bx+ c

.

8. Êàêîå âûðàæåíèå íàçûâàþò äèôôåðåíöèàëüíûì áèíîìîì?
9. Êàêóþ ïîäñòàíîâêó ñëåäóåò ïðèìåíÿòü äëÿ âû÷èñëåíèÿ èíòåãðà-

ëîâ âèäà
∫

(a+ bt)ptqdt, åñëè p � öåëîå ÷èñëî?
10. Êàêóþ ïîäñòàíîâêó ñëåäóåò ïðèìåíÿòü äëÿ âû÷èñëåíèÿ èíòåãðà-

ëîâ âèäà
∫

(a+ bt)ptqdt, åñëè q � öåëîå ÷èñëî?
11. Êàêóþ ïîäñòàíîâêó ñëåäóåò ïðèìåíÿòü äëÿ âû÷èñëåíèÿ èíòåãðà-

ëîâ âèäà
∫

(a+ bt)ptqdt, åñëè p+ q � öåëîå ÷èñëî?
12. Îòâåòüòå íà âîïðîñû òåñòà.
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ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 5
Èíòåãðèðîâàíèå èððàöèîíàëüíûõ ôóíêöèé

1. Èíòåãðèðîâàíèå ïðîñòåéøèõ àëãåáðàè÷åñêèõ èððàöèîíàëü-
íîñòåé
Çàäàíèå 1. Âû÷èñëèòü èíòåãðàë

I =

∫ √
xdx

4
√
x3 + 1

.

J
∫ √

xdx
4
√
x3 + 1

=

∫
x

1
2

x
3
4 + 1

dx.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ åñòü ðàöèîíàëüíàÿ ôóíêöèÿ îò äðîáíûõ
ñòåïåíåé x. Îáùåå íàèìåíüøåå êðàòíîå çíàìåíàòåëåé 2 è 4 ðàâíî 4, à
ïîýòîìó ïîëàãàåì x = t4, dx = 4t3dt, t = 4

√
x. Îòêóäà

I = 4

∫
t2t3

t3 + 1
dt = 4

∫
t5dt

1 + t3
= 4

∫ (
t2 − t2

t3 + 1

)
dt =

=
4

3
t3 − 4

3
ln |t3 + 1|+ C.

Âîçâðàùàÿñü ê ïåðåìåííîé x, ïîëó÷èì:

I =
4

3

(
x

3
4 − ln

∣∣∣x 3
4 + 1

∣∣∣)+ C. I
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Çàäàíèå 2. Âû÷èñëèòü èíòåãðàë∫
6
√

2x− 1dx

(2x− 1)( 3
√

2x− 1− 1)
.

J
∫

6
√

2x− 1dx

(2x− 1)( 3
√

2x− 1− 1)
=
[

6
√

2x− 1 = t, 3
√

2x− 1 = t2, 2x− 1 = t6,

2dx = 6t5dt, dx = 3t5dt
]

=

∫
t · 3t5dt
t6(t2 − 1)

= 3

∫
dt

t2 − 1
=

=
3

2
ln

∣∣∣∣t− 1

t+ 1

∣∣∣∣+ C =
3

2
ln

∣∣∣∣ 6
√

2x− 1− 1
6
√

2x− 1 + 1

∣∣∣∣+ C. I

Çàäàíèå 3. Âû÷èñëèòü èíòåãðàë∫
1

(2− x)2

3

√
2− x
2 + x

dx.

J
∫

1

(2− x)2

3

√
2− x
2 + x

dx =

[
3

√
2− x
2 + x

= t,
2− x
2 + x

= t3 ,

2− x = (2 + x)t3, 2− 2t3 = x+ xt3, x =
2− 2t3

1 + t3
,

2− x = 2− 2− 2t3

1 + t3
=

4t3

1 + t3
, dx =

−12t2

(1 + t3)2
dt

]
=
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= −
∫

(1 + t3)2 · t · 12t2

16t6(1 + t3)2
dt = −3

4

∫
dt

t3
=

3

8t2
+ C =

=
3

8
3

√(
2 + x

2− x

)2

+ C. I

Çàäàíèå 4. Âû÷èñëèòü èíòåãðàë∫
dx

(1− x)
√

1− x2
.

J
∫

dx

(1− x)
√

1− x2
=
[
(1− x)

√
1− x2 = (1− x)

√
(1− x)(1 + x) =

= (1− x)|1 + x|
√

1− x
1 + x

,
1− x
1 + x

= t2, x =
1− t2

1 + t2
, dx =

−4tdt

(1 + t2)2
,

1− x =
2t2

1 + t2
, 1 + x =

2

1 + t2

]
= −

∫
4tdt

(1 + t2)2 2t2

1+t2 ·
2

1+t2 · t
=

= −
∫
dt

t2
=

1

t
+ C =

√
1 + x

1− x
+ C. I

Çàäàíèå 5. Âû÷èñëèòü èíòåãðàë∫
dx

4
√

(x− 1)3(x+ 2)5
.
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J
∫

dx
4
√

(x− 1)3(x+ 2)5
=

[
4
√

(x− 1)3(x+ 2)5 = (x− 1)(x+ 2) 4

√
x+ 2

x− 1
,

4

√
x+ 2

x− 1
= t,

x+ 2

x− 1
= t4, x+ 2 = t4(x− 1), 2 + t4 = x(t4 − 1),

x =
t4 + 2

t4 − 1
, x− 1 =

t4 + 2

t4 − 1
− 1 =

3

t4 − 1
, x+ 2 =

3t4

t4 − 1
,

dx =
−12t3dt

(t4 − 1)2

]
= −

∫
(t4 − 1)(t4 − 1)12t3dt

3 · 3t4 · t(t4 − 1)2
=

= −4

3

∫
dt

t2
=

4

3t
+ C =

4

3
4

√
x− 1

x+ 2
+ C. I

2. Èíòåãðèðîâàíèå ôóíêöèé âèäà R
(
x,
√
ax2 + bx+ c

)
Èíòåãðàëû âèäà

∫
R
(
x,
√
ax2 + bx+ c

)
dx âñåãäà ìîãóò áûòü ïðèâå-

äåíû ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíêöèè ïðè ïîìîùè ïîäñòàíîâîê
Ýéëåðà.
Çàäàíèå 1. Âû÷èñëèòü èíòåãðàë∫

dx

1 +
√
x2 + 2x+ 2

.

J Çäåñü a = 1, c = 2; ñëåäîâàòåëüíî, ñ îäèíàêîâûì óñïåõîì ìîæíî
ïðèìåíèòü êàê ïåðâóþ, òàê è òðåòüþ ïîäñòàíîâêè Ýéëåðà. Ïðèìåíèì
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ïåðâóþ ïîäñòàíîâêó Ýéëåðà.∫
dx

1 +
√
x2 + 2x+ 2

=
[√

x2 + 2x+ 2 = t− x,

x2 + 2x+ 2 = t2 − 2tx+ x2, x =
t2 − 2

2(1 + t)
, dx =

t2 + 2t+ 2

2(1 + t)2
dt,

1 +
√
x2 + 2x+ 2 = 1 + t− t2 − 2

2(1 + t)
=
t2 + 4t+ 4

2(1 + t)

]
=

=

∫
2(1 + t)(t2 + 2t+ 2)

(t2 + 4t+ 4)2(1 + t)2
dt =

∫
(t2 + 2t+ 2)dt

(1 + t)(t+ 2)2
=

=

[
(t2 + 2t+ 2)

(1 + t)(t+ 2)2
=

A

t+ 1
+

B

t+ 2
+

C

(t+ 2)2
,

t2+2t+2 = A(t+2)2+B(t+1)(t+2)+C(t+1)⇒ A = 1, C = −2, B = 0;

(t2 + 2t+ 2)

(1 + t)(t+ 2)2
=

1

t+ 1
− 2

(t+ 2)2

]
=

∫
dt

t+ 1
− 2

∫
dt

(t+ 2)2
=

= ln |t+ 1|+ 2

t+ 2
+ C =

= ln
(
x+ 1 +

√
x2 + 2x+ 2

)
+

2

x+ 2 +
√
x2 + 2x+ 2

+ C. I
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Çàäàíèå 2. Âû÷èñëèòü èíòåãðàë∫
(x+ 1)dx

(x2 + 2x)
√
x2 + 2x

.

J Êâàäðàòíûé äâó÷ëåí x2 + 2x èìååò äâà ðàçëè÷íûõ äåéñòâèòåëü-
íûõ êîðíÿ: x1 = 0, x2 = −2. Ïîýòîìó ïðèìåíÿåì âòîðóþ ïîäñòàíîâêó
Ýéëåðà:∫

(x+ 1)dx

(x2 + 2x)
√
x2 + 2x

=
[√

x2 + 2x = xt, x2 + 2x = x2t2, 2 = x(t2 − 1),

x =
2

t2 − 1
, dx = − 4tdt

(t2 − 1)2
, x+ 1 =

2

t2 − 1
+ 1 =

t2 + 1

t2 − 1
,

(x2 + 2x)
√
x2 + 2x = x2t2 · xt = x3t3 =

8t3

(t2 − 1)3

]
=

= −
∫

(t2 + 1)(t2 − 1)34tdt

(t2 − 1)8t3(t2 − 1)2
= −1

2

∫
t2 + 1

t2
dt = −1

2

∫
dt− 1

2

∫
dt

t2
=

= −1

2
t+

1

2t
+ C =

[
t =

√
x2 + 2x

x

]
= −
√
x2 + 2x

2x
+

x

2
√
x2 + 2x

+ C =

=
−x2 − 2x+ x2

2x
√
x2 + 2x

+ C = − 1√
x2 + 2x

+ C. I
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Çàäàíèå 3. Âû÷èñëèòü èíòåãðàë∫
dx

1 +
√

1− 2x− x2
.

J Çäåñü c > 0; ñëåäîâàòåëüíî, ìîæíî ïðèìåíèòü òðåòüþ ïîäñòàíîâêó
Ýéëåðà.∫

dx

1 +
√

1− 2x− x2
=
[√

1− 2x− x2 = xt−1, 1−2x−x2 = x2t2−2xt+1,

x =
2(t− 1)

t2 + 1
, dx = 2

−t2 + 2t+ 1

(t2 + 1)2
dt, 1 +

√
1− 2x− x2 =

2(t− 1)t

t2 + 1

]
=

=

∫
−t2 + 2t+ 1

(t2 + 1)t(t− 1)
dt =

[
−t2 + 2t+ 1

(t2 + 1)t(t− 1)
=
At+B

t2 + 1
+
C

t
+

D

t− 1
=

=
(At+B)t(t− 1) + C(t2 + 1)(t− 1) +Dt(t2 + 1)

(t2 + 1)t(t− 1)
⇒

⇒ −t2 + 2t+ 1 = (At+B)t(t− 1) + C(t2 + 1)(t− 1) +Dt(t2 + 1)⇒

⇒ A = 0, B = −2, C = −1, D = 1
]

=

=

∫
−2

t2 + 1
dt−

∫
dt

t
+

∫
dt

t− 1
= −2 arctg t− ln |t|+ ln |t− 1|+ C =
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= ln

∣∣∣∣t− 1

t

∣∣∣∣− 2 arctg t+ C =

[
t =

√
1− 2x− x2 + 1

x

]
=

= ln

∣∣∣∣∣ 1+
√

1−2x−x2
x − 1

1+
√

1−2x−x2
x

∣∣∣∣∣− 2 arctg
1 +
√

1− 2x− x2

x
+ C =

= ln

∣∣∣∣∣1 +
√

1− 2x− x2 − x
1 +
√

1− 2x− x2

∣∣∣∣∣− 2 arctg
1 +
√

1− 2x− x2

x
+ C. I

Ïîäñòàíîâêè Ýéëåðà, âîîáùå ãîâîðÿ, âåäóò ê ãðîìîçäêèì âûêëàäêàì,
à ïîýòîìó ê íèì ñëåäóåò ïðèáåãàòü ëèøü òîãäà, êîãäà íå âèäíî äðóãèõ
ïóòåé ê âû÷èñëåíèþ äàííîãî èíòåãðàëà.
Çàäàíèå 4. Âû÷èñëèòü èíòåãðàë∫

5x+ 4√
x2 + 2x+ 5

dx.

J
∫

5x+ 4√
x2 + 2x+ 5

dx =

∫
5x+ 4√

(x+ 1)2 + 4
dx =

=
[
x+ 1 = t, dx = dt

]
=

∫
5t− 1√
t2 + 4

dt = 5

∫
tdt√
t2 + 4

−
∫

dt√
t2 + 4

=

= 5

∫
d(
√
t2 + 4)− ln |t+

√
t2 + 4| = 5

√
t2 + 4− ln |t+

√
t2 + 4|+ C =
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= 5
√
x2 + 2x+ 5− ln |x+ 1 +

√
x2 + 2x+ 5|+ C. I

Çàäàíèå 5. Âû÷èñëèòü èíòåãðàë∫
2x3 − 3x− 1√
x2 + 4x+ 5

dx.

J Âîñïîëüçîâàâøèñü ôîðìóëîé (4.4), èùåì ðåøåíèå â âèäå:∫
2x3 − 3x− 1√
x2 + 4x+ 5

dx = (Ax2 +Bx+ C)
√
x2 + 4x+ 5+

+ λ

∫
dx√

x2 + 4x+ 5
. (4.10)

Äèôôåðåíöèðóåì îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà:

2x3 − 3x− 1√
x2 + 4x+ 5

= (2Ax+B)
√
x2 + 4x+ 5+

+
(Ax2 +Bx+ C)(x+ 2)√

x2 + 4x+ 5
+

λ√
x2 + 4x+ 5

è îñâîáîæäàåìñÿ îò çíàìåíàòåëÿ:

2x3 − 3x− 1 = (2Ax+B)(x2 + 4x+ 5)+

+(Ax2 +Bx+ C)(x+ 2) + λ.
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Ïðèðàâíèâàÿ â ïîñëåäíåì ðàâåíñòâå êîýôôèöèåíòû ïðè îäèíàêîâûõ
ñòåïåíÿõ x, ïîëó÷èì ñëåäóþùóþ ñèñòåìó óðàâíåíèé:

3A = 2,
10A+ 2B = 0,
10A+ 6B + C = −3,
5B + 2C + λ = −1,

ðåøàÿ ñèñòåìó, íàõîäèì:

A =
2

3
, B = −10

3
, C =

31

3
, λ = −5.

Èòàê, ðàâåíñòâî (4.10) ïðèìåò âèä:∫
2x3 − 3x− 1√
x2 + 4x+ 5

dx =

=

(
2

3
x2 − 10

3
x+

31

3

)√
x2 + 4x+ 5− 5

∫
dx√

x2 + 4x+ 5
=

=

(
2

3
x2 − 10

3
x+

31

3

)√
x2 + 4x+ 5− 5

∫
dx√

(x+ 2)2 + 1
=

=

(
2

3
x2 − 10

3
x+

31

3

)√
x2 + 4x+ 5−
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−5 ln |x+ 2 +
√
x2 + 4x+ 5|+ C. I

Çàäàíèå 6. Âû÷èñëèòü èíòåãðàë

I =

∫
dx

(x− 1)3
√
x2 − 2x− 1

.

J
∫

dx

(x− 1)3
√
x2 − 2x− 1

=

[
x− 1 =

1

t
, t =

1

x− 1
, dx = −dt

t2
,

x2 − 2x− 1 = (x− 1)2 − 2 =
1

t2
− 2 =

1− 2t2

t2

]
= −

∫
t2dt√
1− 2t2

=

=
1

2

∫
1− 2t2 − 1√

1− 2t2
dt =

1

2

∫ √
1− 2t2dt− 1

2

∫
dt√

1− 2t2
=

=
1

2

∫ √
1− 2t2dt− 1

2
√

2
arcsin

√
2t.

Èíòåãðàë
∫ √

1−2t2dt ìîæíî âû÷èñëèòü ïî ÷àñòÿì. Â èòîãå ïîëó÷èì:∫ √
1− 2t2dt =

t

2

√
1− 2t2 +

1

2
√

2
arcsin

√
2t+ C.

Îêîí÷àòåëüíî èìååì:

I =
t

4

√
1− 2t2 − 1

4
√

2
arcsin

√
2t+ C =
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=
1

4(x− 1)2

√
x2 − 2x− 1− 1

4
√

2
arcsin

√
2

x− 1
+ C. I

Çàäàíèå 7. Âû÷èñëèòü èíòåãðàë∫
(x+ 1)dx

(x2 − 5x+ 6)
√
x2 + 4

.

JÑíà÷àëà ðàçëîæèì íà ýëåìåíòàðíûå äðîáè ïîäûíòåãðàëüíóþ ðàöè-
îíàëüíóþ äðîáü:

x+ 1

x2 − 5x+ 6
=

x+ 1

(x− 2)(x− 3)
=
−3

x− 2
+

4

x− 3
.

Òîãäà∫
(x+ 1)dx

(x2 − 5x+ 6)
√
x2 + 4

=

∫ (
− 3

x− 2
+

4

x− 3

)
dx√
x2 + 4

=

= −3

∫
dx

(x− 2)
√
x2 + 4

+ 4

∫
dx

(x− 3)
√
x2 + 4

.

Êàæäûé èç ïîëó÷åííûõ äâóõ èíòåãðàëîâ ÿâëÿåòñÿ èíòåãðàëîì òèïà
(4.5) è, ñëåäîâàòåëüíî, ïåðâûé èç íèõ áåðåòñÿ ñ ïîìîùüþ ïîäñòàíîâêè
x − 2 = 1

t , à âòîðîé � ñ ïîìîùüþ ïîäñòàíîâêè x − 3 = 1
z (àíàëîãè÷íî

âû÷èñëÿåòñÿ èíòåãðàë â çàäàíèè 6). Äàëüíåéøèå âûêëàäêè ïðîäåëàéòå
ñàìîñòîÿòåëüíî.I
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3. Èíòåãðàëû îò äèôôåðåíöèàëüíûõ áèíîìîâ
Çàäàíèå 1. Âû÷èñëèòü èíòåãðàë∫

dx
3
√
x2( 3
√
x+ 1)2

.

J
∫

dx
3
√
x2( 3
√
x+ 1)2

=

∫
x−

2
3

(
x

1
3 + 1

)−2

dx.

Çäåñü m = −2
3 , n = 1

3 , p = −2, òî åñòü p � öåëîå ÷èñëî. Ââîäèì

ïîäñòàíîâêó x
1
3 = t, îòêóäà

x = t3, dx = 3t2dt, x−
2
3 = (t3)−

2
3 =

1

t2
.

Òîãäà∫
x−

2
3

(
x

1
3 + 1

)−2

dx = 3

∫
t2dt

t2(t+ 1)2
= 3

∫
dt

(t+ 1)2
=

= − 3

t+ 1
+ C = − 3

3
√
x+ 1

+ C. I

Çàäàíèå 2. Âû÷èñëèòü èíòåãðàë∫ √
1 + 3
√
x

3
√
x2

dx.
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J
∫ √

1 + 3
√
x

3
√
x2

dx =

∫
x−

2
3

(
1 + x

1
3

) 1
2

dx.

Çäåñü m = −2
3 , n = 1

3 , p = 1
2 è

m+ 1

n
=
−2

3 + 1
1
3

= 1

åñòü öåëîå ÷èñëî, ñëåäîâàòåëüíî, çäåñü íóæíî ââåñòè ïîäñòàíîâêó

a+ bxn = t.

Òàêèì îáðàçîì, äëÿ çàäàííîãî èíòåãðàëà áåðåì ïîäñòàíîâêó

1 + x
1
3 = t,

îòêóäà íàõîäèì

x
1
3 = t− 1, x = (t− 1)3, dx = 3(t− 1)2dt, x−

2
3 =

1

(t− 1)2
.

∫
x−

2
3

(
1 + x

1
3

) 1
2

dx = 3

∫
t
1
2 (t− 1)2dt

(t− 1)2
= 3

∫
t
1
2dt = 2t

3
2 + C =

=
[
t = x

1
3 + 1

]
= 2

(
1 + x

1
3

) 3
2

+ C = 2

√
(1 + 3

√
x)3 + C. I
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Çàäàíèå 3. Âû÷èñëèòü èíòåãðàë∫ √
1 + x2

x6
dx.

J
∫ √

1 + x2

x6
dx =

∫
x−6(1 + x2)

1
2dx.

Çäåñü m = −6, n = 2, p = 1
2 . Ëåãêî âèäåòü, ÷òî

m+ 1

n
+ p =

−6 + 1

2
+

1

2
= −2

åñòü öåëîå ÷èñëî, òî åñòü íàäî âîñïîëüçîâàòüñÿ ïîäñòàíîâêîé ax−n+b = t.
Òàêèì îáðàçîì, ïðèìåíèòåëüíî ê çàäàííîìó èíòåãðàëó ìû áåðåì ïîä-

ñòàíîâêó x−2 + 1 = t, îòêóäà ïîëó÷àåì:

x−2 = t− 1, x =
1√
t− 1

, dx = −1

2
· dt√

(t− 1)3
,

(1 + x2)
1
2 =

(
1 +

1

t− 1

) 1
2

=

√
t

t− 1
.

Èòàê, ∫
x−6(1 + x2)

1
2dx = −1

2

∫
(t− 1)3

√
tdt

√
t− 1

√
(t− 1)3

=
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= −1

2

∫
(t− 1)t

1
2dt = −1

2

∫
t
3
2dt+

1

2

∫
t
1
2dt =

= −1

5
t
5
2 +

1

3
t
3
2 + C = −1

5

(
1 + x2

x2

) 5
2

+
1

3

(
1 + x2

x2

) 3
2

+ C. I

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Íàéäèòå íåîïðåäåëåííûå èíòåãðàëû:

1.1
∫

dx
1+
√
x
;

1.2
∫

dx
x(1+2

√
x+ 3
√
x)
;

1.3
∫

dx
x(1+2

√
x+ 3
√
x)
;

1.4
∫

x 3
√

2+x
x+ 3
√

2+x
dx;

1.5
∫

1−
√
x+1

1+ 3
√
x+1

dx;

1.6
∫

dx

(1+ 4
√
x)

3√
x
;

1.7
∫ √

x+1−
√
x−1√

x+1+
√
x−1

dx;

1.8
∫

dx
3
√

(x+1)2(x−1)4
;

1.9
∫

x3√
1+2x−x2dx;

1.10
∫

dx
(x−1)3

√
x2+3x+1

;

1.11
∫

x10dx√
1+x2

;

1.12
∫

dx
x3
√
x2+1

;

1.13
∫

x3−6x2+11x−6√
x2+4x+3

dx;

1.14
∫

dx
(1−x)2

√
1−x2 ;

1.15
∫ √

x2+2x+2
x dx;

1.16
∫

1−x+x2√
1+x−x2dx;

1.17
∫

xdx
(x−1)2

√
1+2x−x2 ;

1.18
∫

xdx
(x2−1)

√
x2−x−1

;

1.19
∫ √

x2+x+1
(x+1)2 dx;

1.20
∫

x3dx
(1+x)

√
1+2x−x2 ;

1.21
∫

dx
(1+x2)

√
1−x2 ;

1.22
∫ √

x2+2
x2+1 dx;

1.23
∫

dx
(x2+x+1)

√
x2+x−1

;

1.24
∫

x2dx
(4−2x+x2)

√
2+2x−x2 ;

1.25
∫

dx
(x2+2)

√
2x2−2x+5

;

1.26
∫

dx
x+
√
x2+x+1

;

1.27
∫

x−
√
x2+3x+2

x+
√
x2+3x+2

dx;
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1.28
∫
x
√
x2 − 2x+ 2dx;

1.29
∫

dx(
1+
√
x(x+1)

)2 ;
1.30

∫
dx√

x2+1−
√
x2−1

;

1.31
∫ (x2−1)dx

(x2+1)
√
x4+1

;

1.32
∫

xdx
(1−x3)

√
1−x2 ;

1.33
∫

x+
√

1+x+x2

1+x+
√

1+x+x2
dx;

1.34
∫ √x(x+1)
√
x+
√
x+1

dx;

1.35
∫

dx
(2x−3)

√
4x−x2 ;

1.36
∫
x2
√
x2 + 1dx;

1.37
∫ √

x2 + x4dx;

1.38
∫

dx
4
√

1+x4
;

1.39
∫ √

x

(1+ 3
√
x)

2dx;

1.40
∫

xdx√
1+

3
√
x2
;

1.41
∫

dx

x3 5
√

1+ 1
x

;

1.42
∫

x5dx√
1−x2 ;

1.43
∫

dx
x 6
√

1+x6
;

1.44
∫

dx
3
√

1+x3
;

1.45
∫

3
√

3x− x3dx.

2. Îòâåòüòå íà âîïðîñû òåñòà.

ËÅÊÖÈß 5

Èíòåãðèðîâàíèå íåêîòîðûõ òðàíñöåíäåíòíûõ ôóíêöèé

5.1. Èíòåãðèðîâàíèå ôóíêöèé òèïà R(sinx, cosx)

Ôóíêöèÿ òèïà R(sinx, cosx) � ýòî ðàöèîíàëüíàÿ ôóíêöèÿ îòíîñè-
òåëüíî sinx è cosx. Ðàññìîòðèì ñïîñîáû èíòåãðèðîâàíèÿ òàêèõ ôóíêöèé.
a) Óíèâåðñàëüíàÿ ïîäñòàíîâêà.
Ïîäñòàíîâêà

t = tg
x

2
, −π < x < π (t = ctg

x

2
, 0 < x < 2π)
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íàçûâàåòñÿ óíèâåðñàëüíîé. Ñ ïîìîùüþ íåå èíòåãðàëû âèäà∫
R(sinx, cosx)dx (5.1)

ñâîäÿòñÿ ê èíòåãðàëàì îò ðàöèîíàëüíûõ ôóíêöèé. Ïîêàæåì ýòî.

t = tg
x

2
, −π

2
<
x

2
<
π

2
, x = 2 arctg t, dx =

2dt

1 + t2
.

Êðîìå ýòîãî,

cosx =
cos2 x

2 − sin2 x
2

cos2 x
2 + sin2 x

2

=
1− tg2 x

2

1 + tg2 x
2

=
1− t2

1 + t2
;

sinx =
2 sin x

2 · cos x
2

cos2 x
2 + sin2 x

2

=
2t

1 + t2
.

Òîãäà∫
R(sinx, cosx)dx =

∫
R

(
2t

1 + t2
,

1− t2

1 + t2

)
2

1 + t2
dt =

∫
R1(t)dt,

(5.2)
ãäå R1(t) � ðàöèîíàëüíàÿ ôóíêöèÿ.

Àíàëîãè÷íî ïðèìåíÿåòñÿ ïîäñòàíîâêà t = ctg x
2 .

Ïðèìåð 5.1. Âû÷èñëèòü
∫

dx
3+5 cosx .
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JÈñïîëüçóåì óíèâåðñàëüíóþ ïîäñòàíîâêó t = tg x
2 .∫

dx

3 + 5 cosx
= [ñìîòðè (5.2)] =

∫ 2dt
1+t2

3 + 51−t2
1+t2

=

=

∫
2dt

8− 2t2
=

∫
dt

4− t2
=

1

2 · 2
ln

∣∣∣∣2 + t

2− t

∣∣∣∣ =
1

4
ln

∣∣∣∣2 + tg x
2

2− tg x
2

∣∣∣∣+ C. I

á) Ïîäñòàíîâêè t = sinx, t = cosx, t = tg x.

Çàìå÷àíèå 5.1. Èñïîëüçîâàíèå óíèâåðñàëüíîé ïîäñòàíîâêè ÷àñòî
ïðèâîäèò ê ãðîìîçäêèì ïðåîáðàçîâàíèÿì, ïîýòîìó (ïî âîçìîæíîñòè)
ïðèìåíÿþò â íåêîòîðûõ ñëó÷àÿõ äðóãèå ïîäñòàíîâêè.

Ëåììà 5.1. Åñëè R(−u, v) = R(u, v), òî R(u, v) = R1(u
2, v), ãäå

R, R1 � ðàöèîíàëüíûå ôóíêöèè.

JÔóíêöèÿ R èìååò òîëüêî ÷åòíûå ñòåïåíè u.

R(u, v) =
Pn(u, v)

Qm(u, v)
= R(−u, v) =

Pn(−u, v)

Qm(−u, v)
=

=

[
èñïîëüçóåì ñâîéñòâî ïðîïîðöèè

a

b
=
c

d
⇔ a

b
=
a+ c

b+ d

]
=

=
Pn(u, v) + Pn(−u, v)

Qm(u, v) +Qm(−u, v)
= R1(u

2, v) �

âçàèìíî óíè÷òîæàþòñÿ ÷ëåíû ñ íå÷åòíûìè ñòåïåíÿìè îòíîñèòåëüíî u.I
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Ëåììà 5.2. Åñëè R(−u, v)=−R(u, v) (R(u,−v) = −R(u, v)) , òî

R(u, v) = R2(u
2, v)u (R(u, v) = R3(u, v

2)v),

ãäå R, R1, R2, R3 � ðàöèîíàëüíûå ôóíêöèè.

J R(u,v)
u = R∗(u, v),

R∗(−u, v) =
R(−u, v)

−u
=
−R(u, v)

−u
=
R(u, v)

u
= R∗(u, v) = R∗1(u2, v);⇒

⇒ R(u, v) = R∗1(u2, v)u,

ãäå R∗, R∗1 � ðàöèîíàëüíûå ôóíêöèè.I
Äàëüøå áóäåì ðàññìàòðèâàòü èíòåãðàë (5.1).
I. Ïîäñòàíîâêà t = cosx.

Òåîðåìà 5.1. Åñëè R(− sinx, cosx) = −R(sinx, cosx), òî ïîäñòà-

íîâêà t = cos x ïðèâîäèò èòåãðàë (5.1) ê èíòåãðàëó îò ðàöèîíàëüíîé

ôóíêöèè.

JÈñïîëüçóÿ ëåììó 5.2, áóäåì èìåòü:∫
R(sinx, cosx)dx =

∫
R1(sin

2 x, cosx) sinx · dx =

= −
∫
R1(1− cos2 x, cosx)d(cosx) = [t = cosx] =

∫
R∗(t)dt. I

II. Ïîäñòàíîâêà t = sinx.
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Òåîðåìà 5.2. Åñëè R(sinx,− cosx) = −R(sinx, cosx), òî ïîäñòà-

íîâêà t = sinx ïðèâîäèò èòåãðàë (5.1) ê èíòåãðàëó îò ðàöèîíàëüíîé

ôóíêöèè.

Äîêàçàòåëüñòâî òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 5.1.
III. Ïîäñòàíîâêà t = tg x.

Ëåììà 5.3. Åñëè R(−u,−v) = R(u, v), òî R(u, v) = R2(
u
v , v

2).

J R(u, v) = R
(u
v
· v, v

)
= R1

(u
v
, v
)
,

R(−u,−v) = R
(u
v

(−v),−v
)

= R1

(u
v
,−v

)
= R(u, v) = R1

(u
v
, v
)
.

Ñîãëàñíî ëåììå 5.1, R1

(
u
v , v
)

= R2

(
u
v , v

2
)

= R(u, v).I

Òåîðåìà 5.3. Åñëè R(− sinx,− cosx) = R(sinx, cosx), òî ïîäñòà-

íîâêà t = tg x (t = ctg x) ïðèâîäèò èíòåãðàë (5.1) ê èíòåãðàëó îò ðà-
öèîíàëüíîé ôóíêöèè.

J
∫
R(sinx, cosx)dx =

∫
R2

(
sinx

cosx
, cos2 x

)
dx =

=

∫
R2

(
tg x,

1

1 + tg2 x

)
dx =

∫
R2

(
t,

1

1 + t2

)
dt

1 + t2
,

ãäå t = tg x, x = arctg t, dx = dt
1+t2 . I
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Ïðèìåð 5.2. Âû÷èñëèòü
∫

sin 2xdx
3+4 sin2 x

.

J R(sinx, cosx) =
2 sinx · cosx

3 + 4 sin2 x
; R(− sinx,− cosx) = R(sinx, cosx).

Ïðèìåíèì ïîäñòàíîâêó t = tg x, dt = dx
cos2 x . Ïîëó÷èì:

I =

∫
sin 2xdx

3 + 4 sin2 x
=

∫
2 sinx · cosx · cos2 xdx

cos2 x(cos2 x+ sin2 x)(3 cos2 x+ 7 sin2 x)
=

=

∫
2 tg x d(tg x)

(1 + tg2 x)(3 + 7 tg2 x)
= 2

∫
t dt

(1 + t2)(3 + 7t2)
=

=

[
t

(1 + t2)(3 + 7t2)
=
At+B

1 + t2
+
Ct+D

3 + 7t2
=

=
(At+B)(3 + 7t2) + (Ct+D)(1 + t2)

(1 + t2)(3 + 7t2)

]
.

Ðàçëîæèâ ïîäûíòåãðàëüíóþ ôóíêöèþ íà ñóììó ýëåìåíòàðíûõ äðî-
áåé è íàéäÿ íåèçâåñòíûå êîýôôèöèåíòû A, B, C, D, ïîëó÷èì:

I = 2

∫ −1
4tdt

1 + t2
+ 2

∫ 7
4tdt

3 + 7t2
= −1

4
ln
(
1 + t2

)
+

1

4
ln
(
3 + 7t2

)
+ C =

= −1

4
ln
(
1 + tg2 x

)
+

1

4
ln
(
3 + 7 tg2 x

)
+ C. I
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â) Èíòåãðàëû âèäà ∫
sinm x · cosn xdx. (5.3)

I. Åñëè m,n ∈ Q (ðàöèîíàëüíûå ÷èñëà), òî ñ ïîìîùüþ ïîäñòàíîâêè
t = cosx èëè t = sinx èíòåãðàë âèäà (5.3) ñâîäèòñÿ ê èíòåãðàëó îò
äèôôåðåíöèàëüíîãî áèíîìà.

Íàïðèìåð, åñëè t = cosx, x ∈ (0, π), òîãäà

sinx =
√

1− cos2 x = (1− t2)
1
2 , dt = − sinxdx; dx = − dt

(1− t2) 1
2

.

Çíà÷èò,∫
sinm x · cosn xdx = −

∫
(1− t2)

m
2 tn

dt

(1− t2) 1
2

= −
∫
tn(1− t2)

m−1
2 dt.

Âûâîä. Èíòåãðàë òèïà (5.3) ïðè m,n ∈ Q âûðàæàåòñÿ ÷åðåç ýëåìåí-
òàðíûå ôóíêöèè òîãäà, êîãäà ýòîé âîçìîæíîñòüþ îáëàäàåò ñîîòâåòñòâó-
þùèé èíòåãðàë îò äèôôåðåíöèàëüíîãî áèíîìà.

Åñëè m, n � öåëûå (íå îáÿçàòåëüíî ïîëîæèòåëüíûå) ÷èñëà, èíòåãðàë
(5.3) îòíîñèòñÿ ê òèïó èíòåãðàëîâ, ðàññìîòðåííûõ âûøå; â ÷àñòíîñòè,
äëÿ âû÷èñëåíèÿ òàêèõ èíòåãðàëîâ öåëåñîîáðàçíî ïðèìåíÿòü ïîäñòàíîâ-
êè t = cosx, t = sinx, t = tg x.



149

Íàïðèìåð, åñëè m = 2k + 1 (n = 2k + 1) � íå÷åòíîå ÷èñëî, òî ìîæíî
èñïîëüçîâàòü ïîäñòàíîâêó t = cosx (ñîîòâåòñòâåííî t = sinx):∫

sin2k+1 x · cosn xdx = −
∫ (

1− cos2 x
)k

cosn xd(cosx) =

= −
∫

(1− t2)ktndt =

∫
R(t)dt.

Àíàëîãè÷íî ñ ïîìîùüþ ïîäñòàíîâêè t = sinx ìîæíî èíòåãðàë∫
sinm x · cos2k+1 xdx

ïðåäñòàâèòü â âèäå èíòåãðàëà îò ðàöèîíàëüíîé ôóíêöèè.
Åñëè m = 2k + 1 è n = 2l + 1, òî áûâàåò ïîëåçíîé ïîäñòàíîâêà

t = cos 2x. Ïðè ýòîì ïîëåçíî çíàòü òàê íàçûâàåìûå ôîðìóëû ïîíèæåíèÿ
ñòåïåíè

cos2 x =
1 + cos 2x

2
, sin2 x =

1− cos 2x

2
.∫

sin2k+1 x · cos2l+1 xdx =

∫
sin2k x · cos2l x · sinx · cosxdx =

=

∫ (
1− cos 2x

2

)k (
1 + cos 2x

2

)l(
−1

2
d(cos 2x)

)
=

= − 1

2k+l+1

∫
(1− t)k(1 + t)ldt =

∫
R(t)dt.
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Çàìå÷àíèå 5.2. Åñëè m,n ∈ Z, òî äëÿ âû÷èñëåíèÿ èíòåãðàëà òèïà
(5.3) ìîæíî èñïîëüçîâàòü ïîäñòàíîâêè òàêèå æå, êàê è äëÿ èíòåãðàëîâ
òèïà (5.1).

Åñëè æå m,n � ÷åòíûå è ïîëîæèòåëüíûå ÷èñëà (èëè îäíî èç íèõ
ðàâíî 0), òî ïðè âû÷èñëåíèè èíòåãðàëîâ òèïà (5.3) ïðèìåíÿåòñÿ òàê
íàçûâàåìûé ìåòîä óäâîåííîãî óãëà. Ïîêàæåì ýòî íà ïðèìåðå.

Ïðèìåð 5.3. Âû÷èñëèòü
∫

cos4 3x · sin2 3xdx.

J
∫

cos4 3x · sin2 3xdx =
[
cos4 3x · sin2 3x = cos2 3x(cos2 3x · sin2 3x) =

=
1 + cos 6x

2
· sin

2 6x

4
=

1

8
(sin2 6x+ sin2 6x · cos 6x) =

=
1

8

(
1− cos 12x

2
+ sin2 6x · cos 6x

)]
=

=

∫
1

8

(
1− cos 12x

2
+ sin2 6x · cos 6x

)
dx =

=
1

8

(
1

2
x− 1

24
sin 12x+

1

6

∫
sin2 6xd(sin 6x)

)
=

=
1

8

(
1

2
x− 1

24
sin 12x+

1

18
sin3 6x

)
+ C. I
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Çàìå÷àíèå 5.3. Ïðè âû÷èñëåíèè èíòåãðàëîâ
∫

tgn xdx è
∫

ctgn xdx
(ñâîäÿòñÿ ê òèïó R(sinx, cosx)dx, à R(− sinx,− cosx) = R(sinx, cosx))
êðîìå èçâåñòíûõ ïîäñòàíîâîê t = tg x èëè t = ctg x(∫

tgn xdx =

∫
tgn x · cos2 xdx

(cos2 x+ sin2 x) cos2 x
=

∫
tgn xd(tg x)

1 + tg2 x
=

= [t = tg x] =

∫
tndt

1 + t2

)
ìîæíî èñïîëüçîâàòü òàê íàçûâàåìûé ìåòîä ïîíèæåíèÿ ñòåïåíè. Ïî-
êàæåì ýòî íà ïðèìåðå.

Ïðèìåð 5.4. Âû÷èñëèòü
∫

ctg5 4xdx.

J
∫

ctg5 4xdx =
1

4

∫
ctg5 4xd(4x) = [4x = t] =

1

4

∫
ctg5 tdt =

=
1

4

∫
ctg3 t

1− sin2 t

sin2 t
dt = −1

4

∫
ctg3 td(ctg t)− 1

4

∫
ctg3 tdt =

= −ctg4 t

16
− 1

4

∫
ctg t

1− sin2 t

sin2 t
dt =

= −ctg4 t

16
− 1

4

∫
ctg td(ctg t) +

1

4

∫
cos t

sin t
dt =
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= −ctg4 t

16
− ctg2 t

8
+

1

4

∫
d(sin t)

sin t
= −ctg4 4x

16
− ctg2 4x

8
+

1

4
ln | sin 4x|+C. I

Çàìå÷àíèå 5.4. Èíòåãðàëû âèäà
∫

sinαx·cos βxdx,
∫

sinαx·sin βxdx,∫
cosαx · cos βxdx âû÷èñëÿþò, ïîëüçóÿñü èçâåñòíûìè òðèãîíîìåòðè÷å-

ñêèìè ôîðìóëàìè:

sinx · cos y =
1

2
(sin(x+ y) + sin(x− y));

sinx · sin y =
1

2
(cos(x− y)− cos(x+ y));

cosx · cos y =
1

2
(cos(x− y) + cos(x+ y)).

5.2. Èíòåãðàëû òèïà
∫
R(shx, chx)dx

Èçâåñòíî, ÷òî

shx =
ex − e−x

2
, chx =

ex + e−x

2
, th x =

shx

chx

ãèïåðáîëè÷åñêèå ôóíêöèè. Îáðàòíûå èì:

Arsh x = ln(x+
√
x2 + 1), Arch x = ln(x±

√
x2 − 1), Arth x = ln

√
1 + x

1− x
.
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Ñïîñîáû èíòåãðèðîâàíèÿ ôóíêöèé R(shx, chx):
à) Óíèâåðñàëüíàÿ ïîäñòàíîâêà t = th x

2 . Ïðè ýòîì shx = 2t
1−t2 , òàê êàê

shx =
ex − e−x

2
=

(
e
x
2 + e−

x
2

) (
e
x
2 − e−x2

)
2

= 2

(
e
x
2 + e−

x
2

)
2

(
e
x
2 − e−x2

)
2

=

= 2 ch
x

2
· sh x

2
;

ch2 x

2
− sh2 x

2
=

(
e
x
2 + e−

x
2

2

)2

−
(
e
x
2 − e−x2

2

)2

=

=
1

4

(
ex + e−x + 2− ex − e−x + 2

)
= 1;

shx =
2 sh x

2 · ch x
2

ch2 x
2 − sh2 x

2

=
2thx2

1− th2x
2

=
2t

1− t2
.

chx = 1+t2

1−t2 , òàê êàê

ch2 x

2
+ sh2 x

2
=

(
e
x
2 + e−

x
2

2

)2

+

(
e
x
2 − e−x2

2

)2

=

=
1

4
(ex + e−x + 2 + ex + e−x − 2) = chx,

chx =
ch2 x

2 + sh2 x
2

ch2 x
2 − sh2 x

2

=
1 + th2x

2

1− th2x
2

=
1 + t2

1− t2
.
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dx = 2dt
1−t2 , òàê êàê

t = th
x

2
⇒ x′ = (2Arth t)′ =

(
2 ln

√
1 + t

1− t

)′
=

= (ln(1 + t)− ln(1− t))′ = 1

1 + t
+

1

1− t
=

2

1− t2
.

Òîãäà∫
R(shx, chx)dx = 2

∫
R

(
2t

1− t2
,

1 + t2

1− t2

)
dt

1− t2
=

∫
R1(t)dt �

ïîëó÷èëè èíòåãðàë îò ðàöèîíàëüíîé ôóíêöèè.

á) Ïîäñòàíîâêè t = sh x, t = chx, t = thx. Äëÿ âû÷èñëåíèÿ èíòåãðà-
ëîâ óêàçàííîãî òèïà èñïîëüçóåòñÿ ñëåäóþùåå:

I) åñëè R(shx,− chx) = −R(shx, chx) � ïîäñòàíîâêà t = shx;

II) åñëè R(− shx, chx) = −R(shx, chx) � ïîäñòàíîâêà t = chx;

III) åñëè R(− shx,− chx) = R(shx, chx) � ïîäñòàíîâêà t = th x.

Ïðèìåð 5.5. Âû÷èñëèòü
∫

dx
ch3 x+3 chx

.

J Ïîäûíòåãðàëüíàÿ ôóíêöèÿ áóäåò èìåòü âèä R(shx, chx), è

R(shx,− chx) = −R(shx, chx).
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Ïîýòîìó èñïîëüçóåì ïîäñòàíîâêó t = shx. Ïîëó÷èì:∫
dx

ch3 x+ 3 chx
=

[
t = shx
dt = chxdx

]
=

∫
chxdx

ch2 x(ch2 x+ 3)
=

=

∫
d shx

(1 + sh2 x)(4 + sh2 x)
=

∫
dt

(1 + t2)(4 + t2)
=

=

[
1

(1 + t2)(4 + t2)
=

1

3

(
1

1 + t2
− 1

4 + t2

)]
=

=
1

3

(∫
dt

1 + t2
−
∫

dt

4 + t2

)
=

1

3

(
arctg t− 1

2
arctg

t

2

)
=

=
1

3

(
arctg shx− 1

2
arctg sh

x

2

)
+ C. I

Çàìå÷àíèå 5.5. Ïðè âû÷èñëåíèè èíòåãðàëîâ âèäà
∫

shm x · chn xdx,
ãäå m,n � ðàöèîíàëüíûå ÷èñëà, èñïîëüçîâàíèå ïîäñòàíîâêè t = shx
(t = chx) ïðèâîäèò óêàçàííûå èíòåãðàëû ê èíòåãðàëàì îò äèôôåðåí-
öèàëüíûõ áèíîìîâ.

5.3. Èíòåãðàëû òèïà
∫
R(ex)dx

Â ýòîì ñëó÷àå ïîäñòàíîâêà t = ex ïðèâîäèò èíòåãðàë ê èíòåãðàëó îò
ðàöèîíàëüíîé ôóíêöèè.
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Ïðèìåð 5.6. Âû÷èñëèòü I =
∫

1+e2x

(1+ex)2dx.

J
∫

1 + e2x

(1 + ex)2
dx =

[
t = ex

dt = exdx

]
=

∫ (
1 + (ex)2

)
exdx

ex(1 + ex)2
=

∫
1 + t2

t(1 + t)2
dt =

=

[
1 + t2

t(1 + t)2
=
A

t
+

B

t+ 1
+

C

(t+ 1)2
; 1 + t2 = A(1 + t)2 +Bt(1 + t) + Ct

]
.

Ïðèìåíèâ ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ, ïîëó÷èì:

I =

∫
dt

t
− 2

∫
(t+ 1)−2d(t+ 1) = ln |t|+ 2

t+ 1
+ C =

= ln ex +
2

ex + 1
+ C = x+

2

ex + 1
+ C. I

Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Íàçîâèòå óíèâåðñàëüíóþ ïîäñòàíîâêó, ñ ïîìîùüþ êîòîðîé âñåãäà
äîñòèãàåòñÿ ðàöèîíàëèçàöèÿ äèôôåðåíöèàëà âèäà

R(sinx, cosx)dx, (5.4)

è ïîêàæèòå, êàê åþ ïîëüçîâàòüñÿ.
2. Â êàêèõ ñëó÷àÿõ ðàöèîíàëèçàöèÿ äèôôåðåíöèàëà (5.4) äîñòèãàåòñÿ

ïîäñòàíîâêîé cosx = t? Ïðèâåäèòå äîêàçàòåëüñòâî.
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3. Â êàêèõ ñëó÷àÿõ ðàöèîíàëèçàöèÿ äèôôåðåíöèàëà (5.4) äîñòèãàåòñÿ
ïîäñòàíîâêîé sinx = t? Ïðèâåäèòå äîêàçàòåëüñòâî.

4. Â êàêèõ ñëó÷àÿõ ðàöèîíàëèçàöèÿ äèôôåðåíöèàëà (5.4) äîñòèãàåòñÿ
ïîäñòàíîâêîé tg x = t,

(
−π

2 < x < π
2

)
? Ïðèâåäèòå äîêàçàòåëüñòâî.

5. Âûâåäèòå ðåêóððåíòíûå ôîðìóëû äëÿ âû÷èñëåíèÿ èíòåãðàëîâ âèäà∫
xneax sin bxdx,

∫
xneax cos bxdx.

6. Îòâåòüòå íà âîïðîñû òåñòà.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 6
Èíòåãðèðîâàíèå òðàíñöåíäåíòíûõ ôóíêöèé

Çàäàíèå 1. Âû÷èñëèòü èíòåãðàë∫
sinx · cosx

1 + sin4 x
dx.

J
∫

sinx · cosx

1 + sin4 x
dx =

[
sin2 x = t, 2 sinx · cosxdx = dt, sin4 x = t2

]
=

=
1

2

∫
dt

1 + t2
=

1

2
arctg t+ C =

1

2
arctg(sin2 x) + C. I

Çàäàíèå 2. Âû÷èñëèòü èíòåãðàë∫
sinmx · cosnxdx (m 6= n).
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J
∫

sinmx · cosnxdx =
1

2

∫
sin [(m− n)x] dx+

1

2

∫
sin [(m+ n)x] dx =

= −1

2

[
cos(m− n)x

m− n
+

cos(m+ n)x

m+ n

]
+ C. I

Çàäàíèå 3. Âû÷èñëèòü èíòåãðàë∫
1 + sin x

sinx(1 + cos x)
dx.

J
∫

1 + sin x

sinx(1 + cos x)
dx =

[
tg
x

2
= t, sinx =

2t

1 + t2
, cosx =

1− t2

1 + t2
,

dx =
2dt

1 + t2

]
=

∫ (
1 + 2t

1+t2

)
2dt

1+t2

2t
1+t2

(
1 + 1−t2

1+t2

) =

=
1

2

∫ (
1

t
+ t+ 2

)
dt =

1

2

(
ln |t|+ 1

2
t2 + 2t

)
+ C =

=
1

2

(
ln
∣∣∣tg x

2

∣∣∣+
1

2
tg2 x

2
+ 2 tg

x

2

)
+ C. I

Çàäàíèå 4. Âû÷èñëèòü èíòåãðàë∫
sinx+ sin3 x

cos 2x
dx.
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J R(sinx, cosx) =
sinx+ sin3 x

cos2 x− sin2 x
; R(− sinx, cosx) = −R(sinx, cosx).

Ïîäõîäèò ïîäñòàíîâêà t = cosx. Èìååì:∫
sinx+ sin3 x

cos 2x
dx =

∫
−(2− cos2 x)

2 cos2 x− 1
d(cosx) =

∫
t2 − 2

2t2 − 1
dt =

=
1

2

∫
t2 − 1

2 −
3
2

t2 − 1
2

dt =
1

2

∫
dt−3

4

∫
dt

t2 − 1
2

=
1

2
t−3

4

1

2
√

1
2

ln

∣∣∣∣∣∣∣
t−
√

1
2

t+
√

1
2

∣∣∣∣∣∣∣+C =

=
1

2
cosx− 3

√
2

8
ln

∣∣∣∣∣
√

2 cosx− 1√
2 cosx+ 1

∣∣∣∣∣+ C. I

Çàäàíèå 5. Âû÷èñëèòü èíòåãðàë∫
dx

3 cos2 x+ 4 sin2 x
.

J
∫

dx

3 cos2 x+ 4 sin2 x
=

∫ dx
cos2 x

3 + 4 tg2 x
=

∫
d(tg x)

3 + 4 tg2 x
=

=
1

2

∫
d(2t)

3 + (2t)2
=

1

2
√

3
arctg

2t√
3

+ C =
1

2
√

3
arctg

2 tg x√
3

+ C. I
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Çàäàíèå 6. Âû÷èñëèòü èíòåãðàë∫
sin3 x

cos5 x
dx.

J
∫

sin3 x

cos5 x
dx =

∫
sin3 x

cos3 x
· dx

cos2 x
=

∫
tg3 xd(tg x) =

1

4
tg4 x+ C. I

Çàäàíèå 7. Âû÷èñëèòü èíòåãðàë∫
tg5 xdx.

J
∫

tg5 xdx =

∫
tg3 x · tg2 xdx =

∫
tg3 x

(
1

cos2 x
− 1

)
dx =

=

∫
tg3 x · dx

cos2 x
−
∫

tg3 xdx =

∫
tg3 xd(tg x)−

−
∫

tg x

(
1

cos2 x
− 1

)
dx =

1

4
tg4 x−

∫
tg xd(tg x)+

+

∫
tg xdx =

1

4
tg4 x− 1

2
tg2 x− ln | cosx|+ C.

Çäåñü ìû âîñïîëüçîâàëèñü òåì, ÷òî∫
tg xdx =

∫
sinx

cosx
dx = −

∫
d(cosx)

sinx
= − ln | cosx|+ C. I
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Çàäàíèå 8. Âû÷èñëèòü èíòåãðàë∫
dx

cos3 x · sin3 x
.

J
∫

dx

cos3 x · sin3 x
=

∫ dx
cos6 x

tg3 x
=

∫
tg−3 x

(
tg2 x+ 1

)2 dx

cos2 x
=

=

∫
tg−3 x

(
tg4 x+ 2 tg2 x+ 1

)
d(tg x) =

=

∫
tg xd(tg x) + 2

∫
tg−1 xd(tg x) +

∫
tg−3 xd(tg x) =

=
tg2 x

2
+ 2 ln | tg x| − 1

2 tg2 x
+ C. I

Çàäàíèå 9. Âû÷èñëèòü èíòåãðàë∫
cos3 x

sin6 x
dx.

J
∫

cos3 x

sin6 x
dx

∫
(sinx)−6 cos2 x·cosxdx =

∫
(sinx)−6(1−sin2 x)d(sinx) =

=

∫
sin−6 xd(sinx)−

∫
sin−4 xd(sinx) = −1

5
sin−5 x+

1

3
sin−3 x+ C =
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=
1

3 sin3 x
− 1

5 sin5 x
+ C. I

Çàäàíèå 10. Âû÷èñëèòü èíòåãðàë∫
sin4 x · cos2 xdx.

J
∫

sin4 x · cos2 xdx =

∫
(1− cos 2x)2

4

(
1 + cos 2x

2

)
dx =

=
1

8

∫
(1− cos2 2x)(1− cos 2x)dx =

=
1

8

∫
sin2 2x(1− cos 2x)dx =

1

8

∫
sin2 2xdx− 1

8

∫
sin2 2x · cos 2xdx =

=
1

16

∫
(1−cos 4x)dx+

1

16

∫
sin2 2xd(sin 2x) =

x

16
− sin 4x

64
+

sin3 2x

48
+C. I

Çàäàíèå 11. Âû÷èñëèòü èíòåãðàë∫
sin5 x · cos2 xdx.

J
∫

sin5 x · cos2 xdx =

∫
sin4 x · cos2 x · sinxdx =

= −
∫

(1− cos2 x)2 cos2 xd(cosx) =
[
cosx = t

]
= −

∫
t2(1− t2)2dt =
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= −
∫
t2dt+ 2

∫
t4dt−

∫
t6dt = −1

3
t3 +

2

5
t5 − 1

7
t7 + C =

= −1

3
cos3 x+

2

5
cos5 x− 1

7
cos7 x+ C. I

Çàäàíèå 12. Âû÷èñëèòü èíòåãðàë∫
sh3 xdx.

J
∫

sh3 xdx =

∫
sh2 x·shxdx =

∫
(ch2 x−1)d(chx) =

ch3 x

3
−chx+C. I

Çàäàíèå 13. Âû÷èñëèòü èíòåãðàë∫
th4xdx.

J
∫

th4xdx =

[
th x = t, dt =

dx

ch2 x
= (1− th2x)dx

]
=

=

∫
t4

1− t2
dt = −

∫ (
1 + t2 +

1

t2 − 1

)
dt =

= −t− t3

3
− 1

2
ln

∣∣∣∣t− 1

t+ 1

∣∣∣∣+ C = −th x− th3x

3
+ x+ C. I
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Çàäàíèå 14. Âû÷èñëèòü èíòåãðàë∫
1 + ex

(1− e2x)ex
dx.

J
∫

1 + ex

(1− e2x)ex
dx =

∫
(1 + ex)exdx

(1− e2x)e2x
=

[
ex = t,

exdx = dt

]
=

∫
(1 + t)dt

(1− t2)t2
=

= −
∫

dt

(t− 1)t2
=

[
1

(t− 1)t2
=

1

t− 1
− 1

t2
− 1

t

]
=

= −
∫

dt

t− 1
+

∫
dt

t2
+

∫
dt

t
= − ln |t− 1| − 1

t
+ ln |t|+ C =

= ln

∣∣∣∣ ex

ex − 1

∣∣∣∣− e−x + C. I

Çàäàíèå 15. Âû÷èñëèòü èíòåãðàë∫
earcsinxdx.

J
∫
earcsinxdx =

[
arcsinx = t,

x = sin t, dx = cos tdt

]
=

∫
et cos tdt.

Èíòåãðàë I =
∫
et cos tdt ìîæíî âû÷èñëèòü ìåòîäîì èíòåãðèðîâàíèÿ

ïî ÷àñòÿì. Ìåòîäèêà âû÷èñëåíèÿ èíòåãðàëîâ òàêîãî òèïà áûëà ïîäðîáíî
ðàññìîòðåíà íà òðåòüåì ïðàêòè÷åñêîì çàíÿòèè.I
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Çàäàíèå 16. Âû÷èñëèòü èíòåãðàë∫
xe

3
√
xdx.

J
∫
xe

3
√
xdx =

[
3
√
x = t, x = t3,
dx = 3t2dt

]
=

∫
3t5etdt.

Èíòåãðàë I =
∫

3t5etdt ìîæíî âû÷èñëèòü ìåòîäîì èíòåãðèðîâàíèÿ
ïî ÷àñòÿì èëè ñ ïîìîùüþ ìåòîäà íåîïðåäåëåííûõ êîýôôèöèåíòîâ. Ìå-
òîäèêà âû÷èñëåíèÿ èíòåãðàëîâ òàêîãî òèïà áûëà ïîäðîáíî ðàññìîòðåíà
íà òðåòüåì ïðàêòè÷åñêîì çàíÿòèè.I

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Íàéäèòå íåîïðåäåëåííûå èíòåãðàëû:

1.1
∫

cos5 xdx;

1.2 sin6 xdx;

1.3
∫

cos6 xdx;

1.4
∫

sin2 x · cos4 xdx;

1.5
∫

sin4 x · cos5 xdx;

1.6
∫

sin5 x · cos5 xdx;

1.7
∫

sin3 x
cos4 xdx;

1.8
∫

cos4 x
sin3 x

dx;

1.9
∫

dx
sin3 x

;

1.10
∫

dx
cos3 x ;

1.11
∫

dx
sin4 x·cos4 x

;

1.12
∫

dx
sin3 x·cos5 x

;
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1.13
∫

dx
sinx·cos4 x ;

1.14
∫

tg5 xdx;

1.15
∫

ctg6 xdx;

1.16
∫

dx√
sin3 x·cos5 x

;

1.17
∫

dx

cosx
3√

sin2 x
;

1.18
∫

dx√
tg x

;

1.19
∫

dx
3
√

tg x
;

1.20
∫

sin 5x · cosxdx;

1.21
∫

cosx · cos 2x · cos 3xdx;

1.22
∫

sin3 2x · cos2 3xdx;

1.23
∫

dx
2 sinx−cosx+5 ;

1.24
∫

dx
(2+cosx) sinx ;

1.25
∫

sin2 x
sinx+2 cosxdx;

1.26
∫

sin2 x
1+sin2 x

dx;

1.27
∫

dx
sin3 x+cos3 x

;

1.28
∫

dx
sin4 x+cos4 x

;

1.29
∫

sin2 x−cos 62x
sin4 x+cos4 x

dx;

1.30
∫

sinx cosx
1+sin4 x

dx;

1.31
∫

dx
3+5 tg x ;

1.32
∫

sinx
sinx−3 cosxdx;

1.33
∫

sinx+2 cosx−3
sinx−2 cosx+3dx;

1.34
∫

sinx√
2+sinx cosx

dx;

1.35
∫

sinxdx

cosx
√

1+sin2 x
;

1.36
∫

sinxdx√
2+sin 2x

;

1.37
∫

sin2 x
cos2 x

√
tg x
dx;

1.38
∫

dx
(1+ex)2 ;

1.39
∫

dx√
ex−1

;

1.40
∫ √

ex−1
ex+1dx;

1.41
∫

dx√
1+ex+

√
1−ex ;

1.42
∫
xe

3
√
xdx;

1.43
∫

xexdx
(x+1)2 ;
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1.44
∫

sh3 xdx;

1.45
∫

shx · sh 2x · sh 3xdx;

1.46
∫

dx
shx+2 chx ;

1.47
∫ √

th xdx;

1.48
∫

chxdx
3 shx−4 chx .

2. Îòâåòüòå íà âîïðîñû òåñòà.

Âàðèàíòû çàäàíèé äëÿ èíäèâèäóàëüíîé ðàáîòû

Âàðèàíò 1

1. Íàéäèòå èíòåãðàëû:

1.1
∫

x3+3x−1
(x+4)50 dx;

1.2
∫

dx
x4+1 ;

1.3
∫

x6+1
(x2+x+1)2dx;

1.4
∫

dx
1+
√

1−2x−x2 ;

1.5
∫

2x−
√

arcsinx√
1−x2 dx;

1.6
∫

cos 2x · 2−xdx;

1.7
∫
x2
√

4− x2dx;

1.8
∫ √

1−x4
x5 dx;

1.9
∫

dx
(sin 2x+cos 2x)2 ;

1.10
∫

dx
8 sin 3x−1 ;

1.11
∫

dx√
(x+a)(x+b)

;

1.12
∫

dx
sin6 x+cos6 x

;

1.13
∫
x ln 1+x

1−xdx;

1.14
∫ (

x
x2−3x+2

)2
dx;
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1.15
∫

xdx
cos2 x ;

1.16
∫
x5(2− 5x3)

2
3dx;

1.17
∫

dx
sin2 x·cosx

;

1.18
∫

dx
(1+x)

√
x
;

1.19
∫
x2e

√
xdx;

1.20
∫ √

a+x
a−xdx.

2. Äëÿ èíòåãðàëà

In =

∫ (
sin x−a

2

sin x+a
2

)n
dx, n = 2, 3, ...

äîêàæèòå ðåêóððåíòíóþ ôîðìóëó:

In =
2 sin a

n− 1

(
sin x−a

2

sin x+a
2

)n−1

+ 2 cos a · In−1 − In−2.

Èñïîëüçóÿ ôîðìóëó, âû÷èñëèòå èíòåãðàë∫ (
sin x−1

2

sin x+1
2

)3

dx.
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Âàðèàíò 2

1. Íàéäèòå èíòåãðàëû:

1.1
∫

(x2 − 5x+ 1)(2x+ 30)20dx;

1.2
∫

dx
x6+1 ;

1.3
∫

dx
ctg8 3x

;

1.4
∫

x−
√
x2+3x+2

x+
√
x2+3x+2

dx;

1.5
∫

2x√
1−4x

dx;

1.6
∫

sin(ln 2x)dx;

1.7
∫

xdx

(x+1)0,5+(x+1)
1
3
;

1.8
∫

dx
x 3
√

1+x5
;

1.9
∫

dx
tg x·cos 2x ;

1.10
∫

x2+3x−2
(x−1)(x2+x+1)dx;

1.11
∫

dx√
(x−a)(b−x)

;

1.12
∫

sin2 x·cos2 x
sin8 x+cos8 x

dx;

1.13
∫ x ln(x+

√
1+x2)√

1+x2
dx;

1.14
∫

dx
1+
√
x+
√

1+x
;

1.15
∫

xdx
sin2 x

;

1.16
∫
x
√

2− 5xdx;

1.17
∫

dx
sinx·cos3 x ;

1.18
∫

dx

(x2+1)
3
2
;

1.19
∫

sinx · ln(tg x)dx;

1.20
∫

dx
x(x10+2) .

2. Âûâåäèòå ðåêóððåíòíóþ ôîðìóëó äëÿ âû÷èñëåíèÿ èíòåãðàëà

In =

∫
dx

(a sinx+ b cosx)n
, n ∈ N, n > 2, a, b = const, a2 + b2 6= 0.
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Èñïîëüçóÿ íàéäåííóþ ôîðìóëó, âû÷èñëèòå èíòåãðàë∫
dx

(sinx+ 2 cosx)3
.

Âàðèàíò 3

1. Íàéäèòå èíòåãðàëû:

1.1
∫

(x3 − 3x2 + 1)(3x+ 2)15dx;

1.2
∫

xdx
x8+1 ;

1.3
∫

x2dx
(x2+2x+2)2 ;

1.4
∫ (x2+1)dx

x
√
x4+x2+1

;

1.5
∫ √ ln(x+

√
1+x2)

1+x2 dx;

1.6
∫
e
√
xdx;

1.7
∫ √

x3 + x4dx;

1.8
∫

dx

x3 5
√

1+ 1
x

;

1.9
∫

sinx·cosx
1+sin4 x

dx;

1.10
∫

dx
sin4 x·cos4 x

;

1.11
∫
x
√

x
2a−xdx;

1.12
∫

dx
sin4 x+cos4 x

;

1.13
∫

xex

(x+1)2dx;

1.14
∫

dx
x+
√
x2+x+1

;

1.15
∫
x sin

√
xdx;

1.16
∫

x2+1
x4+1dx;

1.17
∫ ln(sinx)

sin2 x
dx;

1.18
∫

dx
(x2+8)4 ;

1.19
∫
e2x sin2 xdx;

1.20
∫

dx
3
√

(x+1)2(x−1)4
.
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2. Âûâåäèòå ðåêóððåíòíóþ ôîðìóëó äëÿ âû÷èñëåíèÿ èíòåãðàëà

In =

∫
dx

(ax2 + bx+ c)n
, a 6= 0.

Èñïîëüçóÿ íàéäåííóþ ôîðìóëó, âû÷èñëèòå èíòåãðàë∫
dx

(x2 + x+ 1)3
.

Âàðèàíò 4

1. Íàéäèòå èíòåãðàëû:

1.1
∫

3x2+4x+1
(x−3)30 dx;

1.2
∫

dx
(x+a)m(x+b)n ;

1.3
∫

4x5−1
(x5+x+1)2dx;

1.4
∫

x+
√

1+x+x2

1+x+
√

1+x+x2
dx;

1.5
∫

3xdx√
1−9x

;

1.6
∫

cos(ln 3x)dx;

1.7
∫

dx
(x2+x−2)

√
x2+x+1

;

1.8
∫

dx

x3 5
√

1+ 1
x

;

1.9
∫

dx√
sin3 x·cos5 x

;

1.10
∫

dx
3
√

tg x
;

1.11
∫

x6dx√
x2+9

;

1.12
∫

sinx·cosx
sinx+cosxdx;

1.13
∫

sinxdx√
2+sin 2x

;

1.14
∫

arctg ex

ex dx;
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1.15
∫

dx√
(x+a)(x+b)

;

1.16
∫
x2
√
a2 + x2dx;

1.17
∫

x3dx
x8+3 ;

1.18
∫

x10dx√
1+x2

;

1.19
∫

dx
cos3 x ;

1.20
∫
xex sin2 xdx.

2. Âûâåäèòå ðåêóððåíòíóþ ôîðìóëó äëÿ âû÷èñëåíèÿ èíòåãðàëà

In =

∫
dx

(a+ b cosx)n
(n ∈ N, n > 1, |a| 6= |b|).

Èñïîëüçóÿ íàéäåííóþ ôîðìóëó, âû÷èñëèòå èíòåãðàë∫
dx

(3 + 2 cosx)4
.
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ËÅÊÖÈß 6

Îïðåäåëåííûé èíòåãðàë Ðèìàíà1

6.1. Çàäà÷è, ïðèâîäÿùèå ê ïîíÿòèþ îïðåäåëåííîãî èíòåãðàëà

6.1.1. Çàäà÷à î ïëîùàäè êðèâîëèíåéíîé òðàïåöèè

Ïóñòü íà îòðåçêå [a, b] çàäàíà íåïðåðûâíàÿ ôóíêöèÿ y = f(x) > 0.

Îïðåäåëåíèå 6.1. Ôèãóðà, îãðàíè÷åííàÿ ãðàôèêîì ôóíêöèè y = f(x),
îñüþ Îõ, âåðòèêàëüíûìè ïðÿìûìè x = a è x = b, íàçûâàåòñÿ êðèâî-
ëèíåéíîé òðàïåöèåé (ðèñóíîê 6.1).

Çàäà÷à. Äàòü ïîíÿòèå ïëîùàäè êðèâîëèíåéíîé òðàïåöèè è óêàçàòü
ìåòîä åå íàõîæäåíèÿ.

J Âîçüìåì ëþáîå ðàçáèåíèå τ îòðåçêà [a, b] ñ ïîìîùüþ òî÷åê

a = x0 < x1 < . . . < xn = b

íà n (n ∈ N) ÷àñòè÷íûõ îòðåçêîâ [xk−1, xk] (k = 1, n). Îáîçíà÷èì ÷åðåç
∆xk = xk−xk−1 äëèíó k-ãî ÷àñòè÷íîãî îòðåçêà, ÷åðåç λτ = max

k=1,n
{∆xk} �

íàèáîëüøóþ äëèíó èç âñåõ äëèí ∆xk ÷àñòè÷íûõ îòðåçêîâ. Íà êàæäîì
÷àñòè÷íîì îòðåçêå [xk−1, xk] âîçüìåì ïðîèçâîëüíóþ òî÷êó xk ∈ [xk−1, xk].

1Ãåîðã Ôðèäðèõ Áåðíõàðä Ðèìàí (1826�1866) � íåìåöêèé ìàòåìàòèê.
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k
x

k k

Ðèñóíîê 6.1 � Êðèâîëèíåéíàÿ òðàïåöèÿ

Ïîñòðîèì ÷àñòè÷íûå ïðÿìîóãîëüíèêè, äëÿ êîòîðûõ îñíîâàíèÿìè ñëó-
æàò îòðåçêè [xk−1, xk], à âûñîòû ðàâíû f(xk). Ïîëó÷èì ñòóïåí÷àòóþ
ôèãóðó, ïëîùàäü êîòîðîé ðàâíà

στ (f ; x̄k) = στ =
n∑
k=1

f(xk)∆xk. (6.1)

Ïëîùàäü ñòóïåí÷àòîé ôèãóðû ïðèáëèæåííî ðàâíà ïëîùàäè S êðè-

âîëèíåéíîé òðàïåöèè: S ≈ στ =
n∑
k=1

f(xk)∆xk. Ñ óìåíüøåíèåì âñåõ âå-

ëè÷èí ∆xk òî÷íîñòü ïðèáëèæåíèÿ êðèâîëèíåéíîé òðàïåöèè ñòóïåí÷à-
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òîé ôèãóðîé è òî÷íîñòü ïîëó÷åííîé ôîðìóëû óâåëè÷èâàþòñÿ. Ïîýòîìó
çà òî÷íîå çíà÷åíèå ïëîùàäè S êðèâîëèíåéíîé òðàïåöèè ìîæíî ïðèíÿòü
ïðåäåëüíîå çíà÷åíèå S, ê êîòîðîìó ñòðåìèòñÿ ïëîùàäü ñòóïåí÷àòîé ôè-
ãóðû στ , åñëè n íåîãðàíè÷åííî âîçðàñòàåò òàê, ÷òî λτ → 0.

Òàêèì îáðàçîì, äëÿ âû÷èñëåíèÿ ïëîùàäè êðèâîëèíåéíîé òðàïåöèè
íåîáõîäèìî îïðåäåëèòü ïðåäåëüíûé ïåðåõîä

lim
n→∞

(λτ→0)

στ = lim
n→∞

(λτ→0)

n∑
k=1

f(xk)∆xk, (6.2)

è ïîä ïëîùàäüþ êðèâîëèíåéíîé òðàïåöèè ìîæíî áóäåò ïîíèìàòü óêà-
çàííûé ïðåäåë ïðè óñëîâèè, ÷òî îí ñóùåñòâóåò è íå çàâèñèò îò ñïîñîáà
ðàçáèåíèÿ τ îòðåçêà [a, b] íà ÷àñòè÷íûå îòðåçêè è îò âûáîðà òî÷åê xk.

Äàëåå áóäåò ïîêàçàíî, ÷òî òàêîé ïðåäåë ñóùåñòâóåò, çíà÷èò, ôîðìóëà
(6.2) è äàåò íàì ìåòîä âû÷èñëåíèÿ ïëîùàäè êðèâîëèíåéíîé òðàïåöèè.I

6.1.2. Ðàáîòà ïåðåìåííîé ñèëû

Çàäà÷à. Ïóñòü ìàòåðèàëüíàÿ òî÷êà M ïåðåìåùàåòñÿ ïîä äåéñòâèåì
ñèëû

−→
F , íàïðàâëåííîé âäîëü îñè Ox è èìåþùåé ïåðåìåííóþ âåëè÷èíó

F (x), ãäå x � àáñöèññà äâèæóùåéñÿ òî÷êè M . Íàéòè ðàáîòó A ñèëû
−→
F

ïî ïåðåìåùåíèþ òî÷êè M âäîëü îñè Ox èç òî÷êè x = a â òî÷êó x = b

(a < b).
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JÂîçüìåì ëþáîå ðàçáèåíèå τ îòðåçêà [a, b] íà n (n ∈ N) ÷àñòè÷-
íûõ îòðåçêîâ [xk−1, xk] (k = 1, n) ñ ïîìîùüþ òî÷åê a = x0 < x1 <

< . . . < xn = b. Ñèëà, äåéñòâóþùàÿ íà îòðåçêå [xk−1, xk], ìåíÿåòñÿ îò
òî÷êè ê òî÷êå. Íî åñëè äëèíà ÷àñòè÷íîãî îòðåçêà ∆xk = xk − xk−1 äî-

ñòàòî÷íî ìàëà, òî ñèëà
−→
F íà ýòîì îòðåçêå èçìåíÿåòñÿ íåçíà÷èòåëüíî.

Åå ìîæíî ïðèáëèæåííî ñ÷èòàòü ïîñòîÿííîé è ðàâíîé çíà÷åíèþ ôóíê-
öèè F = F (x) â ïðîèçâîëüíî âûáðàííîé òî÷êå xk ∈ [xk−1, xk]. Ïîýòîìó
ðàáîòà, ñîâåðøàåìàÿ ýòîé ñèëîé íà îòðåçêå [xk−1, xk], ðàâíà ïðîèçâåäå-
íèþ F (xk) ·∆xk (êàê ðàáîòà ïîñòîÿííîé ñèëû F (xk) íà ïðÿìîëèíåéíîì
ó÷àñòêå [xk−1, xk]).

Ïðèáëèæåííîå çíà÷åíèå ðàáîòû A ñèëû
−→
F íà âñåì îòðåçêå [a; b]:

A ≈ F (x1)∆x1 + F (x2)∆x2 + . . .+ F (xn)∆xn =
n∑
k=1

F (xk) ·∆xk. (6.3)

Ýòî ïðèáëèæåííîå ðàâåíñòâî òåì òî÷íåå, ÷åì ìåíüøå äëèíà ∆xk. Ïî-
ýòîìó çà òî÷íîå çíà÷åíèå ðàáîòû A ìîæíî ïðèíÿòü ïðåäåëüíîå çíà÷åíèå
ñóììû ïðè ñòðåìëåíèè íàèáîëüøåé äëèíû ∆xk ÷àñòè÷íûõ îòðåçêîâ ê
íóëþ:

A = lim
n→∞

(λτ→0)

n∑
k=1

F (xk)∆xk, (6.4)

ïðè óñëîâèè, ÷òî ýòîò ïðåäåë ñóùåñòâóåò è íå çàâèñèò îò óêàçàííîãî
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ñïîñîáà ðàçáèåíèÿ τ îòðåçêà [a, b] íà ÷àñòè÷íûå îòðåçêè è îò âûáîðà
òî÷åê xk.I

6.2. Ïîíÿòèå îïðåäåëåííîãî èíòåãðàëà (èíòåãðàëà Ðèìàíà),
åãî ãåîìåòðè÷åñêèé è ìåõàíè÷åñêèé ñìûñë

Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà íà îòðåçêå [a, b], a < b. Âîçü-
ìåì ëþáîå ðàçáèåíèå τ îòðåçêà [a, b] íà n (n ∈ N) ÷àñòè÷íûõ îòðåç-
êîâ [xk−1, xk] (k = 1, n) òî÷êàìè a = x0 < x1 < . . . < xk−1 < xk <
< . . . < xn = b. Îáîçíà÷èì ÷åðåç ∆xk = xk − xk−1 äëèíó ÷àñòè÷íîãî
îòðåçêà, λτ = max

k=1,n
{∆xk} � íàèáîëüøàÿ äëèíà èç äëèí ÷àñòè÷íûõ îò-

ðåçêîâ (ìåëêîñòü ðàçáèåíèÿ). Íà êàæäîì ÷àñòè÷íîì îòðåçêå [xk−1, xk]
âîçüìåì ëþáóþ òî÷êó xk ∈ [xk−1, xk].

Ñîñòàâèì òàê íàçûâàåìûå èíòåãðàëüíûå ñóììû Ðèìàíà

στ(f, xk) = στ =
n∑
k=1

f(xk)∆xk. (6.5)

Îïðåäåëåíèå 6.2. ×èñëî I íàçûâàåòñÿ îïðåäåëåííûì èíòåãðà-

ëîì ôóíêöèè f(x) íà îòðåçêå [a, b], åñëè

∀ ε > 0 ∃ δ > 0 ∀ τ λτ < δ ∀ xk ∈ [xk−1, xk] |στ − I| < ε.
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Îïðåäåëåíèå 6.3. ×èñëî I íàçûâàåòñÿ îïðåäåëåííûì èíòåãðà-

ëîì ôóíêöèè f(x) íà îòðåçêå [a, b], åñëè äëÿ ëþáîé ïîñëåäîâàòåëüíî-

ñòè ðàçáèåíèé τn = {x(n)
i }, i = 1, kn, n ∈ N, äëÿ êîòîðîé λτn

n→∞−→ 0,

è äëÿ ëþáîãî âûáîðà òî÷åê x
(n)
i ∈

[
x

(n)
i−1, x

(n)
i

]
ñóùåñòâóåò ïðåäåë ïî-

ñëåäîâàòåëüíîñòè èíòåãðàëüíûõ ñóìì lim
n→∞

kn∑
i=1

f(x
(n)
i )∆x

(n)
i = I, ãäå

∆x
(n)
i = x

(n)
i − x

(n)
i−1; i = 1, kn, n ∈ N.

Îïðåäåëåííûé èíòåãðàë ôóíêöèè f(x) íà îòðåçêå [a, b] îáîçíà÷àåòñÿ
b∫
a

f(x)dx è ÷èòàåòñÿ ¾èíòåãðàë îò a äî b ýô îò èêñ äý èêñ¿.

Çàìå÷àíèå 6.1. Ââåäåííîå ïîíÿòèå ïðåäåëà èíòåãðàëüíûõ ñóìì íå
óêëàäûâàåòñÿ â ïîíÿòèÿ ïðåäåëà ôóíêöèè è åãî ÷àñòíîãî âèäà � ïðåäå-
ëà ïîñëåäîâàòåëüíîñòè. Ýòî ïðåäåë íîâûõ îáúåêòîâ, êîòîðûé íåîáõîäè-
ìî ïîíèìàòü òàê, êàê îá ýòîì ñêàçàíî â îïðåäåëåíèÿõ (6.2) è (6.3). Äëÿ
èíòåãðàëüíûõ ñóìì (ìîæíî äîêàçàòü) ñïðàâåäëèâû òåîðåìû î ïðåäåëü-
íîì ïåðåõîäå â íåðàâåíñòâàõ, î ïðåäåëå ïðîìåæóòî÷íîé èíòåãðàëüíîé
ñóììû è ò.ä.

Îïðåäåëåíèå 6.4. Åñëè äëÿ ôóíêöèè f(x) íà îòðåçêå [a, b] ñóùå-
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ñòâóåò
b∫
a

f(x)dx, òî ôóíêöèþ f(x) íàçûâàþò èíòåãðèðóåìîé (ïî

Ðèìàíó) íà îòðåçêå [a, b].

Çàìå÷àíèå 6.2. Äàëåå áóäåò äîêàçàíà òåîðåìà î òîì, ÷òî åñëè ôóíê-
öèÿ f(x) íåïðåðûâíà íà îòðåçêå [a, b], òî îíà èíòåãðèðóåìà íà ýòîì îò-
ðåçêå.

Îïðåäåëåíèå 6.5. Ïî îïðåäåëåíèþ ïîëàãàåì:

a∫
a

f(x)dx = 0,

è
b∫

a

f(x)dx = −
a∫
b

f(x)dx, (6.6)

åñëè a > b.

Ïðèìåð 6.1. Äîêàæèòå, èñïîëüçóÿ îïðåäåëåíèå èíòåãðàëà, ÷òî

b∫
a

dx = b− a.
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JÏðè ëþáîì ðàçáèåíèè τ στ =
n∑
k=1

∆xk = b− a, òîãäà

∃ lim
λτ→0

στ = b− a =

b∫
a

dx. I

Ïðèìåð 6.2. Âû÷èñëèòü èíòåãðàë

10∫
0

2xdx, (6.7)

èñïîëüçóÿ îïðåäåëåíèå èíòåãðàëà êàê ïðåäåëà ÷àñòè÷íûõ ñóìì Ðèìàíà.

JÔóíêöèÿ f(x) = 2x íåïðåðûâíà íà [0, 10], ïîýòîìó ñóùåñòâóåò
10∫
0

2xdx.

Òåïåðü äîñòàòî÷íî ïîäîáðàòü ïîñëåäîâàòåëüíîñòü òàêèõ ðàçáèåíèé îò-
ðåçêà [a, b] íà êîíå÷íîå ÷èñëî ÷àñòè÷íûõ îòðåçêîâ, ÷òîáû ïðåäåë ñîîò-
âåòñòâóþùèõ èíòåãðàëüíûõ ñóìì Ðèìàíà áåç îñîáûõ ñëîæíîñòåé ìîæ-
íî áûëî âû÷èñëèòü (åñëè ïðåäåë èíòåãðàëüíûõ ñóìì ñóùåñòâóåò ïðè
λτ → 0, òî ñóùåñòâóåò è ïðåäåë ëþáîé èç ïîñëåäîâàòåëüíîñòåé èíòå-
ãðàëüíûõ ñóìì, è îíè ñîâïàäàþò).

Ðàçáèâàåì îòðåçîê [0, 10] òî÷êàìè xk = k 10
n (k = 1, n− 1). Â êà÷å-

ñòâå òî÷åê xk áåðåì ïðàâûå êîíöû ÷àñòè÷íûõ îòðåçêîâ
[
(k − 1)10

n , k
10
n

]
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(k = 1, n), λτ = 10
n . Èìååì:

10∫
0

2xdx = lim
λτ→0

n∑
k=1

f(x̄k)∆xk = lim
10
n→0

n∑
k=1

2k
10
n · 10

n
=

= lim
n→∞

10

n

(
2

10
n +

(
2

10
n

)2

+
(

2
10
n

)3

+ . . .+
(

2
10
n

)n)
=

= lim
n→∞

10
n

2
10
n

(
1−
(

2
10
n

)n)
1−2

10
n

= lim
n→∞

10
n ·2

10
n (210−1)
2
10
n −1

=
(
210 − 1

)
lim
n→∞

10
n

10
n ln 2

= 210−1
ln 2 .I

Çàìå÷àíèå 6.3. Èç çàäà÷è î ïëîùàäè êðèâîëèíåéíîé òðàïåöèè ñëå-

äóåò, ÷òî åå ïëîùàäü ìîæíî îïðåäåëèòü êàê
b∫
a

f(x)dx; â ýòîì è çàêëþ-

÷àåòñÿ ãåîìåòðè÷åñêèé ñìûñë îïðåäåëåííîãî èíòåãðàëà.

Çàìå÷àíèå 6.4. Èç çàäà÷è î ðàáîòå ïåðåìåííîé ñèëû ñëåäóåò, ÷òî

óêàçàííóþ ðàáîòó ìîæíî îïðåäåëèòü êàê
b∫
a

F (x)dx; â ýòîì è çàêëþ÷à-

åòñÿ ìåõàíè÷åñêèé ñìûñë îïðåäåëåííîãî èíòåãðàëà.
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6.3. Íåîáõîäèìîå óñëîâèå èíòåãðèðóåìîñòè ôóíêöèè

Òåîðåìà 6.1. Åñëè ôóíêöèÿ f(x) èíòåãðèðóåìà íà [a, b], òî îíà

îãðàíè÷åíà íà ýòîì îòðåçêå.

JÄîïóñòèì îáðàòíîå, òî åñòü ïðåäïîëîæèì, ÷òî f(x) � íåîãðàíè÷åíà
íà [a, b]. Ïóñòü a = x0 < . . . < xn = b � ëþáîå ðàçáèåíèå îòðåçêà [a, b].
Òàê êàê ôóíêöèÿ f(x) íåîãðàíè÷åíà íà [a, b], òî îíà íåîãðàíè÷åíà íà
îäíîì èç ÷àñòè÷íûõ îòðåçêîâ, ñêàæåì íà [xi−1, xi]. Òîãäà∣∣∣∣∣

n∑
k=1

f(xk)[xk − xk−1]

∣∣∣∣∣ > |f(xi)| [xi − xi−1]−

∣∣∣∣∣∣
n∑

i6=k=1

f(xk)[xk − xk−1]

∣∣∣∣∣∣ .
Ïåðâîå ñëàãàåìîå ìîæåò áûòü ñäåëàíî ñêîëü óãîäíî áîëüøèì çà ñ÷åò
âûáîðà òî÷êè xi, ïîýòîìó èíòåãðàëüíûå ñóììû íå ÿâëÿþòñÿ îãðàíè÷åí-
íûìè. Çíà÷èò, íå ìîæåò ñóùåñòâîâàòü êîíå÷íûé ïðåäåë èíòåãðàëüíîé
ñóììû, òî åñòü ôóíêöèÿ íå áóäåò èíòåãðèðóåìîé íà îòðåçêå [a, b], ÷òî
ïðîòèâîðå÷èò óñëîâèþ òåîðåìû.I

Çàìå÷àíèå 6.5. Â îáùåì ñëó÷àå óñëîâèå îãðàíè÷åííîñòè ôóíêöèè
f(x) íà îòðåçêå [a, b] íå ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì åå èíòåãðèðóå-
ìîñòè, î ÷åì è ãîâîðèò ñëåäóþùèé ïðèìåð.
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Ïðèìåð 6.3. Äîêàæèòå, ÷òî ôóíêöèÿ Äèðèõëå2

D(x) =

{
1, x ∈ Q ∩ [a, b] ,
0, x /∈ Q ∩ [a, b] ,

íå ÿâëÿåòñÿ èíòåãðèðóåìîé íà îòðåçêå [a, b].

JÎ÷åâèäíî, ÷òî D(x) îãðàíè÷åíà íà [a, b]. Ïîêàæåì, ÷òî
b∫
a

D(x)dx íå

ñóùåñòâóåò. Çàôèêñèðóåì ïðîèçâîëüíîå ðàçáèåíèå τ îòðåçêà [a, b]. Åñëè
âûáðàòü òî÷êè ξi ∈ [xi−1, xi] (i = 1, 2, . . . n) ðàöèîíàëüíûìè, òî ïîëó÷èì

στ =
n∑
i=1

f(ξi)∆xi =
n∑
i=1

∆xi = 1,

à åñëè âçÿòü ξi èððàöèîíàëüíûìè, òî

στ =
n∑
i=1

f(ξi)∆xi = 0.

Òàê êàê ýòî âåðíî äëÿ ëþáîãî ðàçáèåíèÿ τ , òî èíòåãðàëüíûå ñóììû
στ çàâåäîìî íå ñòðåìÿòñÿ íè ê êàêîìó ïðåäåëó ïðè λτ → 0. I

2Ïåòð Ãóñòàâ Ëåæåí Äèðèõëå (1805�1859) � íåìåöêèé ìàòåìàòèê.
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Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Ñôîðìóëèðóéòå çàäà÷è î ïëîùàäè êðèâîëèíåéíîé òðàïåöèè, î ðà-
áîòå ïåðåìåííîé ñèëû, ïðèâîäÿùèå ê ïîíÿòèþ îïðåäåëåííîãî èíòåãðàëà.

2. Äàéòå ïîíÿòèå îïðåäåëåííîãî èíòåãðàëà Ðèìàíà.
3. Ñôîðìóëèðóéòå îïðåäåëåíèÿ èíòåãðàëà Ðèìàíà.
4. Êàêîâ ôèçè÷åñêèé ñìûñë îïðåäåëåííîãî èíòåãðàëà Ðèìàíà?
5. Êàêîâ ãåîìåòðè÷åñêèé ñìûñë îïðåäåëåííîãî èíòåãðàëà Ðèìàíà?
6. Ñôîðìóëèðóéòå íåîáõîäèìîå óñëîâèå èíòåãðèðóåìîñòè ôóíêöèè íà

îòðåçêå.

ËÅÊÖÈß 7

Cóììû Äàðáó

7.1. Íèæíèå è âåðõíèå ñóììû Äàðáó1, èõ ñâîéñòâà

Ïóñòü ôóíêöèÿ f(x) îãðàíè÷åíà íà îòðåçêå [a, b]. Áåðåì ëþáîå ðàçáèå-
íèå τ îòðåçêà [a, b] íà n (n ∈ N) ÷àñòè÷íûõ îòðåçêîâ [xk−1, xk] (k = 1, n).
Íà êàæäîì èç ÷àñòè÷íûõ îòðåçêîâ ôóíêöèÿ f(x) òàêæå áóäåò îãðàíè-
÷åíà. Ââåäåì îáîçíà÷åíèÿ:

mk = inf
x∈[xk−1,xk]

{f(x)} ; Mk = sup
x∈[xk−1,xk]

{f(x)} . (7.1)

1Æàí Ãàñòîí Äàðáó (1842�1917) � ôðàíöóçñêèé ìàòåìàòèê.
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Sτ =
n∑
k=1

Mk∆xk � âåðõíÿÿ ñóììà Äàðáó ôóíêöèè f(x);

sτ =
n∑
k=1

mk∆xk � íèæíÿÿ ñóììà Äàðáó ôóíêöèè f(x).

Â òåðìèíàõ ñóìì Äàðáó íèæå áóäóò ôîðìóëèðîâàòüñÿ êðèòåðèè èí-
òåãðèðóåìîñòè ôóíêöèè, äëÿ äîêàçàòåëüñòâà êîòîðûõ íàì ïîíàäîáÿòñÿ
íåêîòîðûå ñâîéñòâà ñóìì Äàðáó.

Òåîðåìà 7.1. Äëÿ ëþáîãî ðàçáèåíèÿ τ îòðåçêà [a, b] :

à) sτ 6 στ(f ;xk) 6 Sτ ,

á) sτ = inf
xk∈[xk−1,xk]

{στ(f ;xk)},

â) Sτ = sup
xk∈[xk−1,xk]

{στ(f ;xk)} (στ(f ;xk) � èíòåãðàëüíàÿ ñóììà Ðèìà-

íà ôóíêöèè f(x) íà îòðåçêå [a, b]).

Jà) óìíîæèì íåðàâåíñòâà mk 6 f(xk) 6Mk íà ∆xk è ïðîñóììèðóåì
ïîëó÷åííûå íåðàâåíñòâà ïî âñåì k îò 1 äî n. Ïîëó÷èì äîêàçûâàåìîå
íåðàâåíñòâî;

á) åñëè Mk = sup
x∈[xk−1,xk]

{f(x)}, òî (âòîðîå ñâîéñòâî òî÷íîé âåðõíåé

ãðàíèöû) äëÿ ëþáîãî ε > 0, ñóùåñòâóåò xk ∈ [xk−1, xk], ÷òî ñïðàâåäëèâî
íåðàâåíñòâî

0 6Mk − f(xk) <
ε

b− a
.
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Óìíîæèì âñå ÷àñòè ïîñëåäíåãî íåðàâåíñòâà íà ∆xk > 0 è ïðîñóììè-
ðóåì ïîëó÷åííûå íåðàâåíñòâà ïî âñåì k = 1, n. Ïîëó÷èì íåðàâåíñòâî
0 6 Sτ − στ(f ;xk) < ε. Àíàëîãè÷íî äîêàçûâàåòñÿ è â).I

Ðàññìîòðèì äâà ðàçáèåíèÿ τ è τ ′ îòðåçêà [a, b]. Åñëè êàæäûé ÷àñòè÷-
íûé îòðåçîê ðàçáèåíèÿ τ ′ ñîäåðæèòñÿ â íåêîòîðîì ÷àñòè÷íîì îòðåçêå
ðàçáèåíèÿ τ , òî áóäåì èñïîëüçîâàòü çàïèñü τ ⊂ τ ′, ïîíèìàåìóþ â îáû÷-
íîì òåîðåòèêî-ìíîæåñòâåííîì ñìûñëå.

Òåîðåìà 7.2. Åñëè τ ⊂ τ ′, òî sτ 6 sτ ′ 6 Sτ ′ 6 Sτ .

JÏðåäïîëîæèì, ÷òî ðàçáèåíèå τ ′ ïîëó÷åíî èç ðàçáèåíèÿ τ ïóòåì äî-
áàâëåíèÿ îäíîé òî÷êè ðàçáèåíèÿ ck ∈ (xk−1, xk). Ââåäåì ñëåäóþùèå îáî-
çíà÷åíèÿ:

m′k = inf
x∈[xk−1,ck]

{f(x)} ; M ′
k = sup

x∈[xk−1,ck]

{f(x)} ;

m′′k = inf
x∈[ck,xk]

{f(x)} ; M ′′
k = sup

x∈[ck,xk]

{f(x)} ;

∆′xk = ck − xk−1; ∆′′xk = xk − ck.
Òîãäà äëÿ ÷àñòè÷íûõ îòðåçêîâ:
à) [xk−1, ck] : m′k > mk, M

′
k 6Mk,

á) [ck, xk] : m′′k > mk, M
′′
k 6Mk.

Çíà÷èò, Mk∆xk >M ′
k∆
′xk +M ′′

k∆′′xk. Îòêóäà Sτ ′ 6 Sτ .



187

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî sτ 6 sτ ′ è â îáùåì ñëó÷àå (â τ ââîäèòñÿ
ëþáîå êîíå÷íîå ÷èñëî íîâûõ òî÷åê ðàçáèåíèÿ è ïîëó÷àåòñÿ ðàçáèåíèå τ ′)
óòâåðæäåíèå ñâîéñòâà áóäåò ñïðàâåäëèâî (äîêàçàòåëüñòâî ïðîâîäèòñÿ ñ
èñïîëüçîâàíèåì ìåòîäà ìàòåìàòè÷åñêîé èíäóêöèè).I

Òåîðåìà 7.3. Äëÿ ëþáûõ ðàçáèåíèé τ ′ è τ ′′ îòðåçêà [a, b]

sτ ′ 6 Sτ ′′.

J×åðåç τ îáîçíà÷èì ðàçáèåíèå, êîòîðîå âêëþ÷àåò êàê òî÷êè ðàç-
áèåíèÿ τ ′, òàê è τ ′′. Òîãäà τ ′ ⊂ τ è sτ ′′ ⊂ τ , à çíà÷èò (òåîðåìà 7.2),
sτ ′ 6 sτ 6 Sτ 6 Sτ ′, sτ ′′ 6 sτ 6 Sτ 6 Sτ ′′. Îòñþäà è ñëåäóåò ñïðàâåäëè-
âîñòü óòâåðæäåíèÿ ñâîéñòâà.I

Ñëåäñòâèå 7.1. Ìíîæåñòâî âåðõíèõ ñóìì Äàðáó ïî âñåì τ îãðàíè-

÷åíî ñíèçó, à íèæíèõ � ñâåðõó.

JÏî òåîðåìå 7.3, âñå íèæíèå ñóììû Äàðáó îãðàíè÷åíû ñâåðõó ëþáîé
âåðõíåé ñóììîé Äàðáó, à âñå âåðõíèå îãðàíè÷åíû ñíèçó ëþáîé èç íèæíèõ
ñóìì.I

Äàëåå ââîäèì îáîçíà÷åíèÿ:
I∗ = inf {Sτ} � âåðõíèé èíòåãðàë Äàðáó ôóíêöèè f(x) íà îòðåç-

êå [a, b];
I∗ = sup {sτ} � íèæíèé èíòåãðàë Äàðáó ôóíêöèè f(x) íà îòðåç-

êå [a, b] .
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Òåîðåìà 7.4. Ñïðàâåäëèâî íåðàâåíñòâî I∗ 6 I∗.

JÏðåäïîëîæèì ïðîòèâíîå: I∗ > I∗. Òîãäà (âòîðîå ñâîéñòâî òî÷íûõ
ãðàíèö) ñóùåñòâóþò òàêèå ðàçáèåíèÿ τ ′, τ ′′, ÷òî Sτ ′ <

I∗+I∗
2 , à sτ ′′ >

I∗+I∗
2 .

Òî åñòü sτ ′′ > Sτ ′. Ïîëó÷èëè ïðîòèâîðå÷èå òåîðåìå 7.3.I

Ñëåäñòâèå 7.2. Äëÿ ëþáûõ ðàçáèåíèé τ ñïðàâåäëèâî íåðàâåíñòâî

sτ 6 I∗ 6 I∗ 6 Sτ . (7.2)

JÝòî âûòåêàåò èç òåîðåìû 7.4 è îïðåäåëåíèÿ òî÷íûõ ãðàíèö.I

7.2. Êðèòåðèé èíòåãðèðóåìîñòè ôóíêöèè

Òåîðåìà 7.5. Äëÿ òîãî, ÷òîáû îãðàíè÷åííàÿ íà [a, b] ôóíêöèÿ f(x)
áûëà èíòåãðèðóåìîé íà ýòîì îòðåçêå, íåîáõîäèìî è äîñòàòî÷íî, ÷òî-

áû lim
λτ→0

(Sτ − sτ) = 0.

JÍåîáõîäèìîñòü. Íàì äàíà èíòåãðèðóåìîñòü ôóíêöèè íà îòðåçêå
[a, b]. Íåîáõîäèìî äîêàçàòü,÷òî lim

λτ→0
(Sτ − sτ) = 0.

Èç èíòåãðèðóåìîñòè ôóíêöèè ñëåäóåò, ÷òî

∀ ε > 0 ∃ δ > 0 ∀ τ λτ < δ ∀ xk ∈ [xk−1, xk] |στ (f ;xk)− I| < ε/3,

I − ε/3 < στ (f ;xk) < I + ε/3. Çíà÷èò, I + ε/3 � âåðõíÿÿ ãðàíèöà äëÿ
ìíîæåñòâà èíòåãðàëüíûõ ñóìì Ðèìàíà στ (f ;xk) = στ , íî Sτ � òî÷íàÿ
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âåðõíÿÿ ãðàíèöà äëÿ ýòîãî ìíîæåñòâà, ïîýòîìó ñïðàâåäëèâî íåðàâåíñòâî
στ 6 Sτ 6 I + ε/3 < I + ε/2.

Àíàëîãè÷íî äîêàçûâàåòñÿ íåðàâåíñòâî I − ε/2 < I − ε/3 6 sτ 6 στ .
Ïîýòîìó ñïðàâåäëèâî íåðàâåíñòâî I − ε/2 < sτ 6 στ 6 Sτ < I + ε/2,

èç êîòîðîãî ñëåäóåò, ÷òî 0 6 Sτ − sτ < ε. Äîêàçàíî, ÷òî

∀ ε > 0 ∃ δ > 0 ∀ τ λτ < δ 0 6 Sτ − sτ < ε,

à ýòî îçíà÷àåò, ÷òî lim
λτ→0

(Sτ − sτ) = 0.

Äîñòàòî÷íîñòü. Èçâåñòíî, ÷òî lim
λτ→0

(Sτ − sτ) = 0. Íåîáõîäèìî äîêà-

çàòü, ÷òî ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b].
Ñïðàâåäëèâî íåðàâåíñòâî (7.2) sτ 6 I∗ 6 I∗ 6 Sτ è ðàâåíñòâî

lim
λτ→0

(Sτ − sτ) = 0 : ∀ ε > 0 ∃ δ > 0 ∀ τ λτ < δ Sτ − sτ < ε.

Òîãäà 0 6 I∗ − I∗ 6 Sτ − sτ < ε; ïåðåõîäÿ ê ïðåäåëó ïðè
ε→ +0, ïîëó÷èì I∗ = I∗ = I. Íî ñïðàâåäëèâû íåðàâåíñòâà sτ 6 I 6 Sτ ,
sτ 6στ 6 Sτ . Ïîýòîìó |στ − I| < ε.

Ïîëó÷èëè:

∀ ε > 0 ∃ δ > 0 ∀ τ λτ < δ ∀ xk ∈ [xk−1, xk] |στ − I| < ε.

Çíà÷èò, f(x) èíòåãðèðóåìà íà [a, b]. I
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Ââåäåì îáîçíà÷åíèå ωk(f) = Mk −mk äëÿ êîëåáàíèÿ ôóíêöèè f(x)
íà k-îì ÷àñòè÷íîì îòðåçêå (Mk è mk îïðåäåëåíû (7.1)). Â òåðìèíàõ
êîëåáàíèé êðèòåðèé èíòåãðèðóåìîñòè ìîæíî ïåðåôîðìóëèðîâàòü òàê.

Òåîðåìà 7.6. Ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b] òîãäà è

òîëüêî òîãäà, êîãäà ñóùåñòâóåò lim
λτ→0

n∑
k=1

ωk(f)∆xk = 0.

7.3. Îá èíòåãðèðóåìîñòè íåïðåðûâíûõ ôóíêöèé

Òåîðåìà 7.7. Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå [a, b], òî
îíà èíòåãðèðóåìà íà ýòîì îòðåçêå.

JÏî òåîðåìå Êàíòîðà [12, òåîðåìà 13.7], èç íåïðåðûâíîñòè ôóíêöèè
íà îòðåçêå ñëåäóåò åå ðàâíîìåðíàÿ íåïðåðûâíîñòü íà ýòîì îòðåçêå. Âîçü-
ìåì ëþáîå ÷èñëî ε > 0. Â ñèëó ðàâíîìåðíîé íåïðåðûâíîñòè ñóùåñòâóåò
òàêîå δ > 0, ÷òî äëÿ ëþáûõ òî÷åê ξ ∈ [a, b] è η ∈ [a, b], óäîâëåòâîðÿþùèõ
óñëîâèþ |η − ξ| < δ, âûïîëíÿåòñÿ íåðàâåíñòâî

|f(η)− f(ξ)| < ε

b− a
. (7.3)

Âîçüìåì ëþáîå ðàçáèåíèå τ îòðåçêà [a, b] íà n ÷àñòè÷íûõ îò-
ðåçêîâ ñ λτ < δ. Ïîñêîëüêó íåïðåðûâíàÿ íà îòðåçêå ôóíêöèÿ äîñòèãàåò
ñâîèõ íèæíåé è âåðõíåé ãðàíåé íà ýòîì îòðåçêå, òî ñóùåñòâóþò
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òàêèå òî÷êè ξi ∈ [xi−1, xi] è ηi ∈ [xi−1, xi], ÷òî f(ξi) = mi, f(ηi) = Mi.
Òî÷êè ξi è ηi ïðèíàäëåæàò îäíîìó è òîìó æå îòðåçêó ðàçáèåíèÿ τ , ïîýòî-
ìó |ηi − ξi| 6 ∆xi 6 λτ < δ. Îòñþäà, â ñèëó íåðàâåíñòâà (7.3), âûòåêàåò
íåðàâåíñòâî

f(ηi)− f(ξi) = |f(ηi)− f(ξi)| <
ε

b− a
, i = 1, 2, . . . , n.

Ñëåäîâàòåëüíî, äëÿ ëþáîãî ðàçáèåíèÿ τ ìåëêîñòè λτ < δ âûïîëíÿåò-
ñÿ óñëîâèå

0 6 Sτ−sτ =
n∑
i=1

(Mi−mi)∆xi =
n∑
i=1

[f(ηi)−f(ξi)]∆xi <
ε

b− a

n∑
i=1

∆xi = ε.

Ýòî îçíà÷àåò, ÷òî lim
λτ→0

(Sτ − sτ) = 0. Ïîýòîìó, ñîãëàñíî òåîðåìå 7.5,

ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b]. I

Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Äàéòå ïîíÿòèå íèæíåé è âåðõíåé ñóìì Äàðáó.
2. Ñôîðìóëèðóéòå ñâîéñòâà ñóìì Äàðáó.
3. Ñôîðìóëèðóéòå êðèòåðèé èíòåãðèðóåìîñòè ôóíêöèè íà îòðåçêå.
4. Ñôîðìóëèðóéòå òåîðåìó îá èíòåãðèðóåìîñòè íåïðåðûâíîé íà îò-

ðåçêå ôóíêöèè.
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ËÅÊÖÈß 8

Êðèòåðèè èíòåãðèðóåìîñòè ôóíêöèè

8.1. Îá èíòåãðèðóåìîñòè ìîíîòîííûõ ôóíêöèé

Òåîðåìà 8.1. Ìîíîòîííàÿ íà îòðåçêå [a, b] ôóíêöèÿ èíòåãðèðóåìà
íà ýòîì îòðåçêå.

JÄëÿ îïðåäåëåííîñòè äîïóñòèì, ÷òî ôóíêöèÿ f(x) ÿâëÿåòñÿ íåóáû-
âàþùåé íà [a, b]. Âîçìîæíû äâà ñëó÷àÿ:

1. f(x) = const, íàïðèìåð f(x) = M , òîãäà ñóùåñòâóåò
b∫
a

Mdx =

= M(b − a) (ïðè âû÷èñëåíèè èñïîëüçóåì îïðåäåëåíèå îïðåäåëåííîãî
èíòåãðàëà).

2. f(x) 6= const, òîãäà f(b) > f(a). Âîçüìåì ëþáîå ε > 0 è ëþáîå
ðàçáèåíèå τ ñ ìåëêîñòüþ λτ <

ε
f(b)−f(a) .

Ïîëó÷èì:

Sτ − sτ =
n∑
k=1

(Mk −mk)∆xk =
n∑
k=1

(f(xk)− f(xk−1))∆xk <

<
ε

f(b)− f(a)

n∑
k=1

(f(xk)− f(xk−1)) =
ε

f(b)− f(a)
(f(b)− f(a)) = ε.
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Òàêèì îáðàçîì:

∀ ε > 0 ∃ δ =
ε

f(b)− f(a)
> 0 ∀ τ λτ < δ Sτ − sτ < ε,

òî åñòü lim
λτ→0

(Sτ − sτ) = 0.I

8.2. Êðèòåðèé Äàðáó èíòåãðèðóåìîñòè ôóíêöèè

Ëåììà 8.1. Åñëè ôóíêöèÿ f(x) îãðàíè÷åíà íà îòðåçêå [a, b], òî

I∗ = lim
λτ→0

Sτ , I∗ = lim
λτ→0

sτ .

JÄîêàæåì, íàïðèìåð, ÷òî I∗ = lim
λτ→0

Sτ . Âîçüìåì ëþáîå ε > 0. Ôóíê-

öèÿ f(x) îãðàíè÷åíà íà [a, b], ÷òî îçíà÷àåò:

∃ c > 0 ∀ x ∈ [a, b] |f(x)| 6 c.

Åñëè I∗ = inf
τ
{Sτ}, òî (âòîðîå ñâîéñòâî òî÷íîé íèæíåé ãðàíèöû)

∀ ε > 0 ∃ τ0 Sτ0 < I∗ +
ε

2
.

Ïóñòü τ � ëþáîå ðàçáèåíèå îòðåçêà [a, b] íà ÷àñòè÷íûå îòðåçêè ñ
λτ < δ = ε

4mc . ×åðåç τ
∗ îáîçíà÷èì îáúåäèíåíèå ðàçáèåíèé τ0 è τ (îíî
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âêëþ÷àåò òî÷êè êàæäîãî èç ýòèõ ðàçáèåíèé è òîëüêî èõ, à ïîýòîìó
τ0 ⊂ τ ∗ è τ ⊂ τ ∗). Ïîýòîìó Sτ∗ < I∗ + ε

2 , Sτ∗ 6 Sτ0, Sτ0 < I∗ + ε
2 .

Äàëüøå îöåíèì ðàçíîñòü Sτ − Sτ∗. Âî-ïåðâûõ, â ýòîé ðàçíîñòè âçà-

èìíî óíè÷òîæàòñÿ ñëàãàåìûå ñóìì Sτ =
n∑
k=1

Mk∆xk è Sτ∗ =
i∑
l=1

Ml∆xl,

ñîîòâåòñòâóþùèå ÷àñòè÷íûì îòðåçêàì [xk−1, xk] (k = 1, n) ðàçáèåíèÿ τ ,
äëÿ êîòîðûõ â (xk−1, xk) îòñóòñòâóþò òî÷êè ðàçáèåíèÿ τ0. Åñëè æå â èí-
òåðâàë (xk−1, xk) ïîïàëà îäíà èëè íåñêîëüêî òî÷åê ðàçáèåíèÿ τ0, òîãäà
òàêîé îòðåçîê [xk−1, xk] ðàâåí îáúåäèíåíèþ íåêîòîðîãî ÷èñëà j (j ∈ N)
(â (xk−1, xk) ïîïàëà (j − 1) � òî÷êà ðàçáèåíèÿ τ0) ÷àñòè÷íûõ îòðåçêîâ
ðàçáèåíèÿ τ ∗, à äëèíà ÷àñòè÷íîãî îòðåçêà [xk−1, xk] áóäåò ðàâíà ñóììå
äëèí ÷àñòè÷íûõ îòðåçêîâ-êîìïîíåíò óêàçàííîãî îáúåäèíåíèÿ, à èìåííî:

∆xk =
j∑
r=1

∆xr. Ïîëó÷èì:

−
j∑
r=1

Mr∆xr +Mk∆xk =

j∑
r=1

(Mk −Mr)∆xr 6 2c

j∑
r=1

∆xr =

= 2c∆xk < 2cδ =
2cε

4mc
=

ε

2m
.

×èñëî òàêèõ îòðåçêîâ [xk−1, xk] ñ òî÷êàìè ðàçáèåíèÿ τ0 â (xk−1, xk) íå
ïðåâûøàåò m � ÷èñëà ÷àñòè÷íûõ îòðåçêîâ ðàçáèåíèÿ τ0 .

Çíà÷èò, Sτ − Sτ∗ < ε
2m ·m = ε

2 .
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Òàêèì îáðàçîì: S − Ĩ = (Sτ − Sτ∗) + (Sτ∗ − I∗) < ε
2 + ε

2 = ε.
Âûâîä:

∀ ε > 0 ∃ δ > 0 ∀ τ λτ < δ Sτ − I∗ < ε⇒ lim
λτ→0

Sτ = I∗.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî lim
λτ→0

sτ = I∗.I

Òåîðåìà 8.2 (êðèòåðèé Äàðáó). Îãðàíè÷åííàÿ íà îòðåçêå [a, b]
ôóíêöèÿ f(x) áóäåò èíòåãðèðóåìîé íà ýòîì îòðåçêå òîãäà è òîëü-

êî òîãäà, êîãäà åå âåðõíèé è íèæíèé èíòåãðàëû Äàðáó ðàâíû ìåæäó

ñîáîé (I∗ = I∗ = I).

JÍåîáõîäèìîñòü. Íàì äàíà èíòåãðèðóåìîñòü ôóíêöèè f(x) íà îò-
ðåçêå [a, b]. Íåîáõîäèìî äîêàçàòü, ÷òî I∗ = I∗.

Åñëè ôóíêöèÿ f(x) èíòåãðèðóåìà íà [a, b], òî lim
λτ→0

(Sτ − sτ) = 0:

∀ ε > 0 ∃ δ > 0 ∀τ λτ < δ Sτ − sτ < ε.

Êðîìå ýòîãî, ñïðàâåäëèâî íåðàâåíñòâî sτ 6 I∗ 6 I∗ 6 Sτ . Ïîýòîìó

0 6 I∗ − I∗ 6 Sτ − sτ < ε.

Èç íåðàâåíñòâà 0 6 I∗ − I∗ < ε è ñëåäóåò ñïðàâåäëèâîñòü ðàâåíñòâà
I∗ = I∗.
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Äîñòàòî÷íîñòü. Èçâåñòíî, ÷òî I∗ = I∗. Íåîáõîäèìî äîêàçàòü èíòå-
ãðèðóåìîñòü ôóíêöèè f(x) íà îòðåçêå [a, b].

Ïóñòü f(x) � îãðàíè÷åííàÿ íà îòðåçêå [a, b] ôóíêöèÿ. Òîãäà

lim
λτ→∞

(Sτ − sτ) = lim
λτ→0

Sτ − lim
λτ→0

sτ = I∗ − I∗ = 0,

çíà÷èò (òåîðåìà 7.5), ôóíêöèÿ f(x) èíòåãðèðóåìà íà [a, b]. I

8.3. Êðèòåðèé Ðèìàíà èíòåãðèðóåìîñòè ôóíêöèè

Òåîðåìà 8.3 (êðèòåðèé Ðèìàíà). Îãðàíè÷åííàÿ íà îòðåçêå [a, b]
ôóíêöèÿ f(x) áóäåò èíòåãðèðóåìîé ïî Ðèìàíó íà ýòîì îòðåçêå òî-

ãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ðàçáèåíèå τ
îòðåçêà [a, b] òàêîå, ÷òî Sτ − sτ < ε.

JÍåîáõîäèìîñòü. Íàì äàíà èíòåãðèðóåìîñòü ôóíêöèè f(x); òðåáó-
åòñÿ äîêàçàòü, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ðàçáèåíèå τ òàêîå, ÷òî
Sτ − sτ < ε.

Òàê êàê ñóùåñòâóåò
b∫
a

f(x)dx, òî, ñîãëàñíî ëåììå 8.1 è òåîðåìå 8.2:

lim
λτ→0

sτ = I∗ = I∗ = lim
λτ→0

Sτ ,

îòêóäà

lim
λτ→0

(Sτ − sτ) = 0 : ∀ ε > 0 ∃ δ > 0 ∀ τ λτ < δ Sτ − sτ < ε.
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Çíà÷èò, äëÿ ëþáîãî ε > 0 íàéäåòñÿ òàêîå τ , ÷òî Sτ − sτ < ε.
Äîñòàòî÷íîñòü. Èçâåñòíî, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ðàçáè-

åíèå τ òàêîå, ÷òî Sτ − sτ < ε. Íåîáõîäèìî äîêàçàòü èíòåãðèðóåìîñòü
ôóíêöèè.

Òàê êàê Sτ − sτ < ε, òî èç íåðàâåíñòâà sτ 6 I∗ 6 I∗ 6 Sτ ñëåäóåò, ÷òî

0 6 I∗ − I∗ 6 Sτ − sτ < ε,

èëè 0 6 I∗ − I∗ < ε, çíà÷èò, I∗ = I∗, ÷òî ðàâíîñèëüíî (êðèòåðèé Äàð-
áó � òåîðåìà 8.2) èíòåãðèðóåìîñòè ôóíêöèè f(x) íà îòðåçêå [a, b] ïî
Ðèìàíó.I

Ñëåäñòâèå 8.1. Îãðàíè÷åííàÿ íà îòðåçêå [a, b] ôóíêöèÿ f(x) áóäåò
èíòåãðèðóåìîé ïî Ðèìàíó íà ýòîì îòðåçêå òîãäà è òîëüêî òîãäà,

êîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå ðàçáèåíèå τ , ÷òî

n∑
k=1

ωk(f)∆xk < ε

.

JÓ÷èòûâàÿ, ÷òî ωk(f) � êîëåáàíèå ôóíêöèè f(x) íà ÷àñòè÷íîì îò-
ðåçêå [xk−1, xk] (k = 1, n), ωk(f) = Mk −mk.I
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8.4. Îá èíòåãðèðóåìîñòè íåêîòîðûõ êëàññîâ ðàçðûâíûõ
ôóíêöèé

Îïðåäåëåíèå 8.1. Ñèñòåìà S ìíîæåñòâ Mα ⊂ R íàçûâàåòñÿ ïî-

êðûòèåì ìíîæåñòâà X ⊂ R, åñëè äëÿ ëþáîãî x ∈ X ñóùåñòâóåò

Mα òàêîå, ÷òî x∈Mα. Åñëè ìíîæåñòâî S ñ ýëåìåíòàìè Mα � êî-

íå÷íîå, òî ïîêðûòèå íàçûâàåòñÿ êîíå÷íûì, åñëè S � áåñêîíå÷íîå, òî

ïîêðûòèå íàçûâàåòñÿ áåñêîíå÷íûì.

Òåîðåìà 8.4. Åñëè ôóíêöèÿ f(x) îãðàíè÷åíà íà îòðåçêå [a, b] è äëÿ

ëþáîãî ε > 0 ñóùåñòâóåò êîíå÷íîå ÷èñëî èíòåðâàëîâ, ïîêðûâàþùèõ

òî÷êè ðàçðûâà ôóíêöèè f(x), à ñóììà äëèí ýòèõ èíòåðâàëîâ ìåíüøå

ε, òî ôóíêöèÿ f(x) áóäåò èíòåãðèðóåìîé ïî Ðèìàíó íà îòðåçêå [a, b].

JÏóñòü M è m � òî÷íûå âåðõíÿÿ è íèæíÿÿ ãðàíè ôóíêöèè f(x)
íà îòðåçêå [a, b]. Åñëè M = m, òî åñòü ôóíêöèÿ f(x) ïîñòîÿííà, òî,
êàê óæå ãîâîðèëîñü ïðè äîêàçàòåëüñòâå òåîðåìû 8.1, îíà èíòåãðèðóåìà.
Ïîýòîìó áóäåì ñ÷èòàòü, ÷òî M > m. Ïóñòü ε > 0 � ïðîèçâîëüíîå ÷èñëî.
Ïîêðîåì òî÷êè ðàçðûâà ôóíêöèè f(x) êîíå÷íûì ÷èñëîì èíòåðâàëîâ,
ñóììà äëèí êîòîðûõ íå ïðåâîñõîäèò ÷èñëà ε1 = ε

2(M−m) . Òî÷êè îòðåçêà

[a, b], íå ïðèíàäëåæàùèå óêàçàííûì èíòåðâàëàì, î÷åâèäíî, îáðàçóþò
ìíîæåñòâî, ñîñòîÿùåå èç êîíå÷íîãî ÷èñëà íåïåðåñåêàþùèõñÿ îòðåçêîâ.
Íàçîâåì ýòè îòðåçêè äîïîëíèòåëüíûìè. Íà êàæäîì èç òàêèõ îòðåçêîâ
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ôóíêöèÿ íåïðåðûâíà. Çíà÷èò, ñóùåñòâóþò òàêèå ÷èñëà δi > 0, ÷òî åñëè
|ξ′− ξ′′| < δi, òî |f(ξ′)− f(ξ′′)| < ε

2(b−a) äëÿ âñåõ ξ
′ è ξ′′, ïðèíàäëåæàùèõ

i-ìó äîïîëíèòåëüíîìó îòðåçêó.
Ïóñòü δ = min

i
δi. Òîãäà åñëè âçÿòü ðàçáèåíèÿ äîïîëíèòåëüíûõ îò-

ðåçêîâ íà ÷àñòè÷íûå îòðåçêè òàê, ÷òîáû äëèíà êàæäîãî èç ÷àñòè÷íûõ
îòðåçêîâ íå ïðåâîñõîäèëà δ, òî ðàçíîñòü ìåæäó òî÷íûìè âåðõíåé ãðàíüþ
Mk è íèæíåé ãðàíüþ mk ôóíêöèè f(x) íà êàæäîì ÷àñòè÷íîì îòðåçêå
áóäåò íå áîëüøå ε

2(b−a) . Îáúåäèíÿÿ âñå ðàçáèåíèÿ äîïîëíèòåëüíûõ îòðåç-
êîâ è óêàçàííûå âûøå èíòåðâàëû ñ ïðèñîåäèíåííûìè ê íèì êîíöàìè,
ìû ïîëó÷èì ðàçáèåíèå τ âñåãî îòðåçêà [a, b]. Äëÿ òàê ïîñòðîåííîãî îá-
ùåãî ðàçáèåíèÿ [a, b]

Sτ−sτ =
n∑
k=1

(Mk−mk)∆xk = Σ′(Mk−mk)∆xk−Σ′′(Mk−mk)∆xk, (8.1)

ãäå â ñóììó ñ îäíèì øòðèõîì îòíåñåíû ñëàãàåìûå, îòâå÷àþùèå ÷àñòè÷-
íûì îòðåçêàì, îáðàçîâàííûì èç èíòåðâàëîâ, ïîêðûâàþùèõ òî÷êè ðàç-
ðûâà, à â ñóììó ñ äâóìÿ øòðèõàìè � âñå îñòàëüíûå. Ðàññìîòðèì ïåðâîå
ñëàãàåìîå ïðàâîé ÷àñòè (8.1). ÏîñêîëüêóMk−mk 6M−m äëÿ ëþáîãî k,
òî

Σ′(Mk −mk)∆xk 6 (M −m)Σ′∆xk <
ε

2
.

Äàëåå, â ñèëó ñêàçàííîãî âûøå, èç ñâîéñòâà ðàâíîìåðíîé íåïðåðûâ-
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íîñòè ôóíêöèè f(x) íà äîïîëíèòåëüíûõ îòðåçêàõ ïîëó÷àåì, ÷òî

Σ′′(Mk −mk)∆xk <
ε

2(b− a)
Σ′′∆xk <

ε

2(b− a)
(b− a) =

ε

2
.

Òàêèì îáðàçîì, íàìè óêàçàíî ðàçáèåíèå τ , äëÿ êîòîðîãî Sτ − sτ < ε.
Ïî êðèòåðèþ Ðèìàíà (òåîðåìà 8.3) ïîëó÷àåì, ÷òî ôóíêöèÿ f(x) èíòå-
ãðèðóåìà íà [a, b]. I

Ñëåäñòâèå 8.2. Åñëè ôóíêöèÿ f(x) îïðåäåëåíà, îãðàíè÷åíà è èìååò
êîíå÷íîå ÷èñëî òî÷åê ðàçðûâà íà îòðåçêå [a, b], òî îíà èíòåãðèðóåìà

íà ýòîì îòðåçêå.

JÄîïóñòèì, ÷òî èìååòñÿ n (n ∈ N) òî÷åê ðàçðûâà ôóíêöèè f(x) íà
[a, b]. Êàæóþ òî÷êó ðàçðûâà xk ∈ [a, b] (k = 1, n) ïîêðîåì èíòåðâàëîì(
xk − ε

3n ;xk + ε
3n

)
, òîãäà ∆xk = 2ε

3n , à
n∑
k=1

2ε
3n = 2ε

3nn = 2
3ε < ε.

Ïî òåîðåìå 8.4, ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b]. I

Ñëåäñòâèå 8.3. Åñëè ôóíêöèè f(x) è g(x) îïðåäåëåíû íà îòðåçêå

[a, b] è äëÿ ëþáîé òî÷êè x ∈ [a, b] f(x) = g(x) çà èñêëþ÷åíèåì, ìîæåò

áûòü, êîíå÷íîãî ÷èñëà òî÷åê óêàçàííîãî îòðåçêà, ïðè÷åì ñóùåñòâóåò

îäèí èç èíòåãðàëîâ
b∫
a

f(x)dx èëè
b∫
a

g(x)dx, òîãäà ñóùåñòâóåò âòîðîé

èíòåãðàë è îíè ìåæäó ñîáîé ðàâíû.
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JÏóñòü ñóùåñòâóåò
b∫
a

f(x)dx. Ôóíêöèÿ ϕ(x) = g(x) − f(x) = 0 íà

[a, b], êðîìå, ìîæåò áûòü, êîíå÷íîãî ÷èñëà òî÷åê, â êîòîðûõ îíà ïðè-
íèìàåò êîíå÷íûå çíà÷åíèÿ. Çíà÷èò, ϕ(x) � êóñî÷íî-ãëàäêàÿ íà [a, b], à

ïîýòîìó (ñëåäñòâèå 8.2) ñóùåñòâóåò
b∫
a

ϕ(x)dx =
b∫
a

(g(x)− f(x))dx.

Ñ äðóãîé ñòîðîíû, g(x) = (g(x) − f(x)) + f(x). Òîãäà (ïî ñâîéñòâó
ëèíåéíîñòè îïðåäåëåííîãî èíòåãðàëà � äîêàçàíî áóäåò íèæå)

∃
b∫

a

g(x)dx =

b∫
a

((g(x)−f(x))+f(x))dx =

b∫
a

(g(x)−f(x))dx+

b∫
a

f(x)dx.

Àíàëîãè÷íî, êàê è â òåîðåìå 8.4, áåðåì ïîêðûòèå òî÷åê x ∈ [a, b],
ãäå ϕ(x) 6= 0, êîíå÷íûì ÷èñëîì èíòåðâàëîâ (αk, βk) (k = 1, n, n � ÷èñëî

òî÷åê x ∈ [a, b], ãäå ϕ(x) 6= 0), òàê, ÷òîáû
n∑
k=1

(βk−αk) < ε
c (îáîçíà÷åíèÿ,

èñïîëüçîâàííûå â òåîðåìå 8.4, ñîõðàíÿþòñÿ, íî ðîëü f(x) èãðàåò ôóíê-
öèÿ ϕ(x), |ϕ(x)| 6 c, c > 0). Áåðåì ëþáîå ðàçáèåíèå τ îòðåçêà [a, b] íà
÷àñòè÷íûå, íî òàê, ÷òîáû êîíöû èíòåðâàëîâ (αk, βk) è òî÷êè a è b áûëè
òî÷êàìè ðàçáèåíèÿ. Ïîëó÷èì

στ(ϕ;xn) =
n∑
k=1

ϕ(x̄k)∆xk +
m∑
i=1

ϕ(xi)∆xi, ∀ xk ∈ [αk, βk], ∀ xi ∈ [ai, bi].
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Òîãäà ϕ(xi) = 0 è στ =
n∑
k=1

ϕ(xk)∆xk,

|στ | 6
n∑
k=1

|ϕ(xk)|∆xk 6 c

n∑
k=1

∆xk = c

n∑
k=1

(βk − αk) < c
ε

c
= ε.

Çíà÷èò,

lim
λτ→0

στ = 0 =

b∫
a

(f(x)− g(x))dx =

b∫
a

f(x)dx−
b∫

a

g(x)dx⇒

b∫
a

f(x)dx =

b∫
a

g(x)dx. I

Ïðèìåð 8.1. Äîêàæèòå, ÷òî ôóíêöèÿ

f(x) =


1, 1

n+1 < x 6 1
n , n = 1, 3, 5, . . . ;

−1, 1
n+1 < x 6 1

n , n = 2, 4, 6, . . . ;

0, x = 0;

èíòåãðèðóåìà íà îòðåçêå [0, 1].

JÔóíêöèÿ f(x) îãðàíè÷åíà íà îòðåçêå [0, 1] è èìååò íà íåì áåñêîíå÷-
íî ìíîãî òî÷åê ðàçðûâà ïåðâîãî ðîäà.
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Ïîêðîåì òî÷êó x = 0 èíòåðâàëîì
(
−ε

4 ,
ε
4

)
. Ðàçíîñòè [0, 1]\

(
−ε

4 ,
ε
4

)
ïðèíàäëåæàò íå áîëåå êîíå÷íîãî ÷èñëà òî÷åê ðàçðûâà ôóíêöèè f(x),
ïóñòü ýòî ÷èñëî áóäåò ðàâíî p, p ∈ N. Êàæäóþ òî÷êó ðàçðûâà óêàçàííîé
ðàçíîñòè ïîêðûâàåì èíòåðâàëîì, äëèíà êîòîðîãî ìåíüøå ε

2p . Òîãäà ñóì-
ìà äëèí âñåõ èíòåðâàëîâ, ïîêðûâàþùèõ òî÷êè ðàçðûâà ôóíêöèè f(x),
áóäåò ìåíüøå

(
ε
4 + ε

4

)
+ p ε

2p = ε. Âñå óñëîâèÿ òåîðåìû 8.4 âûïîëíÿþòñÿ,

çíà÷èò, ñóùåñòâóåò
b∫
a

f(x)dx.I

Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Ñôîðìóëèðóéòå òåîðåìó îá èíòåãðèðóåìîñòè ìîíîòîííîé ôóíêöèè
íà îòðåçêå.

2. Ñôîðìóëèðóéòå êðèòåðèé Äàðáó îá èíòåãðèðóåìîñòè ôóíêöèè íà
îòðåçêå.

3. Ñôîðìóëèðóéòå êðèòåðèé Ðèìàíà èíòåãðèðóåìîñòè ôóíêöèè íà
îòðåçêå.

4. Ñôîðìóëèðóéòå òåîðåìó è ñëåäñòâèÿ îá èíòåãðèðóåìîñòè íà îòðåç-
êå íåêîòîðûõ êëàññîâ ðàçðûâíûõ ôóíêöèé.
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ËÅÊÖÈß 9

Ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà

9.1. Ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà, ñâÿçàííûå ñ
ðàâåíñòâàìè

Ïðåæäå âñåãî çàìåòèì, ÷òî ïîñêîëüêó èíòåãðàë îò ôóíêöèè ÿâëÿåò-
ñÿ ÷èñëîì, ñîïîñòàâëÿåìûì çàäàííîé ôóíêöèè ñîãëàñíî äàííîìó âûøå
îïðåäåëåíèþ, òî ñàìî ñîáîé ðàçóìååòñÿ, ÷òî ýòî ÷èñëî íå çàâèñèò îò âû-
áîðà îáîçíà÷åíèÿ äëÿ àðãóìåíòà ïîäûíòåãðàëüíîé ôóíêöèè, òî åñòü îò
îáîçíà÷åíèÿ ïåðåìåííîé èíòåãðèðîâàíèÿ:

b∫
a

f(x)dx =

b∫
a

f(t)dt =

b∫
a

f(ξ)dξ.

Òåîðåìà 9.1 (ñâîéñòâî ëèíåéíîñòè). Åñëè ôóíêöèè f(x) è g(x)
èíòåãðèðóåìû íà îòðåçêå [a, b], à α è β � ëþáûå äåéñòâèòåëüíûå ÷èñ-

ëà, òî è ôóíêöèÿ αf(x) + βg(x) òàêæå èíòåãðèðóåìà íà óêàçàííîì

îòðåçêå è

b∫
a

(αf(x) + βg(x))dx = α

b∫
a

f(x)dx+ β

b∫
a

g(x)dx.
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JÁåðåì ëþáîå ðàçáèåíèå τ è ïîëó÷àåì

στ =
n∑
k=1

(αf(x′k) + βg(x′k))∆xk = α

n∑
k=1

f(x′k)∆xk + β

n∑
k=1

g(x′k)∆xk.

Â ïîñëåäíåì ðàâåíñòâå ïåðåõîäèì ê ïðåäåëó ïðè λτ → 0 è ïîëó÷àåì
ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû.I

Òåîðåìà 9.2. Åñëè ôóíêöèè f(x) è g(x) èíòåãðèðóåìû íà îòðåçêå

[a, b], òî è ôóíêöèÿ f(x)g(x) èíòåãðèðóåìà íà ýòîì îòðåçêå.

J Ôóíêöèè f(x) è g(x) � îãðàíè÷åíû íà îòðåçêå [a, b] (íåîáõîäèìîå
óñëîâèå èíòåãðèðóåìîñòè ôóíêöèè íà îòðåçêå), ïîýòîìó ñóùåñòâóþò òà-
êèå A,B ∈ R+, ÷òî äëÿ ëþáîé òî÷êè x ∈ [a, b] |f(x)| 6 A è |g(x)| 6 B.
Áåðåì ëþáîå ðàçáèåíèå τ è ëþáûå x′k, x

′′
k ∈ [xk−1, xk] (k = 1, n). Ïîëó÷èì

îöåíêó ñâåðõó
|f(x′′k)g(x′′k)− f(x′k)g(x′k)| =

= |f(x′′k)g(x′′k)− f(x′k)g(x′′k) + f(x′k)g(x′′k)− f(x′k)g(x′k) | 6
6 |(f(x′′k)− f(x′k))g(x′′k)|+ |(g(x′′k)− g(x′k))f(x′k)| 6
6 B(M f

k −m
f
k) + A(M g

k −m
g
k) = Bωk(f) + Aωk(g).

×èñëî Bωk(f) + Aωk(g) ÿâëÿåòñÿ âåðõíåé ãðàíèöåé äëÿ ìíîæåñòâà
ìîäóëåé

L = {|f(x′′k)g(x′′k)− f(x′k)g(x′k)|}
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ïî âñåì x′′k, x
′
k ∈ [xk−1, xk], k= 1, n. ×åðåç ωk(fg) = M fg

k − m
fg
k îáîçíà-

÷èì òî÷íóþ âåðõíþþ ãðàíèöó äëÿ óêàçàííîãî ìíîæåñòâà L (êîëåáàíèå
ôóíêöèè f(x)g(x) íà ÷àñòè÷íûõ îòðåçêàõ [xk−1, xk]). Îòñþäà

ωk(fg) 6 Bωfk + Aωgk.

Ëåâóþ è ïðàâóþ ÷àñòè ïîñëåäíåãî íåðàâåíñòâà óìíîæàåì íà ∆xk > 0
è ïðîñóììèðóåì ïî âñåì k (k = 1, n):

0 6
n∑
k=1

ωk(fg)∆xk 6 B
n∑
k=1

ωk(f)∆xk + A
n∑
k=1

ωk(g)∆xk.

Âèäíî, ÷òî lim
λτ→0

0 = 0 è

lim
λτ→0

(
B

n∑
k=1

ωk(f)∆xk + A
n∑
k=1

ωk(g)∆xk

)
= 0,

òîãäà

lim
λτ→0

n∑
k=1

ωk(fg)∆xk = 0.

À òîãäà (ñëåäñòâèå 8.1) ñóùåñòâóåò
b∫
a

f(x)g(x)dx.I
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Òåîðåìà 9.3. Åñëè ôóíêöèè f(x) è g(x) èíòåãðèðóåìû íà îòðåçêå

[a, b], à inf
x∈[a,b]

|g(x)| = m > 0, òî è ôóíêöèÿ
f(x)
g(x) áóäåò èíòåãðèðóåìîé

íà óêàçàííîì îòðåçêå.

Jà) ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà f(x) = 1.
Èìååì: |g(x)| > m > 0, îòñþäà 1

|g(x)| 6
1
m äëÿ ëþáûõ x ∈ [a, b]. Çíà÷èò,

äëÿ ëþáîãî ðàçáèåíèÿ τ∣∣∣∣ 1

g(x′k)
− 1

g(x′′k)

∣∣∣∣ 6 |g(x′′k)− g(x′k)|
m2

6
1

m2
ωk(g) ∀ x′k, x′′k ∈ [xk−1, xk].

×èñëî 1
m2ωk(g) � âåðõíÿÿ ãðàíèöà ìíîæåñòâà A =

{∣∣∣ 1
g(x′k) −

1
g(x′′k)

∣∣∣} ïî

ëþáûì x′k, x
′′
k ∈ [xk−1, xk] (k = 1, n). ×åðåç ωk

(
1
g

)
= M

1
g

k −m
1
g

k îáîçíà÷èì

òî÷íóþ âåðõíþþ ãðàíèöó ìíîæåñòâà A. Òîãäà

0 6 ωk

(
1

g

)
6

1

m2
ωk(g).

Âñå ÷àñòè ïîñëåäíåãî íåðàâåíñòâà óìíîæèì íà ∆xk > 0 è ïðîñóììè-
ðóåì ïî âñåì k (k = 1, n). Ïîëó÷èì

0 6
n∑
k=1

ωk

(
1

g

)
∆xk 6

1

m

n∑
k=1

ωk(g)∆xk.
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Çàâåðøåíèå äîêàçàòåëüñòâà àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 9.4;

á) â îáùåì ñëó÷àå f(x)
g(x) = f(x) · 1

g(x) , à äàëåå ïðèìåíèì òåîðåìó 9.2 è

ñëó÷àé à).I

Òåîðåìà 9.4. Åñëè ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b],
òî îíà áóäåò èíòåãðèðóåìîé íà ëþáîì îòðåçêå [c, d] ⊂ [a, b].

JÏî êðèòåðèþ Ðèìàíà (òåîðåìà 8.3) äëÿ ëþáîãî ε > 0 ñóùåñòâóåò
ðàçáèåíèå τ îòðåçêà [a, b] òàêîå, ÷òî Sτ −sτ < ε. Ê ðàçáèåíèþ τ äîáàâèì
äîïîëíèòåëüíûå òî÷êè c è d, òîãäà ïîëó÷èì ðàçáèåíèå τ ∗, (τ ⊂ τ ∗),
êîòîðîìó ñîîòâåòñòâóåò ðàçáèåíèå τ ′ îòðåçêà [c, d]. Òîãäà (òåîðåìà 7.2)
sτ 6 sτ∗ 6 Sτ∗ 6 Sτ è Sτ∗ − sτ∗ 6 Sτ − sτ < ε.

Íî Sτ ′−sτ ′ 6 Sτ∗−sτ∗, ïîñêîëüêó êàæäîå íåîòðèöàòåëüíîå ñëàãàåìîå
òèïà (Mk −mk)∆xk > 0 â âûðàæåíèè Sτ ′ − sτ ′ áóäåò âõîäèòü â êà÷åñòâå
ñëàãàåìîãî è â âûðàæåíèå Sτ∗ − sτ∗.

Òàêèì îáðàçîì, äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ðàçáèåíèå τ ′ îòðåçêà
[c, d] òàêîå, ÷òî Sτ ′ − sτ ′ < ε, çíà÷èò (äîñòàòî÷íîå óñëîâèå êðèòåðèÿ
Ðèìàíà), f(x) èíòåãðèðóåìà íà [a, b]. I

Òåîðåìà 9.5 (ñâîéñòâî àääèòèâíîñòè). Ïóñòü a < c < b. Åñëè

ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêàõ [a, c] è [c, b], òî îíà èíòåãðè-
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ðóåìà è íà îòðåçêå [a, b], ïðè÷åì

b∫
a

f(x)dx =

c∫
a

f(x)dx+

b∫
c

f(x)dx. (9.1)

JÄëÿ ëþáîãî ÷èñëà ε > 0 ñóùåñòâóþò òàêèå ðàçáèåíèÿ τ1 è τ2 ñîîò-
âåòñòâåííî îòðåçêîâ [a, c] è [c, b], ÷òî Sτ1 − sτ1 < ε

2 è Sτ2 − sτ2 < ε
2 .

Ôóíêöèÿ f(x) îãðàíè÷åíà íà îòðåçêàõ [a, c] è [c, b] (ñëåäóåò èç íåîáõî-
äèìîãî óñëîâèÿ èíòåãðèðóåìîñòè f(x) íà óêàçàííûõ îòðåçêàõ), ïîýòîìó
îíà áóäåò îãðàíè÷åííîé è íà [a, b] � îáúåäèíåíèè óêàçàííûõ âûøå îòðåç-
êîâ. Îáúåäèíèì ðàçáèåíèÿ τ1 è τ2, ïîëó÷èì ðàçáèåíèå τ îòðåçêà [a, b].
Òîãäà

Sτ − sτ = (Sτ1 + Sτ2)− (sτ1 + sτ2) = (Sτ1 − sτ1) + (Sτ2 − sτ2) <
ε

2
+
ε

2
= ε.

Ïî äîñòàòî÷íîìó óñëîâèþ êðèòåðèÿ Ðèìàíà (òåîðåìà 8.3) ôóíêöèÿ
f(x) áóäåò èíòåãðèðóåìîé íà îòðåçêå [a, b]. Êðîìå òîãî, äëÿ ñóìì Ðèìàíà
ôóíêöèè f(x) ñîîòâåòñòâåííî íà îòðåçêàõ [a, b], [a, c] è [c, b] ñïðàâåäëèâî
ðàâåíñòâî στ = στ1 + στ2, à äëÿ ðàçáèåíèé � íåðàâåíñòâà: λτ1 6 λτ è
λτ2 6 λτ . Ïåðåõîäèì ê ïðåäåëó â ïîñëåäíåì ðàâåíñòâå ïðè λτ → +0
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(òîãäà è λτ1 → +0, è λτ2 → +0) è ïîëó÷èì ðàâåíñòâî

b∫
a

f(x)dx =

c∫
a

f(x)dx+

b∫
c

f(x)dx. I

Çàìå÷àíèå 9.1. Ðàâåíñòâî àääèòèâíîñòè 9.1 ñîõðàíÿåòñÿ ïðè ëþáîì
ðàñïîëîæåíèè òî÷åê a, b è c äðóã îòíîñèòåëüíî äðóãà, ëèøü áû ôóíêöèÿ
áûëà èíòåãðèðóåìà íà ìèíèìàëüíîì îòðåçêå, ñîäåðæàùåì ýòè òî÷êè.

Åñëè òî÷êà c ëåæèò âíå îòðåçêà [a, b], òî îòðåçîê [a, b] åñòü ÷àñòü
îòðåçêà [a, c] (èëè [c, b]) è ïîýòîìó, â ñèëó òåîðåìû 9.4, ôóíêöèÿ f(x)
èíòåãðèðóåìà íà [a, b]. Ðàññìîòðèì ñëó÷àé a < b < c. Òîãäà

b∫
a

f(x)dx+

c∫
b

f(x)dx =

c∫
a

f(x)dx.

Îòñþäà, èñïîëüçóÿ (6.6), ìû îïÿòü ïîëó÷èì (9.1). Ëåãêî óáåäèòüñÿ â
ñïðàâåäëèâîñòè ýòîãî ñîîòíîøåíèÿ è ïðè c < a < b.



211

9.2. Ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà, ñâÿçàííûå ñ
íåðàâåíñòâàìè

Òåîðåìà 9.6. Åñëè ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b] è

äëÿ ëþáûõ x ∈ [a, b] f(x) > 0, òî
b∫
a

f(x)dx > 0.

JÁåðåì ëþáîå ðàçáèåíèå τ è ëþáóþ òî÷êó xk ∈ [xk−1, xk] (k= 1, n).

Ïîëó÷àåì èíòåãðàëüíûå ñóììû Ðèìàíà στ =
n∑
k=1

f(xk)∆xk> 0. Èñïîëü-

çóÿ àíàëîã òåîðåìû î ïðåäåëüíîì ïåðåõîäå â íåðàâåíñòâàõ [12, òåîðåìà
8.3], ïîëó÷àåì:

lim
λτ→0

στ =

b∫
a

f(x)dx. I

Ñëåäñòâèå 9.1. Åñëè ôóíêöèè f(x) è g(x) èíòåãðèðóåìû íà îòðåç-

êå [a, b], a äëÿ ëþáûõ x ∈ [a, b] f(x) > g(x), òî

b∫
a

f(x)dx >

b∫
a

g(x)dx.

J Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî ïðèìåíèòü òåîðåìó 9.6 äëÿ
ôóíêöèè ϕ(x) = f(x)− g(x) è èñïîëüçîâàòü ñâîéñòâî ëèíåéíîñòè.I
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Ñëåäñòâèå 9.2. Åñëè ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b],
à äëÿ ëþáûõ x ∈ [a, b] f(x) > 0 è ñóùåñòâóåò x0 ∈ [a, b], â êîòîðîé f(x)

íåïðåðûâíà è èìååò ìåñòî íåðàâåíñòâî f(x0) > 0, òî
b∫
a

f(x)dx > 0.

J lim
x→x0

f(x) = f(x0) >
f(x0)

2 > 0. Èñïîëüçóÿ òåîðåìó î ñîõðàíåíèè

ôóíêöèåé çíàêà ïðåäåëà [12, òåîðåìà 8.2], ïîëó÷èì:

∃ U(x0, δ) ∀ x ∈ U(x0, δ) f(x) >
f(x0)

2
> 0.

Âîçüìåì [α, β] ⊂ U(x0, δ), òîãäà

b∫
a

f(x)dx =

α∫
a

f(x)dx+

β∫
α

f(x)dx+

b∫
β

f(x)dx >

>

β∫
α

f(x)dx >

β∫
α

f(x0)

2
dx =

f(x0)

2
(β − α) > 0. I

Ñëåäñòâèå 9.3. Åñëè ôóíêöèè f(x) è g(x) èíòåãðèðóåìû íà îòðåç-

êå [a, b], à äëÿ ëþáûõ x ∈ [a, b] f(x) > g(x), è íàéäåòñÿ òî÷êà x0 ∈ [a, b],
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â êîòîðîé ôóíêöèè f(x) è g(x) íåïðåðûâíû è èìååò ìåñòî íåðàâåí-

ñòâî f(x0) > g(x0), òî

b∫
a

f(x)dx >

b∫
a

g(x)dx.

JÏðèìåíÿÿ äëÿ ôóíêöèè ϕ(x) = f(x)−g(x) ñëåäñòâèå 9.2 è ñâîéñòâî
ëèíåéíîñòè, äîêàæåì ñïðàâåäëèâîñòü óòâåðæäåíèÿ ñëåäñòâèÿ.I

Çàìå÷àíèå 9.2. Åñëè âûïîëíÿþòñÿ óñëîâèÿ ñëåäñòâèÿ 9.2, çà èñêëþ-
÷åíèåì óñëîâèÿ íåïðåðûâíîñòè â òî÷êå x0, òî çàêëþ÷åíèå ñëåäñòâèÿ â
îáùåì ñëó÷àå íå âûïîëíÿåòñÿ. Íàïðèìåð, ôóíêöèÿ

f(x) =

{
0, x ∈

(
0, π2
)
,

sinx, x = 0 èëè x = π
2 ,

èíòåãðèðóåìà íà îòðåçêå
[
0, π2
]
(îíà êóñî÷íî-íåïðåðûâíà íà ýòîì îòðåç-

êå) è ïðèíèìàåò íà íåì íåîòðèöàòåëüíûå çíà÷åíèÿ, ïðè÷åì f
(
π
2

)
= 1.

Íî â òî÷êå x = π
2 ôóíêöèÿ ðàçðûâíà è, êàê ïîäòâåðæäåíèå íàøåãî âû-

âîäà,

π
2∫

0

f(x)dx = 0 (ñìîòðèòå ñëåäñòâèå 8.3).
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Òåîðåìà 9.7. Åñëè ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b],
òî è ôóíêöèÿ |f(x)| èíòåãðèðóåìà íà ýòîì îòðåçêå è∣∣∣∣∣∣

b∫
a

f(x)dx

∣∣∣∣∣∣ 6
b∫

a

|f(x)| dx. (9.2)

JÈç íåðàâåíñòâà ||f(x)| − |f(x′)|| 6 |f(x)− f(x′)| âûòåêàåò íåðàâåí-
ñòâî ω (|f |) 6 ω (f) äëÿ êîëåáàíèé íà ëþáîì îòðåçêå [α, β] ⊂ [a, b]. Ñëå-
äîâàòåëüíî, äëÿ ëþáîãî ðàçáèåíèÿ

n∑
k=1

ω (|f |) ∆xk 6
n∑
k=1

ω (f) ∆xk.

Îòñþäà è èç òåîðåìû 7.6 ñëåäóåò èíòåãðèðóåìîñòü |f(x)|. Íåðàâåíñòâî
(9.2) ïîëó÷àåòñÿ ïðåäåëüíûì ïåðåõîäîì ïðè λτ → +0 â î÷åâèäíîì íåðà-
âåíñòâå ∣∣∣∣∣

n∑
k=1

f(xk)∆xk

∣∣∣∣∣ 6
n∑
k=1

|f(xk)|∆xk. I

Çàìå÷àíèå 9.3. Åñëè a > b, òî, ïðèìåíÿÿ íåðàâåíñòâî (9.2) äëÿ
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èíòåãðàëà
a∫
b

f(x)dx, ïîëó÷èì:

∣∣∣∣∣∣
b∫

a

f(x)dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a∫
b

f(x)dx

∣∣∣∣∣∣ 6
a∫
b

|f(x)| dx =

= −
b∫

a

|f(x)| dx =

∣∣∣∣∣∣
b∫

a

|f(x)| dx

∣∣∣∣∣∣ .
Òåîðåìà 9.8. Åñëè ôóíêöèè f(x) è g(x) èíòåãðèðóåìû íà îòðåçêå

[a, b], äëÿ ëþáûõ x ∈ [a, b] g(x) > 0, àM = sup
x∈[a,b]

{f(x)},m = inf
x∈[a,b]

{f(x)},

òî ñïðàâåäëèâî íåðàâåíñòâî

m

a∫
b

g(x)dx 6

a∫
b

f(x)g(x)dx 6M

a∫
b

g(x)dx. (9.3)

J ∀ x ∈ [a, b] m 6 f(x) 6M, mg(x) 6 f(x)g(x) 6Mg(x).

Ïðèìåíèâ ñëåäñòâèå 9.1, ñ ó÷åòîì ñâîéñòâ îá èíòåãðèðóåìîñòè ïðîèç-
âåäåíèÿ è ëèíåéíîñòè, äîêàæåì ñïðàâåäëèâîñòü íåðàâåíñòâà (9.3).I
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9.3. Èíòåãðèðîâàíèå ÷åòíûõ, íå÷åòíûõ, ïåðèîäè÷åñêèõ
ôóíêöèé

Òåîðåìà 9.9. Åñëè ôóíêöèÿ f(x) ÷åòíàÿ íà îòðåçêå [−a, a] (a> 0)
è èíòåãðèðóåìà íà îòðåçêå [0, a], òî îíà áóäåò èíòåãðèðóåìîé íà îò-

ðåçêå [−a, a] è

a∫
−a

f(x)dx = 2

a∫
0

f(x)dx = 2

0∫
−a

f(x)dx.

JÑíà÷àëà äîêàæåì, ÷òî ñóùåñòâóåò
0∫
−a
f(x)dx =

a∫
0

f(x)dx. Âîçüìåì

ëþáîå ðàçáèåíèå τ1 îòðåçêà [0, a] è ñîñòàâèì èíòåãðàëüíûå ñóììû

στ1 = στ1(f, xk) =
m∑
k=1

f(xk)∆xk.

Ïðåîáðàçîâàíèå ñèììåòðèè îòíîñèòåëüíî îñè Oy ïåðåâîäèò èõ â ðàâ-
íûå èíòåãðàëüíûå ñóììû ïî îòðåçêó [−a, 0] è íàîáîðîò. Òîãäà èìååì
ñîîòâåòñòâóþùóþ èíòåãðàëüíóþ ñóììó Ðèìàíà äëÿ îòðåçêà [−a, 0]:

στ2 = στ2(f, (−xk)) =
m∑
k=1

f(−xk)∆x′k, ∆x′k = x′k − x′k−1,
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ïðè÷åì στ2 = στ1 è λτ2 = λτ1.
Ïåðåéäåì ê ïðåäåëó â ðàâåíñòâå στ2 = στ1 ïðè λτ1 → 0 ⇔ λτ2 → 0:

lim
λτ1→0

σ
τ1

= =
a∫
0

f(x)dx, à òîãäà ñóùåñòâóåò lim
λτ2→0

στ2 =
0∫
−a
f(x)dx,

ïðè÷åì lim
λτ1→0

στ1 = lim
λτ2→0

στ2, çíà÷èò, è
a∫
0

f(x)dx =
0∫
−a
f(x)dx. À òîãäà

(ñâîéñòâî àääèòèâíîñòè èíòåãðàëà)

∃
a∫

−a

f(x)dx =

0∫
−a

f(x)dx+

a∫
0

f(x)dx = 2

a∫
0

f(x)dx = 2

0∫
−a

f(x)dx. I

Çàìå÷àíèå 9.4. Åñëè ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b]
(0 6 a < b), äëÿ ëþáûõ x ∈ [−b,−a] g(x) = f(−x), òî f(x) áóäåò

èíòåãðèðóåìîé íà îòðåçêå [−b,−a] è
−a∫
−b
g(x)dx =

b∫
a

f(x)dx.

JÔóíêöèÿ

µ(x) =


f(x), a 6 x 6 b,
g(x), −b 6 x 6 −a,
0, −a < x < a
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÷åòíàÿ íà [−b, b], òîãäà (òåîðåìà 9.9) ñóùåñòâóåò

b∫
−b

µ(x)dx = 2

b∫
0

µ(x)dx = 2

0∫
−b

µ(x)dx,

çíà÷èò,

∃
0∫
−b

µ(x)dx =

−a∫
−b

g(x)dx+

0∫
−a

0 · dx =

0∫
−b

g(x)dx =

=

b∫
0

µ(x)dx =

a∫
0

0 · dx+

b∫
a

f(x)dx =

b∫
a

f(x)dx. I

Òåîðåìà 9.10. Åñëè ôóíêöèÿ f(x) íå÷åòíàÿ íà îòðåçêå [−a, a] (a> 0)
è èíòåãðèðóåìà íà îòðåçêå [0, a], òî îíà áóäåò èíòåãðèðóåìîé íà îò-

ðåçêå [−a, 0],
0∫
−a
f(x)dx = −

a∫
0

f(x)dx, à çíà÷èò,
a∫
−a
f(x)dx = 0.

JÄîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 9.9,
ñ ó÷åòîì òîãî, ÷òî στ2 = −στ1. I

Òåîðåìà 9.11. Åñëè ôóíêöèÿ f(x) ñ îáëàñòüþ îïðåäåëåíèÿ D(f) ïå-
ðèîäè÷åñêàÿ ñ ïåðèîäîì T 6= 0 è èíòåãðèðóåìà íà [a, a+ T ] ⊂ ⊂ D(f),
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òî äëÿ ëþáîãî b ∈ D(f), òàêîãî, ÷òî [b, b+ T ] ⊂ D(f), ñóùåñòâóåò
b+T∫
b

f(x)dx =
a+T∫
a

f(x)dx.

J Äëÿ ëþáîãî b ∈ D(f) ñóùåñòâóåò òàêîå n ∈ Z, ÷òî

a+ nT 6 b < a+ (n+ 1)T.

Òîãäà

a+ (n+ 1)T 6 b+ T < a+ (n+ 2)T ⇔ a 6 b− nT < a+ T.

Åñëè ñóùåñòâóåò
a+T∫
a

f(x)dx, òî ñóùåñòâóþò

I1 =

b−nT∫
a

f(x)dx è I2 =

a+T∫
b−nT

f(x)dx

(òåîðåìà 9.4). Íî òîãäà áóäóò ñóùåñòâîâàòü è èíòåãðàëû (à òàêæå ñïðà-
âåäëèâû ðàâåíñòâà):

b+T∫
a+(n+1)T

f(x)dx =

b−nT∫
a

f(x)dx,

a+(n+1)T∫
b

f(x)dx =

a+T∫
b−nT

f(x)dx
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(èñïîëüçóåòñÿ ìåòîä äîêàçàòåëüñòâà, àíàëîãè÷íûé èñïîëüçîâàííîìó ïðè
äîêàçàòåëüñòâå òåîðåìå 9.9, íî âìåñòî ñèììåòðèè ïðèìåíÿåòñÿ ñäâèã ïî
îñè Îõ íà âåêòîð äëèíîé |mT |, m ∈ Z).

Ñëîæèâ ïîñëåäíèå ðàâåíñòâà è ïðèìåíèâ ñâîéñòâî àääèòèâíîñòè, ïî-
ëó÷èì:

b+T∫
b

f(x)dx =

a+T∫
a

f(x)dx. I

9.4. Òåîðåìû î ñðåäíåì çíà÷åíèè äëÿ îïðåäåëåííîãî
èíòåãðàëà

9.4.1. Ïåðâàÿ òåîðåìà î ñðåäíåì çíà÷åíèè

Ëåììà 9.1. Åñëè ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b],M,m

� ñîîòâåòñòâåííî òî÷íàÿ âåðõíÿÿ è òî÷íàÿ íèæíÿÿ ãðàíè ôóíêöèè

f(x) íà îòðåçêå [a, b], òî ñóùåñòâóåò µ ∈ [m,M ], ÷òî

b∫
a

f(x)dx = µ(b− a). (9.4)
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JÈñïîëüçóåì íåðàâåíñòâî (9.3) ïðè g(x) = 1:

m(b− a) 6

b∫
a

f(x)dx 6M(b− a)⇔ m 6
1

b− a

b∫
a

f(x)dx 6M.

Â êà÷åñòâå µ áåðåì ÷èñëî 1
b−a

b∫
a

f(x)dx. I

Òåîðåìà 9.12 (ïåðâàÿ òåîðåìà î ñðåäíåì). Åñëè ôóíêöèÿ f(x)
íåïðåðûâíà íà îòðåçêå [a, b], òî ñóùåñòâóåò c ∈ [a, b], ÷òî

b∫
a

f(x)dx = f(c)(b− a). (9.5)

JÅñëè f(x) � íåïðåðûâíà íà îòðåçêå [a, b], òî (òåîðåìà Âåéåðøòðàññà
î äîñòèæåíèè íåïðåðûâíîé íà îòðåçêå ôóíêöèåé ñâîèõ òî÷íûõ ãðàíèö
[12, òåîðåìà 13.5]) ñóùåñòâóþò p, q ∈ [a, b], ÷òî f(p) = m è f(q) = M .
Êðîìå òîãî, E(f) = [m,M ]. Ïîýòîìó (ñìîòðè [12, òåîðåìà 13.2]), óêàçàí-
íîå â ëåììå 9.1 ÷èñëî µ åñòü çíà÷åíèå ôóíêöèè f(x) â íåêîòîðîé òî÷êå
c ∈ [a, b] . I

Çàìå÷àíèå 9.5. Â çàêëþ÷åíèè òåîðåìû 9.12 ìîæíî ñäåëàòü óòî÷íå-

íèå, à èìåííî: ñóùåñòâóåò c ∈ (a, b), ÷òî
b∫
a

f (x) dx = f (c) (b− a).
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Çàìå÷àíèå 9.6. Ðàâåíñòâî (9.5) íàçûâàþò ïåðâîé ôîðìóëîé ñðåä-
íåãî çíà÷åíèÿ äëÿ îïðåäåëåííîãî èíòåãðàëà.

9.4.2. Ïåðâàÿ òåîðåìà î ñðåäíåì çíà÷åíèè â îáùåì âèäå

Ëåììà 9.2. Ïóñòü ôóíêöèè f(x) è g(x) èíòåãðèðóåìû íà

îòðåçêå [a, b] ; m = inf
x∈[a,b]

{f (x)}, M = sup
x∈[a,b]

{f (x)}, à ôóíêöèÿ g(x) íå

ìåíÿåò çíàê íà [a, b] (äëÿ ëþáîé òî÷êè x ∈ [a, b] g(x) > 0 èëè g(x) < 0).
Òîãäà ñóùåñòâóåò òàêîå ÷èñëî µ ∈ [m,M ], ÷òî

b∫
a

f(x)g(x)dx = µ

b∫
a

g(x)dx. (9.6)

JÄîêàçàòåëüñòâî ëåììû 9.2 ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó
ëåììû 9.1.I

Òåîðåìà 9.13. Åñëè ôóíêöèÿ f(x) íåïðåðûâíà, à ôóíêöèÿ g(x) èí-
òåãðèðóåìà íà îòðåçêå [a, b], ïðè÷åì g(x) íå ìåíÿåò çíàê íà ýòîì

îòðåçêå, òî ñóùåñòâóåò ξ ∈ (a, b), ÷òî

b∫
a

f(x)g(x)dx = f(ξ)

b∫
a

g(x)dx. (9.7)
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JÒî, ÷òî ñóùåñòâóåò òî÷êà ξ ∈ [a, b], äëÿ êîòîðîé âûïîëíÿåòñÿ ðà-
âåíñòâî (9.7), î÷åâèäíî (äîêàçûâàåòñÿ òàê æå, êàê è ïðè äîêàçàòåëüñòâå
òåîðåìû 9.12). Äîêàæåì, ÷òî ξ ∈ (a, b). Òàê êàê âûïîëíÿþòñÿ óñëîâèÿ
ëåììû 9.2, òî ñïðàâåäëèâî è åå çàêëþ÷åíèå (ôîðìóëà (9.6)). Âîçìîæíû
òðè ñëó÷àÿ: 1) m < µ < M ; 2) µ = m; 3) µ = M .

1) m < µ < M . Óñëîâèÿ òåîðåìû Âåéåðøòðàññà î äîñòèæåíèè íåïðå-
ðûâíîé íà îòðåçêå ôóíêöèåé ñâîèõ òî÷íûõ ãðàíèö [12, òåîðåìà 13.4]
âûïîëíÿþòñÿ, ïîýòîìó ñóùåñòâóþò òàêèå α, β ∈ [a, b], ÷òî f(α) = m,
f(β) = M . Äàëåå, ïî òåîðåìå Áîëüöàíî � Êîøè î ïðîìåæóòî÷íûõ çíà-
÷åíèÿõ íåïðåðûâíîé íà [α, β] ôóíêöèè [12, òåîðåìà 13.2],

∀ µ ∈ (f(α), f(β)) = (m,M) ∃ ξ ∈ (α, β) ∈ (a, b) f(ξ) = µ.

Òåîðåìà â ýòîì ñëó÷àå äîêàçàíà (îñòàëîñü â ôîðìóëó (9.6) âìåñòî µ

ïîäñòàâèòü f(ξ));
2) µ = M . Òîãäà ôîðìóëà 9.6 ïðèìåò âèä

b∫
a

f(x)g(x)dx = M

b∫
a

g(x)dx⇔
b∫

a

(M − f(x))g(x)dx = 0. (9.8)

Î÷åâèäíî, ÷òî
b∫
a

g(x)dx = lim
ε→+0

b−ε∫
a+ε

g (x) dx. Äîêàæåì ýòî. Âî-ïåðâûõ,

ñóùåñòâóåò òàêîå c > 0, ÷òî äëÿ ëþáûõ x ∈ [a, b] |g(x)| 6 c (íåîáõîäèìîå
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óñëîâèå èíòåãðèðóåìîñòè g(x)). Òîãäà∣∣∣∣∣∣
b∫

a

g(x)dx−
b−ε∫

a+ε

g(x)dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a+ε∫
a

g(x)dx+

b∫
b−ε

g(x)dx

∣∣∣∣∣∣ 6 2cε, 0 < ε < b− a.

Óòâåðæäåíèå äîêàçàíî.

Åñëè
b∫
a

g(x)dx = 0, òî èç (9.6) ñëåäóåò, ÷òî
b∫
a

f(x)g(x)dx = 0. Çíà÷èò, â

ýòîì ñëó÷àå (9.7) âûïîëíÿåòñÿ äëÿ ëþáîãî ξ ∈ (a, b). Ïóñòü
b∫
a

g(x)dx 6= 0.

Äëÿ îïðåäåëåííîñòè âîçüìåì g (x) > 0 íà [a, b]. Òîãäà
b∫
a

g(x)dx > 0,

ïîýòîìó ñóùåñòâóåò òàêîå ε0, δ < ε0 < b− a, ÷òî
b−ε0∫
a+ε0

g (x) dx > 0.

Íà îñíîâàíèè òåîðåìû î ñîõðàíåíèè ôóíêöèåé çíàêà ïðåäåëà [12, òåî-
ðåìà 8.2]:

ϕ (ε) =

b−ε∫
a+ε

g (x) dx, lim
ε→+0

ϕ (ε) = ϕ (0) > 0,

çíà÷èò, ñóùåñòâóåò òàêîå δ > 0, ÷òî äëÿ ëþáîãî ε0 ∈ (0, δ) ϕ (ε0) > 0.
Ïðåäïîëîæèì, ÷òî íå ñóùåñòâóåò ξ ∈ (a, b), äëÿ êîòîðîé f (ξ) = M .
Òîãäà M − f (x) > 0 íà (a, b), à çíà÷èò, è íà [a+ ε0, b− ε0].
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M − f (x) > min
x∈[a+ε0,a−ε0]

(M − f (x)) = M − f (x0) > 0,

ïîýòîìó

b∫
a

(M − f (x)) g (x) dx >

b−ε0∫
a+ε0

(M − f (x)) g (x) dx >

> (M − f (x0))

b−ε0∫
a+ε0

g (x) > 0.

Ýòî ïðîòèâîðå÷èò ðàâåíñòâó 9.8.
Äîêàçàòåëüñòâî äëÿ ñëó÷àÿ µ = M ïîëó÷åíî, àíàëîãè÷íî ðàññìàòðè-

âàåòñÿ è ñëó÷àé µ = m. I

9.5. Íåðàâåíñòâà Ãåëüäåðà1, Ìèíêîâñêîãî2, Êîøè �
Áóíÿêîâñêîãî3

Ïóñòü ôóíêöèè f(x) è g(x) îïðåäåëåíû è èíòåãðèðóåìû íà îòðåç-
êå [a, b]; p � ëþáîå ôèêñèðîâàííîå äåéñòâèòåëüíîå ÷èñëî èç èíòåðâàëà

1Õåëüäåð Ëþäâèã Îòòî (1859�1937) � íåìåöêèé ìàòåìàòèê.
2Ãåðìàí Ìèíêîâñêèé (1864�1909) � íåìåöêèé ìàòåìàòèê.
3Â.ß. Áóíÿêîâñêèé (1804�1889) � ðóññêèé ìàòåìàòèê.
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(1; +∞), à ÷èñëî q îïðåäåëÿåòñÿ ðàâåíñòâîì

1

p
+

1

q
= 1. (9.9)

Ââåäåì îáîçíà÷åíèå:

‖f‖p =

 b∫
a

|f(x)|p dx


1
p

.

Ìîæíî äîêàçàòü, ÷òî äëÿ ëþáûõ r > 0, t > 0, p > 1 è q, îïðåäåëåííîãî
ðàâåíñòâîì (9.9), ñïðàâåäëèâî íåðàâåíñòâî

rt 6
rp

p
+
tq

q
(9.10)

(äëÿ äîêàçàòåëüñòâà ôóíêöèþ f(x) = x
1
p − x

p , x > 0, èññëåäîâàòü íà íàè-

áîëüøåå çíà÷åíèå � îíà äîñòèãàåò åãî â òî÷êå x = 1: f(1) = 1− 1
p = 1

q

)
.

Òàêèì îáðàçîì, äëÿ âñåõ x > 0 áóäåò x
1
p− x

p 6
1
q . Âçÿâ â ïîñëåäíåì ðàâåí-

ñòâå x = rp

tq è óìíîæèâ ëåâóþ è ïðàâóþ ÷àñòè íà rq, ïîëó÷èì íåðàâåíñòâî
(9.10). Ïðè t = 0 íåðàâåíñòâî î÷åâèäíî.

Âîçüìåì r = |f(x)|
‖f‖p

, t = |g(x)|
‖g‖q

, x ∈ [a, b]. Ïîäñòàâèâ â (9.10) çíà÷åíèÿ r

è t, ïðîèíòåãðèðóåì ëåâóþ è ïðàâóþ ÷àñòè ïîëó÷åííîãî íåðàâåíñòâà ïî
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îòðåçêó [a, b]. Ïîëó÷èì òàê íàçûâàåìîå íåðàâåíñòâî Ãåëüäåðà

b∫
a

|f(x)g(x)| dx 6 ‖f‖p ‖g‖q . (9.11)

Çàìå÷àíèå 9.7. Åñëè â íåðàâåíñòâå Ãåëüäåðà (9.11) âçÿòü p = q = 2,
òî ïîëó÷èì òàê íàçûâàåìîå íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî:

b∫
a

|f(x)g(x)| dx 6

√√√√√ b∫
a

|f(x)|2 dx ·

√√√√√ b∫
a

|g(x)|2 dx. (9.12)

Ïðè óêàçàííûõ âûøå óñëîâèÿõ ñïðàâåäëèâî íåðàâåíñòâî Ìèíêîâñêî-
ãî: b∫

a

|f(x) + g(x)|p


1
p

6

 b∫
a

|f(x)|p dx


1
p

+

 b∫
a

|g(x)|p dx


1
p

. (9.13)

J

b∫
a

|f(x) + g(x)|p dx =

b∫
a

|f(x) + g(x)| |f(x) + g(x)|p−1 6
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6

b∫
a

|f(x)| |f(x) + g(x)|p−1 dx+

b∫
a

|g(x)| |f(x) + g(x)|p−1 dx.

Ïðèìåíèâ äëÿ êàæäîãî èç ñëàãàåìûõ ïðàâîé ÷àñòè ïîñëåäíåãî íåðà-
âåíñòâà íåðàâåíñòâî Ãåëüäåðà, ïîëó÷èì:

b∫
a

|f(x) + g(x)|p dx 6


 b∫

a

|f(x)|p dx


1
p

+

 b∫
a

|g(x)|p dx


1
p

×

×

 b∫
a

|f(x) + g(x)|p dx


1
q

. (9.14)

Åñëè I =
b∫
a

|f(x) + g(x)|p dx = 0, òî íåðàâåíñòâî 9.13 î÷åâèäíî. Ïðè

I 6= 0 äåëèì ëåâóþ è ïðàâóþ ÷àñòè íåðàâåíñòâà 9.14 íà I 6= 0 è ïîëó÷àåì
íåðàâåíñòâî Ìèíêîâñêîãî.I

Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Ñôîðìóëèðóéòå îñíîâíûå ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà, ñâÿ-
çàííûå ñ ðàâåíñòâàìè.



229

2. Ñôîðìóëèðóéòå îñíîâíûå ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà, ñâÿ-
çàííûå ñ íåðàâåíñòâàìè.

3. Ñôîðìóëèðóéòå òåîðåìû îá èíòåãðèðîâàíèè ÷åòíûõ, íå÷åòíûõ è
ïåðèîäè÷åñêèõ ôóíêöèé è äîêàæèòå èõ.

4. Ñôîðìóëèðóéòå òåîðåìû î ñðåäíåì äëÿ îïðåäåëåííîãî èíòåãðàëà.

5. Çàïèøèòå èíòåãðàëüíûå íåðàâåíñòâà Ãåëüäåðà, Ìèíêîâñêîãî è Êî-
øè � Áóíÿêîâñêîãî.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 7

Âû÷èñëåíèå èíòåãðàëà Ðèìàíà ïî îïðåäåëåíèþ.
Ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà

Çàäàíèå 1. Äîêàçàòü ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè, ÷òî

n∑
k=1

k3 = 13 + 23 + . . .+ n3 =

[
n(n+ 1)

2

]2

. (9.15)

JÏðè n = 1 ðàâåíñòâî, î÷åâèäíî, âûïîëíÿåòñÿ, òàê êàê 13 =
(

1·2
2

)2
.

Ïðåäïîëîæèì, ÷òî ðàâåíñòâî ñïðàâåäëèâî ïðè n = m. Òîãäà:

m+1∑
k=1

k3 =
m∑
k=1

k3 + (m+ 1)3 =

[
m(m+ 1)

2

]2

+ (m+ 1)3 =
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= (m+ 1)2

(
m2

4
+m+ 1

)
=

[
(m+ 1)(m+ 2)

2

]2

.

Ïîýòîìó ðàâåíñòâî (9.15) ñïðàâåäëèâî è ïðè n = m+ 1. Â ñèëó ïðèí-
öèïà ìàòåìàòè÷åñêîé èíäóêöèè ðàâåíñòâî (9.15) âåðíî äëÿ âñåõ çíà÷å-
íèé n ∈ N. I

Àíàëîãè÷íî ìîæíî äîêàçàòü, ÷òî

n∑
k=1

k2 =
n(n+ 1)(2n+ 1)

6
, n ∈ N. (9.16)

Çàäàíèå 2. Âû÷èñëèòü ñóììó

S = sin
π

n
+ sin

2π

n
+ sin

3π

n
+ . . .+ sin

mπ

n
. (9.17)

JÓìíîæèì îáå ÷àñòè ðàâåíñòâà (9.17) íà 2 sin π
2n . Òàê êàê

2 sin
kπ

n
sin

π

2n
= cos

(2k − 1)π

2n
− cos

(2k + 1)π

n
,

òî

2 sin
π

2n
· S = cos

π

2n
− cos

3π

2n
+ cos

3π

2n
− cos

5π

2n
+ cos

5π

2n
− . . .−

− cos
(2m+ 1)π

2n
= cos

π

2n
− cos

(2m+ 1)π

2n
= 2 sin

(m+ 1)π

2n
sin

mπ

2n
.
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Ïîýòîìó

S =
sin (m+1)π

2n · sin mπ
2n

sin π
2n

.

Â ÷àñòíîñòè,

sin
π

n
+ sin

2π

n
+ . . .+ sin

nπ

n
=

sin (n+1)π
2n

sin π
2n

= ctg
π

2n
. I

Çàìå÷àíèå 9.8. Ïðè âû÷èñëåíèè îïðåäåëåííûõ èíòåãðàëîâ ïî îïðå-
äåëåíèþ, êðîìå äîêàçàííûõ, ïîëåçíûìè ÿâëÿþòñÿ ñëåäóþùèå ôîðìóëû:

1.
n∑
k=1

k = 1+n
2 n (ñëåäóåò èç ôîðìóëû ñóììû n ïåðâûõ ÷ëåíîâ àðèô-

ìåòè÷åñêîé ïðîãðåññèè).

2. Ôîðìóëà ñóììû n ïåðâûõ ÷ëåíîâ ãåîìåòðè÷åñêîé ïðîãðåññèè

Sn =
b1(1− qn)

1− q

(b1 6= 0 � ïåðâûé ÷ëåí ïðîãðåññèè; q 6= 0, q 6= 1 � çíàìåíàòåëü ïðîãðåññèè;
åñëè q = 1, òî Sn = nb1).

3. Sm = cos π
n + . . .+ cos mπ

n =
cos (m+1)π

2n ·cos mπ2n
sin π

2n
(äîêàçàòåëüñòâî ñïðàâåä-

ëèâîñòè ðàâåíñòâà ìîæíî ïðîâåñòè òàê æå, êàê è â çàäàíèè 2).
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4. Ïðåîáðàçîâàíèå Àáåëÿ:
n∑
k=1

akbk =
n−1∑
k=1

(ak − ak+1)Sk + anSn, ãäå

Sk =
k∑
i=1

bi, ∀n ∈ N, ak, bk ∈ R.

5. Îáîáùåíèå ïðåîáðàçîâàíèÿ Àáåëÿ:

∀n, p ∈ N
n+p∑

k=n+1

akbk =

n+p∑
k=n+1

(ak − ak+1)Bk + an+pBn+p − an+1Bn.

Çàäàíèå 3. Òåëî äâèæåòñÿ ïî ïðÿìîé ëèíèè, ïðè÷åì åãî ñêîðîñòü
v (t) â ìîìåíò âðåìåíè t ðàâíà t2 ì/ñ. Íàéòè ïóòü, ïðîéäåííûé òåëîì ñ
ìîìåíòà íà÷àëà äâèæåíèÿ (t = 0) äî ìîìåíòà t = b.

JÐàçîáüåì ïðîìåæóòîê âðåìåíè [0; b] íà n ðàâíûõ ÷àñòåé. Äëèíà
êàæäîé ÷àñòè ðàâíà b

n = ∆t, ïðè÷åì k-ÿ ÷àñòü íà÷èíàåòñÿ â ìîìåíò âðå-

ìåíè tk = kb
n è êîí÷àåòñÿ â ìîìåíò âðåìåíè tk+1 = (k+1)b

n

(
k = 0, n− 1

)
.

Ñíà÷àëà íàéäåì ïðèáëèæåííîå çíà÷åíèå ïðîéäåííîãî ïóòè. Áóäåì
ñ÷èòàòü, ÷òî â òå÷åíèå êàæäîãî ÷àñòè÷íîãî ïðîìåæóòêà âðåìåíè [tk, tk+1]
òåëî äâèæåòñÿ ñî ñêîðîñòüþ, ðàâíîé òîé, êîòîðóþ îíî èìåëî â íà÷àëå
ýòîãî ïðîìåæóòêà, òî åñòü â òå÷åíèå ïðîìåæóòêà âðåìåíè [tk, tk+1] òåëî
äâèæåòñÿ ñî ñêîðîñòü v (tk) = t2k.

Òîãäà ïóòü ∆sk, ïðîéäåííûé çà k-é ïðîìåæóòîê âðåìåíè, ïðèáëèæåí-
íî âûðàæàåòñÿ ôîðìóëîé ∆sk ≈ v (tk) ∆t = t2k∆t.
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Âåñü ïóòü s (b), ïðîéäåííûé òåëîì, ïðèáëèæåííî âûðàæàåòñÿ ñëåäó-
þùåé ñóììîé, ñîñòîÿùåé èç n ñëàãàåìûõ:

s (b) = ∆s0 +∆s1 + . . .+∆sn−1 ≈ v (t0) ∆t+v (t1) ∆t+ . . .+v (tn−1) ∆t =

= t20∆t+ t21∆t+ . . .+ t2n−1∆t. (9.18)

Òàê êàê tk = kb
n , ∆t = b

n , òî (ñ ó÷åòîì 9.16):

s (b) ≈
n−1∑
k=0

v (tk) ∆t =
n−1∑
k=0

t2k∆t =
n−1∑
k=0

(
kb

n

)2
b

n
=
b3

n3

n−1∑
k=0

k2 =

=
b3

n3

(n− 1)n (2n− 1)

6
=
b3

6

(n− 1) (2n− 1)

n2
.

×åì áîëüøå çíà÷åíèå n, òåì ìåíüøå ÷àñòè÷íûå ïðîìåæóòêè âðåìåíè
è òåì ìåíüøå îøèáêà, êîòîðóþ ìû äåëàåì, ñ÷èòàÿ äâèæåíèå â òå÷åíèå
ïðîìåæóòêîâ âðåìåíè [tk; tk+1] ðàâíîìåðíûì. Ïîýòîìó ïóòü, ïðîéäåí-
íûé òåëîì çà ïðîìåæóòîê âðåìåíè [0; b], ðàâåí ïðåäåëó ñóììû (9.18):

s (b) = lim
n→∞

n−1∑
k=0

v (tk) ∆t = lim
n→∞

n−1∑
k=0

t2k∆t = lim
n→∞

b3 (n− 1) (2n− 1)

6n2
=
b3

3
.

Ñóììà
n∑
k=0

t2k∆t ÿâëÿåòñÿ èíòåãðàëüíîé ñóììîé äëÿ îïðåäåëåííîãî

èíòåãðàëà
b∫

0

t2dt, ñîîòâåòñòâóþùåé ðàçáèåíèþ îòðåçêà [0; b]. Åñëè áû ìû
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ïîëîæèëè ñêîðîñòü, ðàâíîé ñêîðîñòè â êîíöå ñîîòâåòñòâóþùèõ îòðåç-

êîâ, òî ïîëó÷èëè áû äðóãóþ ñóììó
n−1∑
k=0

t2k+1∆t = b3

n3

n−1∑
k=0

(k + 1)2. Îäíàêî

ïðåäåë ýòîé ñóììû ïðè n → ∞ áûë áû òåì æå ñàìûì. Â ñèëó íåïðå-
ðûâíîñòè ôóíêöèè t2 íà îòðåçêå [0; b] ìîæíî óòâåðæäàòü, ÷òî óêàçàííûé
ïðåäåë íå áóäåò çàâèñåòü êàê îò ñïîñîáà ðàçáèåíèÿ îòðåçêà [0; b] íà ÷à-
ñòè, òàê è îò âûáîðà òî÷åê, çíà÷åíèÿ ôóíêöèè â êîòîðûõ ïðèíèìàþòñÿ
ðàâíûìè ñêîðîñòè òåëà íà ÷àñòè÷íûõ îòðåçêàõ (òåîðåìà 7.7).

Èòàê, ìû ïîêàçàëè, ÷òî
b∫

0

t2dt = b3

3 . Ïóòü, ïðîéäåííûé çà ïðîìåæóòîê

âðåìåíè [a; b], ðàâåí s (b) − s (a) = b3

3 −
a3

3 . Â òî æå âðåìÿ îí ðàâåí

èíòåãðàëó
b∫
a

t2dt. Ïîýòîìó
b∫
a

t2dt = b3

3 −
a3

3 .I

Çàäàíèå 4. Âû÷èñëèòü, èñõîäÿ èç îïðåäåëåíèÿ, èíòåãðàë

π
2∫

0

cosxdx.

JÐàçîáüåì îòðåçîê
[
0, π2
]
íà n ðàâíûõ ÷àñòåé òî÷êàìè

x0 = 0, x1 =
π

2n
, x2 =

2π

2n
, . . . , xn =

nπ

2n
=
π

2
.
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Äëèíà êàæäîãî ÷àñòè÷íîãî îòðåçêà ðàâíà ∆xk = xk+1 − xk = π
2n . Â

êà÷åñòâå ξk âûáåðåì ïðàâûé êîíåö k-îãî ÷àñòè÷íîãî îòðåçêà. Âû÷èñëèì
çíà÷åíèå ôóíêöèè â òî÷êàõ ξk:

cos ξ0 = cos
π

2n
, . . . , cos ξk = cos

(k + 1) π

2n
, . . . , cos ξn−1 = 0.

Ñîñòàâèì èíòåãðàëüíóþ ñóììó

Sn =
n−1∑
k=0

f (ξk) ∆xk =

=
n−1∑
k=0

cos ξk ·
π

2n
=

[
cos

π

2n
+ cos

2π

2n
+ . . .+ cos

(n− 1)π

2n

]
π

2n
.

Ýòà ñóììà âû÷èñëÿåòñÿ òî÷íî òàê æå, êàê ñóììà â çàäàíèè 2, è ðàâíà

Sn =
π sin π

4 · sin
(n−1)π

4n

2n sin π
4n

.

Íàéäåì ïðåäåë èíòåãðàëüíîé ñóììû ïðè n→∞:

lim
n→∞

Sn = lim
n→∞

n−1∑
k=0

cos ξk ·
π

2n
= lim

n→∞

π sin π
4 · sin

(n−1)π
4n

2n sin π
4n

.
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Íî lim
n→∞

2n sin π
4n = π

2 , à çíà÷èò,

lim
n→∞

Sn =
π sin2 π

4
π
2

= 1.

Â ñèëó íåïðåðûâíîñòè ôóíêöèè f(x) = cos x íà
[
0; π2
]
, ïîëó÷èì:

π
2∫

0

cosxdx = lim
n→∞

Sn = 1. I

Çàäàíèå 5. Âû÷èñëèòü, èñõîäÿ èç îïðåäåëåíèÿ, èíòåãðàë
b∫
a

xmdx,

0 < a < b, m 6= −1.
JÂûáåðåì òàêîå ðàçáèåíèå τ îòðåçêà [a, b], ÷òîáû äëèíû ÷àñòè÷íûõ

îòðåçêîâ [xk;xk+1] îáðàçîâûâàëè ãåîìåòðè÷åñêóþ ïðîãðåññèþ, è âîçüìåì
ξk = xk. Òîãäà

xk = x0q
k, k = 1, n, x0 = a, xn = b, q =

(
b

a

) 1
n

, ξk = a

(
b

a

) k
n

;

∆xk = a

(
b

a

) 1
n

((
b

a

) 1
n

− 1

)
,
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στ =
n−1∑
k=0

f(ξk)∆xk = am+1

((
b

a

) 1
n

− 1

)
n−1∑
k=0

(
b

a

)k(m+1)
n

=

=
(
bm+1 − am+1

) ( b
a

) 1
n − 1(

b
a

)m+1
n − 1

.

Òàê êàê

lim
n→∞

(
b
a

) 1
n − 1(

b
a

)m+1
n − 1

= lim
n→∞

1
n ln b

a + o
(

1
n

)
m+1
n ln b

a + o
(

1
n

) =
1

m+ 1
,

è â ñèëó íåïðåðûâíîñòè ôóíêöèè f(x) = xm íà [a; b], ïîëó÷èì:

b∫
a

xmdx = lim
n→∞

στ =
bm+1 − am+1

m+ 1
. I

Çàäàíèå 6. Îöåíèòü èíòåãðàë
1∫

0

e−x
2

dx.

J Èçâåñòíî (òåîðåìà 9.3), ÷òî åñëè ñóùåñòâóåò èíòåãðàë
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b∫
a

f(x)dx, m = inf
x∈[a;b]

{f(x)} è M = sup
x∈[a;b]

{f(x)}, òî

m (b− a) 6

b∫
a

f(x)dx 6M (b− a) . (9.19)

Ôóíêöèÿ f(x) = e−x
2

íåïðåðûâíà íà [0, 1], à çíà÷èò, è èíòåãðèðóåìà.
Èññëåäóåì ôóíêöèþ íà íàèáîëüøåå è íàèìåíüøåå çíà÷åíèå íà [0, 1]

f ′(x) = e−x
2

(−2x). (9.20)

Èç (9.20) âèäíî, ÷òî f ′(x) 6 0 íà [0, 1] è f ′(x) = 0 òîëüêî â x = 0,
ñëåäîâàòåëüíî, f(x) óáûâàåò íà [0, 1].

Çíà÷èò, fíàèá = f(0) = 1 = M , fíàèì = f(1) = e−1 = m.

Îòâåò: 1
e <

1∫
0

e−x
2

dx < 1.I

Çàäàíèå 7. Âûÿñíèòü, íå âû÷èñëÿÿ èíòåãðàëû, êàêîé èç èíòåãðàëîâ

áîëüøå:
4∫

3

lnxdx èëè
4∫

3

(lnx)2dx.

JÐàññìîòðèì ôóíêöèþ y = lnx− (lnx)2 íà [3, 4].

y′ =
1

x
− 2 lnx · 1

x
=

1

x
(1− 2 lnx) < 0 íà [3, 4]
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(lnx > ln e = 1, 2 lnx > 1, 1− 2 lnx < 0 íà [3, 4]).

Ôóíêöèÿ y óáûâàåò íà [3, 4], y(3) = ln 3− (ln 3)2 = ln 3(1− ln 3) < 0,
ïîýòîìó ln (x) − (lnx)2 < 0 è y = ln x − (lnx)2 íåïðåðûâíà íà [3, 4],
ñëåäîâàòåëüíî,

4∫
3

(
lnx− (lnx)2

)
dx < 0.

Îòâåò:
4∫

3

(lnx)2 dx >
4∫

3

lnxdx.I

Çàäàíèå 8. Äîêàæèòå ñ ïîìîùüþ íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî,

÷òî
1∫

0

√
1 + x4dx <

√
1, 2.

JÐàññìîòðèì ôóíêöèè f(x) è g(x), èíòåãðèðóåìûå íà îòðåçêå [a; b],
è ëþáîå λ 6= 0.

0 6

b∫
a

(f (x)− λg (x))2 dx =

=

b∫
a

f 2 (x) dx− 2λ

b∫
a

f (x) g (x) dx+ λ2

b∫
a

g2 (x) dx.
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Ïîñëåäíåå âûðàæåíèå ÿâëÿåòñÿ êâàäðàòè÷íûì âûðàæåíèåì îòíîñè-
òåëüíî λ. Â ñèëó íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî∣∣∣∣∣∣

b∫
a

f (x) g (x) dx

∣∣∣∣∣∣ 6
√√√√√ b∫

a

f 2 (x) dx ·

√√√√√ b∫
a

g2 (x) dx

äèñêðèìèíàíò

D

4
=

 b∫
a

f (x) g (x) dx

2

−
b∫

a

f 2 (x) dx ·
b∫

a

g2 (x) dx 6 0.

Íåðàâåíñòâî áóäåò ñòðîãèì, åñëè f (x)−λg (x) 6= 0, f(x)
g(x) 6= λ = const,

à f (x)− λg (x) � íåïðåðûâíà õîòÿ áû â îäíîé òî÷êå x ∈ [a, b].
Ó íàñ f (x) − λg (x) =

√
1 + x4 − λ 6= 0 ïðè ëþáîì λ ∈ R, λ 6= 0, è

íåïðåðûâíà íà [0, 1].

1∫
0

√
1 + x4dx <

√√√√√ 1∫
0

(1 + x4) dx ·

√√√√√ 1∫
0

dx =

√(
x+

x5

5

)∣∣∣∣1
0

=
√

1, 2. I
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Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Äîêàçàòü ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ðàâåíñòâà:

1.1
n∑
k=1

k4 =
n(n+1)(2n+1)(3n2+3n−1)

30 ;

1.2
n∑
k=1

(2k − 1)2 =
n(4n2−1)

3 ;

1.3
n∑
k=1

(2k − 1)3 = n2
(
2n2 − 1

)
;

1.4
n∑
k=1

k
(
m2 − k2

)3
= 1

4n (n+ 1)
(
2m2 − n2 − n

)
.

2. Âû÷èñëèòü ñóììó cos π
n + cos 2π

n + . . .+ cos mπ
n .

3. Âû÷èñëèòü ïóòü, ïðîéäåííûé òî÷êîé çà âðåìÿ îò t = 2 ñ äî t = 5
ñ, åñëè ñêîðîñòü v = 7t.

4. Âû÷èñëèòü ñèëó, ñ êîòîðîé âîäà, íàëèòàÿ â ñîñóä ôîðìû ïðÿìî-
óãîëüíîãî ïàðàëëåëåïèïåäà, äàâèò íà åãî áîêîâóþ ãðàíü, åñëè ðàç-
ìåðû ýòîé ãðàíè a ì â øèðèíó è b ì â ãëóáèíó.

5. Âû÷èñëèòü îáúåì òåëà, ïîëó÷àåìîãî ïðè âðàùåíèè ÷àñòè ïàðàáîëû
y = x2, 0 6 x 6 a, âîêðóã îñè àáñöèññ.

6. Òåëî äâèæåòñÿ ïî ïðÿìîé ëèíèè, ïðè÷åì íà íåãî äåéñòâóåò ñèëà
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ïðèòÿæåíèÿ, íàïðàâëåííàÿ ê íà÷àëó êîîðäèíàò è îáðàòíî ïðîïîð-
öèîíàëüíàÿ êâàäðàòó ðàññòîÿíèÿ îò ýòîãî íà÷àëà: F = − k

x2 . Âû-
÷èñëèòü ðàáîòó, çàòðà÷åííóþ íà ïåðåìåùåíèå òåëà èç òî÷êè A (a)
â òî÷êó B (b), 0 < a < b.

7. Òåëî äâèæåòñÿ ïî ïðÿìîé ëèíèè. Âû÷èñëèòü ðàáîòó, çàòðà÷åííóþ
íà ïåðåìåùåíèå òåëà ñ ìîìåíòà âðåìåíè a äî ìîìåíòà âðåìåíè b,
åñëè ìîùíîñòü äâèãàòåëÿ çàâèñèò îò âðåìåíè è âûðàæàåòñÿ ôîðìó-
ëîé W = kt3.

8. Íàéòè êîëè÷åñòâî ýëåêòðè÷åñòâà, ïðîòåêøåãî ïî ïðîâîäíèêó çà ïðî-
ìåæóòîê âðåìåíè 0 6 t 6 b, åñëè çàâèñèìîñòü ñèëû òîêà îò âðåìåíè
âûðàæàåòñÿ ôîðìóëîé I = A sin πt

2 .

9. Âû÷èñëèòå ñëåäóþùèå èíòåãðàëû, èñïîëüçóÿ îïðåäåëåíèå îïðåäå-
ëåííîãî èíòåãðàëà êàê ïðåäåëà èíòåãðàëüíûõ ñóìì:

9.1

π
2∫

0

sinxdx;

9.2
2∫

0

dx
x ;

9.3
10∫
0

2xdx;

9.4
b∫
a

ekxdx;

9.5
1∫

0

x
(
1− x2

)
dx;

9.6
e∫

1

lnxdx;

9.7
b∫
a

dx
x2 (0 < a < b) [ïîëîæèòü ξi =

√
xixi+1 (i = 0, 1, . . . , n)];
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9.8
b∫
a

lnx
x dx [ðàçáèòü îòðåçîê [a; b] íà ÷àñòè òî÷êàìè, îáðàçóþùèìè

ãåîìåòðè÷åñêóþ ïðîãðåññèþ].

10. Âû÷èñëèòü èíòåãðàë
4∫

1

x3dx ñëåäóþùèìè ñïîñîáàìè:

10.1 ðàçáèâàÿ îòðåçîê [1; 4] íà ðàâíûå ÷àñòè è âûáèðàÿ â êà÷åñòâå ξk
ëåâûå êîíöû ýòèõ ÷àñòåé;

10.2 ðàçáèâàÿ îòðåçîê [1; 4] íà ðàâíûå ÷àñòè è âûáèðàÿ â êà÷åñòâå ξk
ïðàâûå êîíöû ýòèõ ÷àñòåé;

10.3 ðàçáèâàÿ îòðåçîê [1; 4] íà ðàâíûå ÷àñòè è âûáèðàÿ â êà÷åñòâå ξk
ñåðåäèíû ýòèõ ÷àñòåé;

10.4 ðàçáèâàÿ îòðåçîê [1; 4] íà ÷àñòè òî÷êàìè x0, . . . , xn, ãäå xk = qk,
q= n
√

4, è âûáèðàÿ â êà÷åñòâå òî÷åê ξk ëåâûå êîíöû ýòèõ ÷àñòåé;

10.5 ðàçáèâàÿ îòðåçîê [1; 4] íà ÷àñòè òåìè æå òî÷êàìè, íî âûáèðàÿ
â êà÷åñòâå òî÷åê ξk ïðàâûå êîíöû ýòèõ ÷àñòåé;

10.6 ðàçáèâàÿ îòðåçîê [1; 4] íà ÷àñòè òåìè æå òî÷êàìè è âûáèðàÿ â
êà÷åñòâå òî÷åê ξk ñðåäíèå ãåîìåòðè÷åñêèå ëåâûõ è ïðàâûõ êîíöîâ
ýòèõ ÷àñòåé.

11. Îöåíèòü èíòåãðàëû:
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11.1 I =

π
2∫

0

√
1 + 1

2 sin2 xdx;

11.2
2π∫
0

dx
10+3 cosx ;

11.3
1∫

0

dx√
2+x−x2 ;

11.4
1∫

0

e−x
2

dx;

11.5
1∫

0

x6√
1+x

dx;

11.6

√
3∫

√
3
3

x arctg xdx.

12. Äîêàæèòå, ÷òî:

12.1 lim
n→∞

1∫
0

xn

1+x = 0;

12.2

π
2∫

0

e−R sinxdx > π
2R

(
1− e−R

)
(R > 0);

12.3 0, 5 <
0.5∫
0

dx√
1−x2n 6 π

6 (n > 1);

12.4 π
6 <

1∫
0

dx√
4−x2−x3 6

π
4
√

2
;

12.5 2
4
√
e
<

2∫
0

ex
2−xdx < 2e;
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12.6 2
5 <

2∫
1

xdx
x2+1 <

1
2 ;

12.7 9 <
18∫
8

x+1
x+2dx < 9, 5;

12.8 e−
1
e 6

1∫
0

xxdx 6 1.

13. Ïðîâåðèòü ñïðàâåäëèâîñòü íåðàâåíñòâà ex + e−x > 2 + x2, à çàòåì

äîêàçàòü, ÷òî 2, 33 <
1∫

0

(ex + e−x) dx < 3, 09.

14. Óáåäèâøèñü â ñïðàâåäëèâîñòè íåðàâåíñòâà x
e > lnx > 1 (x > e),

äîêàçàòü, ÷òî 0, 92 <
4∫

3

dx
3
√

lnx
< 1.

15. Âûÿñíèòü, íå âû÷èñëÿÿ èíòåãðàëû, êàêîé èç èíòåãðàëîâ áîëüøå:

15.1
1∫

0

√
1 + x2dx èëè

1∫
0

xdx;

15.2
1∫

0

x2 sin2 xdx èëè
1∫

0

x sin2 xdx;

15.3
2∫

1

lnxdx èëè
2∫

1

(lnx)2 dx;
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15.4
4∫

3

lnxdx èëè
4∫

3

(lnx)2 dx;

15.5
π∫
0

e−x cos2 xdx èëè
2π∫
π

e−x
2

cos2 xdx.

16. Ñ ïîìîùüþ íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî äîêàçàòü, ÷òî:

16.1
1∫

0

√
1 + x2

√
x3 + 1dx 6 5

3 ;

16.2
1∫

0

√
1 + x4dx <

√
1, 2;

16.3
π∫
0

x2
√

sinxdx < 2π5

5 ;

16.4
π∫
0

√
(1 + x3) sinxdx < 2π + π4

2 .
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ËÅÊÖÈß 10

Ôîðìóëà Íüþòîíà � Ëåéáíèöà

10.1. Îïðåäåëåííûé èíòåãðàë ñ ïåðåìåííûì âåðõíèì
ïðåäåëîì.

Ñóùåñòâîâàíèå ïåðâîîáðàçíîé ó íåïðåðûâíîé íà ïðîìåæóòêå
ôóíêöèè

Ïóñòü ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b]. Òîãäà îíà èíòå-
ãðèðóåìà è íà ëþáîì îòðåçêå [a, x], ãäå a 6 x 6 b, òî åñòü äëÿ ëþáîãî

x ∈ [a, b] èìååò ñìûñë èíòåãðàë
x∫
a

f(t)dt.

Ðàññìîòðèì ôóíêöèþ F (x) =
x∫
a

f(t)dt. Ýòà ôóíêöèÿ îïðåäåëåíà íà

îòðåçêå [a, b] è íàçûâàåòñÿ èíòåãðàëîì ñ ïåðåìåííûì âåðõíèì ïðå-
äåëîì. Óñòàíîâèì åå îñíîâíûå ñâîéñòâà.

Òåîðåìà 10.1. Åñëè ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b],

òî ôóíêöèÿ F (x) =
x∫
a

f(t)dt íåïðåðûâíà íà ýòîì îòðåçêå.

JÁåðåì ëþáóþ òî÷êó x ∈ [a, b] è ëþáîå ïðèðàùåíèå ∆x 6= 0 òàêîå,
÷òî x+ ∆x∈ [a, b].
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Òîãäà ∆F = F (x+ ∆x)−F (x) =
x+∆x∫
a

f(t)dt−
x∫
a

f(t)dt =
x+∆x∫
a

f(t)dt.

Ïîñêîëüêó ôóíêöèÿ f(x) èíòåãðèðóåìà íà [a, b], òî îíà îãðàíè÷åíà è
íà [x, x+ ∆x]. Èç ëåììû 9.1 ñëåäóåò, ÷òî ñóùåñòâóåò µ ∈ [mx,Mx], ÷òî

x+∆x∫
x

f(t)dt = µ∆x

(
mx = inf

x∈[x,x+∆x]
{f(x)}, Mx = sup

x∈[x,x+∆x]

{f(x)}

)
.

Çíà÷èò, ∆F (x) = µ∆x; lim
∆x→0

∆F (x) = 0. I

Òåîðåìà 10.2. Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå [a, b], òî
íà ýòîì îòðåçêå ñóùåñòâóåò ïåðâîîáðàçíàÿ ôóíêöèè f(x), è îäíîé èç

ýòèõ ïåðâîîáðàçíûõ áóäåò îïðåäåëåííûé èíòåãðàë ñ ïåðåìåííûì âåðõ-

íèì ïðåäåëîì:

∃ F ′(x) =

 x∫
a

f(t)dt

′ = f(x) ∀ x ∈ [a, b].

J Áåðåì ëþáóþ òî÷êó x ∈ [a, b] è ëþáîå ïðèðàùåíèå ∆x 6= 0
òàêîå, ÷òî x + ∆x ∈ [a, b]. Ïîëó÷èì (ñìîòðè òåîðåìó 10.1 è ïåðâóþ
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òåîðåìó î ñðåäíåì çíà÷åíèè 9.12):

∆F (x)

∆x
=

x+∆x∫
x

f(t)dt

∆x
=
f(c)∆x

∆x
= f(c);

lim
∆x→0

∆F (x)

∆x
= lim

∆x→0
c→x

f(c) = f(x).

Â ñëó÷àå, êîãäà òî÷êà x ñîâïàäàåò ñ îäíèì èç êîíöîâ îòðåçêà [a, b],
ïîä F ′(x) ñëåäóåò ïîäðàçóìåâàòü ñîîòâåòñòâóþùóþ îäíîñòîðîííþþ ïðî-
èçâîäíóþ ôóíêöèè F (x). I

Òàêèì îáðàçîì, îïåðàöèÿ èíòåãðèðîâàíèÿ ñ ïåðåìåííûì âåðõíèì ïðå-
äåëîì, ïðèìåíåííàÿ ê íåïðåðûâíîé ôóíêöèè, ïðèâîäèò ê ïåðâîîáðàçíîé
ôóíêöèè, òî åñòü ÿâëÿåòñÿ îïåðàöèåé, îáðàòíîé äèôôåðåíöèðîâàíèþ

d

dx

x∫
a

f(t)dt = f(x), a 6 x 6 b. (10.1)

Ôîðìóëà (10.1) íàçûâàåòñÿôîðìóëîé äèôôåðåíöèðîâàíèÿ îïðå-
äåëåííîãî èíòåãðàëà ïî âåðõíåìó ïðåäåëó.

Çàìå÷àíèå 10.1. Ïóñòü ôóíêöèÿ f(x) èíòåãðèðóåìà íà îòðåçêå [a, b].
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Òîãäà íà ýòîì îòðåçêå îïðåäåëåíà è ôóíêöèÿ

G(x) =

b∫
x

f(t)dt, a 6 x 6 b,

êîòîðóþ íàçûâàþò èíòåãðàëîì ñ ïåðåìåííûì íèæíèì ïðåäåëîì.
Ìîæíî ïîêàçàòü, ÷òî äëÿ ôóíêöèè G(x) ñïðàâåäëèâû òåîðåìû, àíà-

ëîãè÷íûå òåîðåìàì 10.1�10.2 äëÿ ôóíêöèè F (x). Èç ôîðìóëû (10.1)
ìîæíî ëåãêî ïîëó÷èòü è ôîðìóëó äèôôåðåíöèðîâàíèÿ ïî íèæíåìó ïðå-
äåëó.

Èç òîæäåñòâà

b∫
a

f(t)dt =

x∫
a

f(t)dt+

b∫
x

f(t)dt

èìååì

G(x) =

b∫
a

f(t)dt− F (x). (10.2)

Åñëè ôóíêöèÿ f(x) íåïðåðûâíà â òî÷êå x ∈ [a, b], òî, êàê äîêàçàíî
âûøå, ôóíêöèÿ F (x) äèôôåðåíöèðóåìà â ýòîé òî÷êå. Èç ôîðìóëû (10.2)
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ñëåäóåò, ÷òî â ýòîì ñëó÷àå ôóíêöèÿ G(x) â òî÷êå x òàêæå äèôôåðåíöè-
ðóåìà è

dG(x)

dx
= −dF (x)

dx
.

Òàêèì îáðàçîì,

d

dx

b∫
x

f(t)dt = −f(x). (10.3)

10.2. Ôîðìóëà Íüþòîíà � Ëåéáíèöà

Òåîðåìà 10.3. Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå [a, b], òî

b∫
a

f(x)dx = F (b)− F (a) = F (x)
∣∣∣b
a
, (10.4)

ãäå F (x) � ëþáàÿ èç ïåðâîîáðàçíûõ ôóíêöèè f(x) íà îòðåçêå [a, b].

JÏî òåîðåìå 10.2, èíòåãðàë ñ ïåðåìåííûì âåðõíèì ïðåäåëîì ÿâëÿåò-
ñÿ ïåðâîîáðàçíîé ôóíêöèè f(x). Ïî òåîðåìå 1.1, ñóùåñòâóåò òàêàÿ ïî-

ñòîÿííàÿ C, ÷òî F (x) =
x∫
a

f(t)dt + C, ãäå x ∈ [a, b] � ïåðåìåííàÿ òî÷êà.
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Íàéäåì C.

F (a) =

a∫
a

f(t)dt+ C = C, F (a) = C.

Òîãäà F (b) =
b∫
a

f(t)dt+ F (a),
b∫
a

f(t)dt = F (b)− F (a). I

Ôîðìóëó (10.4) íàçûâàþò ôîðìóëîé Íüþòîíà � Ëåéáíèöà.

Ïðèìåð 10.1. Íàéäèòå
1∫

0

x3dx.

J

1∫
0

x3dx =
x4

4

∣∣∣∣1
0

=
1

4
. I

10.3. Âû÷èñëåíèå îïðåäåëåííîãî èíòåãðàëà

10.3.1. Çàìåíà ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå

Òåîðåìà 10.4. Åñëè ôóíêöèÿ f(u) íåïðåðûâíà íà îòðåçêå

[a, b], ôóíêöèÿ u = ϕ(x) � íåïðåðûâíî-äèôôåðåíöèðóåìà íà îòðåçêå
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[α, β], ϕ(α) = a; ϕ(β) = b, ïðè÷åì E(ϕ)=[a, b], òî ñïðàâåäëèâà ôîðìóëà

β∫
α

f(ϕ(x))ϕ′(x)dx =

b∫
a

f(u)du. (10.5)

JÈíòåãðàëû â ëåâîé è ïðàâîé ÷àñòÿõ ðàâåíñòâà (10.5) ñóùåñòâóþò,
òàê êàê ïîäûíòåãðàëüíûå ôóíêöèè íåïðåðûâíû íà ñîîòâåòñòâóþùèõ îò-
ðåçêàõ. Åñëè f(u) � íåïðåðûâíà íà [a, b], òî íà ýòîì îòðåçêå äëÿ f(u) ñó-
ùåñòâóåò ïåðâîîáðàçíàÿ F (u) (F ′(u) = f(u) äëÿ ëþáûõ u ∈ [a, b]). Åùå
èçâåñòíî, ÷òî äëÿ ëþáûõ x ∈ [α, β] ñóùåñòâóåò ϕ′(x). Çíà÷èò, ñëîæíàÿ
ôóíêöèÿ F (ϕ(x)) áóäåò äèôôåðåíöèðóåìîé íà [α, β]

(F (ϕ(x)))′ = F ′(u)|u=ϕ(x) · ϕ
′(x) = f(u)|u=ϕ(x) · ϕ

′(x) = f(ϕ(x))ϕ′(x).

Ïîýòîìó F (ϕ(x)) áóäåò ïåðâîîáðàçíîé äëÿ g(x) = f(ϕ(x))ϕ′(x) íà
îòðåçêå [α, β], ïðè÷åì g(x) íåïðåðûâíà íà îòðåçêå êàê ïðîèçâåäåíèå äâóõ
íåïðåðûâíûõ ôóíêöèé. Îòñþäà ñëåäóåò, ÷òî

∃
β∫

α

f(ϕ(x))ϕ′(x)dx = F (ϕ(β))− F (ϕ(α)) = F (b)− F (a) =

b∫
a

f(u)du. I

Çàìå÷àíèå 10.2. Ïîðÿäîê èñïîëüçîâàíèÿ ïîäñòàíîâêè u = ϕ(x)
âî ìíîãîì àíàëîãè÷åí ïîäñòàíîâêå äëÿ íåîïðåäåëåííîãî èíòåãðàëà, íî
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ïðè ïîäñòàíîâêå â îïðåäåëåííîì èíòåãðàëå íåîáõîäèìî âû÷èñëÿòü íîâûå
ïðåäåëû èíòåãðèðîâàíèÿ, ïîýòîìó âîçðàùåíèå ê èñõîäíîé ïåðåìåííîé íå
òðåáóåòñÿ.

Ïðèìåð 10.2. Âû÷èñëèòå
1∫

0

x25−3x2dx.

J

1∫
0

x25−3x2dx =
[
d
(
5− 3x2

)
= −6xdx

]
= −1

6

1∫
0

25−3x2(−6x)dx =

=

 u = ϕ(x) = 5− 3x2 � ïîäñòàíîâêà
ϕ′(x) = −6x

f(ϕ(x)) = −1
625−3x2

∣∣∣∣∣∣
α = 0, β = 1
a = (5− 3x2)

∣∣
x=0

= 5

b = (5− 3x2)
∣∣
x=1

= 2

 =

= −1

6

1∫
0

25−3x2d(5− 3x2) = −1

6

2∫
5

2udu =
1

6

5∫
2

2udu =
1

6

2u

ln 2

∣∣∣∣5
2

=

=
1

6 ln 2
(25 − 22) =

22

6 ln 2
(8− 1) =

14

3 ln 2
. I

Ïðèìåð 10.3. Âû÷èñëèòå I =
1∫

0

x2
√

1− x2dx.
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J I =

[
x = cos t, t ∈

[
0, π2
]
,
√

1− x2 =
√

1− cos2 t = sin t,
t = arccosx, tí = π

2 , tâ = 0, x2 = cos2 t, dx = − sin tdt

]
=

= −
0∫

π
2

cos2 t · sin2 tdt =

π
2∫

0

sin2 2t

4
dt =

π
2∫

0

1− cos 4t

8
dt =

=

π
2∫

0

dt

8
− 1

8

π
2∫

0

cos 4tdt =
π

16
. I

10.3.2. Èíòåãðèðîâàíèå ïî ÷àñòÿì â îïðåäåëåííîì èíòåãðà-
ëå

Òåîðåìà 10.5. Åñëè ôóíêöèè u = u(x) è v = v(x) íåïðåðûâíî-

äèôôåðåíöèðóåìû íà îòðåçêå [a, b], òî ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà
èíòåãðèðîâàíèÿ ïî ÷àñòÿì äëÿ îïðåäåëåííûõ èíòåãðàëîâ:

b∫
a

udv = uv
∣∣∣b
a
−

b∫
a

vdu. (10.6)
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JÂî-ïåðâûõ, èíòåãðàëû
b∫

a

udv =

b∫
a

u(x)v′(x)dx è

b∫
a

vdu =

b∫
a

v(x)u′(x)dx

ñóùåñòâóþò, òàê êàê ïîäûíòåãðàëüíûå ôóíêöèè íåïðåðûâíû íà îòðåçêå
[a, b]. Âî-âòîðûõ, âèäíî, ÷òî ôóíêöèÿ y = u(x)v(x) åñòü ïåðâîîáðàçíàÿ
íà îòðåçêå [a, b] äëÿ ôóíêöèè µ = u′(x)v(x) + v′(x)u(x), òàê êàê äëÿ
ëþáûõ x ∈ [a, b] áóäåò (uv)′ = u′v + v′u.

Îòêóäà, ñ îäíîé ñòîðîíû
b∫
a

(u′v+v′u)dx =
b∫
a

vu′dx+
b∫
a

uv′dx (ñâîéñòâî

ëèíåéíîñòè), ñ äðóãîé ñòîðîíû:

b∫
a

(u′v + v′u)dx = uv
∣∣∣b
a

= u(b)v(b)− u(a)v(a). I

Çàìå÷àíèå 10.3. Ïðè èíòåãðèðîâàíèè ïî ÷àñòÿì â îïðåäåëåííîì
èíòåãðàëå (àíàëîãè÷íî êàê è äëÿ íåîïðåäåëåííîãî èíòåãðàëà) âûäåëÿ-
þò òðè ãðóïïû èíòåãðàëîâ (ñìîòðèòå [2, ñ. 12]), êðîìå êîòîðûõ, êàê
èçâåñòíî, åñòü è äðóãèå òèïû èíòåãðàëîâ, âû÷èñëÿåìûõ ñ ïîìîùüþ èí-
òåãðèðîâàíèÿ ïî ÷àñòÿì.

Ïðèìåð 10.4. Âû÷èñëèòå
1
2∫

0

arcsin
√
xdx.
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J

1
2∫

0

arcsin
√
xdx =

[
u = arcsin

√
x; du = dx

2
√

1−x
√
x

dv = dx; v = x

]
=

= x arcsin
√
x
∣∣∣0,5
0
− 1

2

0,5∫
0

√
x

1− x
dx =


√

x
−x+1 = t, x

1−x = t2

x = t2

1+t2 , dx = 2tdt
(1+t2)2

tí = 0, tâ = 1

 =

=
1

2
arcsin

1√
2
−

1∫
0

t2dt

(1 + t2)2
=
π

8
−

1∫
0

t2dt

(1 + t2)2
=

=
π

8
−
[
u = t; du = dt

dv = tdt
(1+t2)2 ; v = − 1

2(1+t2)

]
=
π

8
+

t

2(1 + t2)

∣∣∣∣1
0

− 1

2

1∫
0

dt

1 + t2
=

=
π

8
+

1

4
− 1

2
arctg t

∣∣∣∣1
0

=
π

8
+

1

4
− π

8
=

1

4
. I

Çàìå÷àíèå 10.4. Èíòåãðèðîâàíèå ïî ÷àñòÿì â îïðåäåëåííîì èíòå-
ãðàëå ÷àñòî èñïîëüçóåòñÿ ïðè äîêàçàòåëüñòâå ôîðìóë, ðåêóððåíòíûõ ñî-
îòíîøåíèé è òàê äàëåå. Ïîêàæåì ýòî íà ïðèìåðå.
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Ïðèìåð 10.5. Äîêàæèòå, ÷òî
π
2∫

0

sinn xdx =

π
2∫

0

cosn xdx =

{
(n−1)!!
n!!

π
2 , n = 2k, k ∈ N,

(n−1)!!
n!! , n = 2k + 1, k ∈ N

(ïîä n!! (n > 1, n ∈ N) ïîíèìàåì ïðîèçâåäåíèå âñåõ íàòóðàëüíûõ ÷èñåë,
íå ïðåâîñõîäÿùèõ n è îáëàäàþùèõ òîé æå ÷åòíîñòüþ, ÷òî è ÷èñëî n; ïî
îïðåäåëåíèþ 0!! = 1, 1!! = 1).

J In =

π
2∫

0

sinn xdx =

[
u = sin(n−1) x; du = (n− 1) sin(n−2) x · cosxdx
dv = sinxdx; v = − cosx

]
=

= − cosx · sin(n−1) x
∣∣∣π2
0

+ (n− 1)

π
2∫

0

sin(n−2) x · cos2 xdx =

= (n− 1)

π
2∫

0

sin(n−2) x(1− sin2 x)dx = (n− 1)In−2 − (n− 1)In;

In =
n− 1

n
In−2. (10.7)
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Èñïîëüçóÿ ðåêóððåíòíóþ ôîðìóëó, ïîëó÷èì:

In=2k =
2k − 1

2k
· 2k − 3

2k − 2
· . . . · 1

2
I0 =

(2k − 1)!!

(2k)!!
· π

2
,

òàê êàê I0 =

π
2∫

0

dx = π
2 .

In=2k+1 =
2k

2k + 1
· 2k − 2

2k − 1
· . . . · 2

3
I1 =

(2k)!!

(2k + 1)!!
,

òàê êàê I1 =

π
2∫

0

sinxdx = − cosx|
π
2
0 = 1.

Óòâåðæäåíèå äîêàçàíî äëÿ ôóíêöèè sinx, à äëÿ ôóíêöèè cosx ó÷òåì,
÷òî cosn x = sinn

(
π
2 − x

)
.

Òîãäà
π
2∫

0

cosn xdx = −

π
2∫

0

sinn
(π

2
− x
)
d
(π

2
− x
)

=

=

[
t = π

2 − x;
tí = π

2

tâ = 0

]
= −

0∫
π
2

sinn tdt =

π
2∫

0

sinn xdx. I
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Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Äàéòå ïîíÿòèå îïðåäåëåííîãî èíòåãðàëà ñ ïåðåìåííûì âåðõíèì
ïðåäåëîì.

2. Ñôîðìóëèðóéòå òåîðåìó î ïðèìåíèìîñòè ôîðìóëû Íüþòîíà � Ëåéá-
íèöà.

3. Ñôîðìóëèðóéòå òåîðåìû î çàìåíå ïåðåìåííîé â îïðåäåëåííîì èí-
òåãðàëå.

4. Ñôîðìóëèðóéòå òåîðåìó èíòåãðèðîâàíèÿ ïî ÷àñòÿì â îïðåäåëåí-
íîì èíòåãðàëå.

ËÅÊÖÈß 11

Îñòàòîê ôîðìóëû Òåéëîðà â èíòåãðàëüíîé ôîðìå.
Èíòåãðàëû îò âåêòîð-ôóíêöèé

11.1. Âòîðàÿ òåîðåìà î ñðåäíåì çíà÷åíèè
äëÿ îïðåäåëåííîãî èíòåãðàëà

Ëåììà 11.1. Ïóñòü f(x) � íåïðåðûâíàÿ, à g(x) � âîçðàñòàþùàÿ

íåîòðèöàòåëüíàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà îòðåçêå [a, b] ôóíê-
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öèÿ. Òîãäà ñóùåñòâóåò òàêàÿ òî÷êà ξ ∈ [a, b], ÷òî

b∫
a

g(x)f(x)dx = g(b)

b∫
ξ

f(x)dx. (11.1)

JÐàññìîòðèì ôóíêöèþ

F (x) =

b∫
x

f(t)dt, a 6 x 6 b. (11.2)

Ôóíêöèÿ F (x), ÿâëÿÿñü èíòåãðàëîì ñ ïåðåìåííûì íèæíèì ïðåäåëîì
îò èíòåãðèðóåìîé (äàæå íåïðåðûâíîé) ôóíêöèè f(x), íåïðåðûâíà íà
îòðåçêå [a, b] è ïîýòîìó äîñòèãàåò íà íåì ñâîèõ íàèáîëüøåãî è íàèìåíü-
øåãî çíà÷åíèé. Åñëè

m = min
x∈[a,b]

{F (x)}, M = max
x∈[a,b]

{F (x)}, (11.3)

òî, î÷åâèäíî
m 6 F (x) 6M, x ∈ [a, b]. (11.4)

Çàìåòèâ, ÷òî dF (x) = −f(x)dx (ñìîòðè (10.3)) è ïðîèíòåãðèðîâàâ ïî
÷àñòÿì èíòåãðàë, ñòîÿùèé â ëåâîé ÷àñòè ðàâåíñòâà (11.1), ïîëó÷èì

b∫
a

g(x)f(x)dx = −
b∫

a

g(x)dF (x) = g(x)F (x)
∣∣∣b
a

+

b∫
a

F (x)g′(x)dx =
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= g(a)F (a) +

b∫
a

F (x)g′(x)dx, (11.5)

èáî â ñèëó (11.2) F (b) = 0.

Âñëåäñòâèå âîçðàñòàíèÿ ôóíêöèè g(x) äëÿ âñåõ x ∈ [a, b] g′(x) > 0 .
Ïðèìåíèâ ýòî íåðàâåíñòâî, íåðàâåíñòâà (11.4) è çàìåòèâ, ÷òî èç íåîòðè-
öàòåëüíîñòè g(x) íà [a, b] ñëåäóåò, â ÷àñòíîñòè, ÷òî è g(a) > 0, ïîëó÷èì
îöåíêè

g(a)F (a) +

b∫
a

F (x)g′(x)dx 6Mg(a) +M

b∫
a

g′(x)dx =

= Mg(a) +M [g(b)− g(a)] = Mg(b),

g(a)F (a) +

b∫
a

F (x)g′(x)dx > mg(a) +m[g(b)− g(a)] = mg(b).

Òàêèì îáðàçîì, (ñìîòðè (11.5)) èìååì

mg(b) 6

b∫
a

g(x)f(x)dx 6Mg(b).
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Åñëè g(b) = 0, òî èç íåîòðèöàòåëüíîñòè è âîçðàñòàíèÿ ôóíêöèè g(x)
ñëåäóåò, ÷òî g(x) ≡ 0 íà [a, b]. Â ýòîì ñëó÷àå ôîðìóëà (11.1) ñïðàâåäëèâà
ïðè ëþáîì âûáîðå ξ ∈ [a, b].

Åñëè æå g(b) > 0, òî

m 6
1

g(b)

b∫
a

g(x)f(x)dx 6M.

Èñïîëüçóÿ [12, òåîðåìà 13.2], ïîëó÷àåì, ÷òî ñóùåñòâóåò òàêàÿ òî÷êà
ξ ∈ [a, b], ÷òî

F (ξ) =
1

g(b)

b∫
a

g(x)f(x)dx.

Â ñèëó óñëîâèÿ (11.2) ýòî è åñòü ôîðìóëà (11.1).I

Òåîðåìà 11.1 (âòîðàÿ òåîðåìà î ñðåäíåì). Ïóñòü f(x) � íåïðå-
ðûâíàÿ, à g(x) � ìîíîòîííàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà îòðåçêå
[a, b] ôóíêöèÿ. Òîãäà ñóùåñòâóåò òàêàÿ òî÷êà ξ ∈ [a, b], ÷òî

b∫
a

g(x)f(x)dx = g(a)

ξ∫
a

f(x)dx+ g(b)

b∫
ξ

f(x)dx. (11.6)
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JÄîïóñòèì ñíà÷àëà, ÷òî ôóíêöèÿ g(x) âîçðàñòàåò íà îòðåçêå [a, b];
òîãäà ôóíêöèÿ h(x) = g(x) − g(a), a 6 x 6 b, áóäåò íåîòðèöàòåëüíîé
âîçðàñòàþùåé íåïðåðûâíî äèôôåðåíöèðóåìîé íà îòðåçêå [a, b] ôóíêöè-
åé. Ïîýòîìó, ñîãëàñíî ëåììå 11.1, ñóùåñòâóåò òàêîå ξ ∈ [a, b], ÷òî

b∫
a

h(x)f(x)dx = h(b)

b∫
ξ

f(x)dx.

Ïîäñòàâèâ ñþäà âûðàæåíèå äëÿ h(x), ïîëó÷èì

b∫
a

[g(x)− g(a)]f(x)dx = [g(b)− g(a)]

b∫
ξ

f(x)dx,

îòêóäà
b∫

a

g(x)f(x)dx = g(a)

b∫
a

f(x)dx− g(a)

b∫
ξ

f(x)dx+

+g(b)

b∫
ξ

f(x)dx = g(a)

ξ∫
a

f(x)dx+ g(b)

b∫
ξ

f(x)dx,

òî åñòü ïîëó÷èëàñü ôîðìóëà (11.6).
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Åñëè ôóíêöèÿ g(x) óáûâàåò íà îòðåçêå [a, b], òî äëÿ äîêàçàòåëüñòâà
òåîðåìû äîñòàòî÷íî ïðèìåíèòü ôîðìóëó (11.6) ê ôóíêöèè −g(x), êîòî-
ðàÿ, î÷åâèäíî, âîçðàñòàþùàÿ.I

Çàìå÷àíèå 11.1. Ìîæíî ïîêàçàòü, ÷òî òåîðåìà 11.1 ñïðàâåäëèâà è
ïðè áîëåå ñëàáûõ îãðàíè÷åíèÿõ: îò ôóíêöèè f(x) äîñòàòî÷íî ïîòðåáî-
âàòü ëèøü åå èíòåãðèðóåìîñòü, à îò g(x) � åå ìîíîòîííîñòü.

11.2. Îñòàòîê ôîðìóëû Òåéëîðà â èíòåãðàëüíîé ôîðìå

Òåîðåìà 11.2. Åñëè ôóíêöèÿ f(x) (n + 1) ðàç (n ∈ N) íåïðåðûâíî-
äèôôåðåíöèðóåìà â íåêîòîðîé îêðåñòíîñòè òî÷êè a ∈ R ðàäèóñà δ > 0,
òî äëÿ ëþáîé òî÷êè x èç óêàçàííîé îêðåñòíîñòè ñïðàâåäëèâà ôîðìóëà

Òåéëîðà

f(x) =
n∑
k=0

f (k)(a)

k!
(x− a)k +Rn+1(x) (11.7)

ñ îñòàòêîì Rn+1(x) â èíòåãðàëüíîé ôîðìå

Rn+1(x) =
1

n!

x∫
a

fn+1(t)(x− t)ndt, (11.8)

ãäå x � ëþáàÿ òî÷êà èç óêàçàííîé îêðåñòíîñòè.
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J

x∫
a

f ′(t)dt =

x∫
a

d(f(t)) = f(t)
∣∣∣x
a

= f(x)− f(a);

f(x) = f(a) +

x∫
a

f ′(t)dt. (11.9)

Ê èíòåãðàëó
x∫
a

f ′(t)dt ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì:

x∫
a

f ′(t)dt =

[
u = f ′(t); du = f ′′(t)dt
dv = d(t− x) = dt; v = t− x

]
=

= −f ′(t)(x− t)
∣∣∣x
a

+

x∫
a

f ′′(t)(x− t)dt =

= f ′(a)(x− a) +

[
u = f ′′(t); du = f ′′′(t)dt
dv = (x− t)dt; v = −1

2(x− t)2

]
=

= f ′(a)(x− a)− 1

2!
(x− t)2f ′′(t)

∣∣∣x
a

+
1

2!

x∫
a

f ′′′(t)(x− t)2dt =
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= f ′(a)(x−a)+
f ′′(a)

2!
(x−a)2+. . .+

f (n)(a)

n!
(x−a)n+

1

n!

x∫
a

f (n+1)(t)(x−t)ndt.

Ïîäñòàâèâ ïîëó÷åííîå âûðàæåíèå äëÿ
x∫
a

f ′(t)dt â ôîðìóëó (11.9), ïî-

ëó÷èì ñïðàâåäëèâîñòü çàêëþ÷åíèÿ òåîðåìû.I
Èñïîëüçóåì äëÿ îñòàòêà ÷ëåíà (11.8) ïåðâóþ òåîðåìó î ñðåäíåì çíà-

÷åíèè â îáùåì âèäå (òåîðåìà 9.13):

Rn+1(x) =
1

n!

x∫
a

f (n+1)(t)(x− t)ndt =
−f (n+1)(ξ)

n!

x∫
a

(x− t)nd(x− t) =

= −f
(n+1)(ξ)

n!
· (x− t)n+1

n+ 1

∣∣∣∣x
a

=
f (n+1)(ξ)

(n+ 1)!
(x− a)n+1 �

îñòàòîê ôîðìóëû Òåéëîðà â ôîðìå Ëàãðàíæà.

11.3. Èíòåãðèðîâàíèå âåêòîðíîçíà÷íûõ ôóíêöèé

Ïóñòü íà îòðåçêå [a, b] çàäàíà âåêòîð-ôóíêöèÿ −→r = −→r (t) ñ îáëàñòüþ
çíà÷åíèé E(−→r ) ⊂ Rn (−→r (t) = (x1(t), x2(t), . . . , xn(t)). Âîçüìåì ëþáîå
ðàçáèåíèå τ îòðåçêà [a, b] íà m (m ∈ M) ÷àñòè÷íûõ îòðåçêîâ [tk−1, tk]
(k = 1,m) ñ âåëè÷èíîé ðàçáèåíèÿ λτ = max

k
{∆tk = tk − tk−1}.
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Âûáèðàåì ïðîèçâîëüíî íà êàæäîì èç ÷àñòè÷íûõ îòðåçêîâ òî÷êè
tk ∈ [tk−1, tk] (k = 1,m). Ñîñòàâëÿåì èíòåãðàëüíûå âåêòîðíûå ñóììû
Ðèìàíà

στ =
m∑
k=1

−→r (tk)∆tk. (11.10)

Îïðåäåëåíèå 11.1. Åñëè ñóùåñòâóåò lim
λτ→0

στ = I ∈ R è ýòîò

ïðåäåë íå çàâèñèò îò ðàçáèåíèÿ τ îòðåçêà [a, b], à òàêæå îò âûáîðà

òî÷åê tk ∈ [tk−1, tk], òîãäà îí íàçûâàåòñÿ èíòåãðàëîì îò âåêòîð-

ôóíêöèè −→r (t) ïî îòðåçêó [a, b] è îáîçíà÷àåòñÿ

I =

b∫
a

−→r (t)dt. (11.11)

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà-êðèòåðèé.

Òåîðåìà 11.3. Äëÿ −→r = −→r (t) = (x1(t), . . . , xn(t)), t ∈ [a, b], ñóùå-

ñòâóåò èíòåãðàë
b∫
a

−→r (t)dt òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóþò

èíòåãðàëû

b∫
a

xk(t)dt (k = 1, n) è

b∫
a

−→r (t)dt =

 b∫
a

x1(t)dt, . . . ,

b∫
a

xn(t)dt

 .



269

Çàìå÷àíèå 11.2. Èç òåîðåìû 11.3 ñëåäóåò, ÷òî ìíîãèå ñâîéñòâà èí-
òåãðàëà Ðèìàíà îò ñêàëÿðíîé ôóíêöèè ïåðåíîñÿòñÿ è íà èíòåãðàëû Ðè-
ìàíà îò âåêòîð-ôóíêöèè.

Îïðåäåëåíèå 11.2. Âåêòîð-ôóíêöèÿ
−→
F =

−→
F (t) (t ∈ I ⊂ R, I �

ïðîìåæóòîê, E(
−→
F ) ⊂ Rn) íàçûâàåòñÿ ïåðâîîáðàçíîé âåêòîð-

ôóíêöèè −→r = −→r (t), D(−→r ) = I, E(−→r ) ⊂ Rn íà ïðîìåæóòêå I, åñëè

äëÿ ëþáîãî t ∈ I áóäåò
−→
F ′(t) = −→r (t).

Òåîðåìà 11.4. Åñëè âåêòîð-ôóíêöèÿ −→r = −→r (t) íåïðåðûâíà íà îò-
ðåçêå [a, b], òî ñóùåñòâóåò

b∫
a

−→r (t)dt =
−→
F (b)−

−→
F (a), (11.12)

ãäå
−→
F (t) � ëþáàÿ ïåðâîîáðàçíàÿ äëÿ −→r (t) íà [a, b].

Ïðèìåð 11.1. Âû÷èñëèòü
π
2∫

0

−→r (t)dt, ãäå

−→r (t) = cos t · esin t · −→i − cos2 t · −→j +
−→
k .
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J

π
2∫

0

−→r (t)dt =
−→
i

π
2∫

0

esin td(sin t)−−→j

π
2∫

0

1 + cos 2t

2
dt+

−→
k

π
2∫

0

dt =

=
−→
i esin t

∣∣∣π2
0
− π

4

−→
j + t

∣∣∣π2
0

−→
k = (e− 1)

−→
i − π

4

−→
j +

π

2

−→
k . I

Â îáùåì ñëó÷àå äëÿ âåêòîð-ôóíêöèé ôîðìóëà Ëàãðàíæà íå èìååò
ìåñòà, íî ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 11.5. Åñëè âåêòîð-ôóíêöèÿ −→r = −→r (t) íåïðåðûâíà íà îò-
ðåçêå [a, b] è äèôôåðåíöèðóåìà õîòÿ áû íà èíòåðâàëå (a, b), òî ñóùå-
ñòâóåò c ∈ (a, b), ÷òî

|−→r (b)−−→r (a)| 6 |−→r ′(c)| (b− a). (11.13)

JÄëÿ óïðîùåíèÿ äîêàçàòåëüñòâà äîïîëíèòåëüíî ñ÷èòàåì, ÷òî −→r ′(t) �
íåïðåðûâíà íà [a, b]. Òîãäà, ïî ôîðìóëå Íüþòîíà � Ëåéáíèöà, äëÿ −→r ′(t)

íà [a, b],
b∫
a

−→r (t)dt = −→r (b)−−→r (a):

|−→r (b)−−→r (a)| =

∣∣∣∣∣∣
b∫

a

−→r ′(t)dt

∣∣∣∣∣∣ 6
b∫

a

|−→r ′(t)| dt = |−→r ′(c)| (b− a), c ∈ (a, b)
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(èñïîëüçîâàëè àíàëîãè òåîðåìû 9.12 î ñðåäíåì è òåîðåìû 9.7 îá îöåíêå
ìîäóëÿ îïðåäåëåííîãî èíòåãðàëà).I

Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Ñôîðìóëèðóéòå âòîðóþ òåîðåìó î ñðåäíåì çíà÷åíèè äëÿ îïðåäå-
ëåííîãî èíòåãðàëà.

2. Çàïèøèòå ôîðìóëó Òåéëîðà ñ îñòàòêîì â èíòåãðàëüíîé ôîðìå. Ïðè
êàêèõ îãðàíè÷åíèÿõ, íàêëàäûâàåìûõ íà ôóíêöèþ f(x), ñïðàâåäëèâà ýòà
ôîðìóëà?

3. Äàéòå îïðåäåëåíèå èíòåãðàëà îò âåêòîð-ôóíêöèè.

4. Ñôîðìóëèðóéòå òåîðåìó î ñóùåñòâîâàíèè èíòåãðàëà îò âåêòîð-
ôóíêöèè.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 8

Ôîðìóëà Íüþòîíà � Ëåéáíèöà. Çàìåíà ïåðåìåííîé
è èíòåãðèðîâàíèå ïî ÷àñòÿì â îïðåäåëåííîì èíòåãðàëå

Çàäàíèå 1. Âû÷èñëèòü èíòåãðàë I =
100π∫
0

√
1− cos 2xdx.
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J Èìååì:
√

1− cos 2x =
√

2 |sinx|. Ïîýòîìó

100π∫
0

√
1− cos 2xdx =

√
2

100π∫
0

|sinx| dx =

=
√

2

 π∫
0

sinxdx−
2π∫
π

sinxdx +

3π∫
2π

sinxdx−

−
4π∫

3π

sinxdx+ . . .−
100π∫

99π

sinxdx

 =

=
√

2

(
− cosx

∣∣∣π
0

+ cosx
∣∣∣2π
π
− cosx

∣∣∣3π
2π

+ . . .+ cosx
∣∣∣100π

99π

)
=

=
√

2 (2 + 2 + 2 + . . .+ 2) = 200
√

2. I

Çàäàíèå 2. Ìîæíî ëè ïðèìåíèòü ôîðìóëó Íüþòîíà � Ëåéáíèöà ê

èíòåãðàëó I =
5∫

0

dx
(x−4)

4?

JÍåëüçÿ. Åñëè ôîðìàëüíî âû÷èñëÿòü ýòîò èíòåãðàë ïî ôîðìóëå Íüþ-
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òîíà � Ëåéáíèöà, òî ïîëó÷èì íåâåðíûé ðåçóëüòàò. Äåéñòâèòåëüíî,

I =

5∫
0

dx

(x− 4)4 = − 1

3 (x− 4)3

∣∣∣∣5
0

= −1

3
+

1

192
= − 63

192
= −21

64
.

Íî ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x) = 1
(x−4)

4 > 0 è, ñëåäîâàòåëüíî,

èíòåãðàë íå ìîæåò ðàâíÿòüñÿ îòðèöàòåëüíîìó ÷èñëó. Ïðè÷èíà îøèáêè â
òîì, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ f (x) = 1

(x−4)
4 èìååò ðàçðûâ âòîðîãî

ðîäà â òî÷êå x = 4, ïðèíàäëåæàùåé ïðîìåæóòêó èíòåãðèðîâàíèÿ.I
Çàäàíèå 3. Ñ ïîìîùüþ îïðåäåëåííîãî èíòåãðàëà íàéòè ïðåäåë

lim
n→∞

1

n

(
1 +

1

cos2 π
4n

+ . . .+
1

cos2 πn
4n

)
=

= lim
n→∞

4

π

π

4n

(
1 +

1

cos2 π
4n

+ . . .+
1

cos2 πn
4n

)
.

J Óêàçàííûé ïðåäåë ìîæíî ðàññìàòðèâàòü êàê ïðîèçâåäåíèå 4
π íà

ïðåäåë èíòåãðàëüíîé ñóììû ôóíêöèè f(x) = 1
cos2 x íà

[
0, π4
]
ñî ñëåäó-

þùèì ðàçáèåíèåì îòðåçêà íà ÷àñòè÷íûå îòðåçêè è âûáîðîì â êà÷åñòâå
ïðîèçâîëüíûõ òî÷åê xk ëåâûõ êîíöîâ êàæäîãî ÷àñòè÷íîãî îòðåçêà:
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n4

2p

Òàê êàê ôóíêöèÿ íåïðåðûâíà íà
[
0, π4
]
, òî ñóùåñòâóåò

lim
λτ→0

στ (f, xk) =

π
4∫

0

dx

cos2 x
,

âíå çàâèñèìîñòè îò ñïîñîáà ðàçáèåíèÿ îòðåçêà
[
0, π4
]
íà n ÷àñòè÷íûõ

îòðåçêîâ è âûáîðà òî÷åê xk.

Çíà÷èò,

lim
n→∞

(
4

π

π

4n

(
1 +

1

cos2 π
4n

+ . . .+
1

cos2 πn
4n

))
=

4

π

π
4∫

0

dx

cos2 x
=

=
4

π
tg x

∣∣∣∣π4
0

=
4

π
. I

Çàäàíèå 4. Âû÷èñëèòü ïðåäåë

lim
n→∞

1

n

(
e

1
n + e

2
n + . . .+ e

n
n

)
.
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JÑëàãàåìûå e
1
n , e

2
n , . . . , e

n
n ïðåäñòàâëÿþò ñîáîé çíà÷åíèÿ ôóíêöèè ex

â òî÷êàõ x1 = 1
n , x2 = 2

n , . . . , xn = n
n = 1, äåëÿùèõ îòðåçîê [0; 1] íà n

ðàâíûõ ÷àñòåé: [0;x1], [x1, x2] , . . . , [xn−1, xn] äëèíû M x = 1
n .

Òàê êàê ïðåäåë èíòåãðàëüíîé ñóììû íå çàâèñèò îò âûáîðà ïðîìåæó-
òî÷íîé òî÷êè ξi èç ýëåìåíòàðíîãî îòðåçêà [xi−1;xi], òî ìîæíî ïðèíÿòü
ξi = xi, è, ñëåäîâàòåëüíî, íàøà ñóììà ÿâëÿåòñÿ èíòåãðàëüíîé äëÿ ôóíê-
öèè f (x) = ex íà îòðåçêå [0; 1].

Ïî îïðåäåëåíèþ

lim
n→∞

1

n

(
e

1
n + e

2
n + . . .+ e

n
n

)
=

1∫
0

exdx = ex|10 = e− 1. I

Çàäàíèå 5. Âû÷èñëèòü ïðåäåë A = lim
n→∞

n
√
n!
n .

J lnA = lim
n→∞

ln
n
√
n!

n
= lim

n→∞

[
1

n
(ln 1 + ln 2 + . . .+ lnn)− lnn

]
=

= lim
n→∞

1

n

[
ln

1

n
+ ln

2

n
+ . . .+ ln

n

n

]
.

Âûðàæåíèå, ñòîÿùåå ïîä çíàêîì ïðåäåëà â ïåðâîé ÷àñòè ýòîãî ðàâåí-
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ñòâà, åñòü èíòåãðàëüíàÿ ñóììà äëÿ èíòåãðàëà

1∫
0

lnxdx = (x lnx− x)
∣∣∣1
0

= −1.

Ïîýòîìó lnA = −1 èëè lim
n→∞

n
√
n!
n = e−1 I.

Çàäàíèå 6. Âû÷èñëèòü èíòåãðàë
2∫
−1

x2dx ñ ïîìîùüþ ïîäñòàíîâêè

x2 = t.
JÏðîèçâåäåì óêàçàííóþ ïîäñòàíîâêó: x2 = t, 2xdx = dt, x =

√
t.

Ïðè x = −1 t1 = 1, ïðè x = 2 t2 = 4. Ñëåäîâàòåëüíî,

2∫
−1

x2dx =
1

2

4∫
1

√
tdt =

1

2
· 2

3
t
3
2

∣∣∣∣4
1

=
1

3
(8− 1) =

7

3
.

Îäíàêî
2∫

−1

x2dx =
x3

3

∣∣∣∣2
−1

=
1

3
[8− (−1)] = 3.

Îøèáêà çäåñü ñîñòîèò â òîì, ÷òî ôóíêöèÿ t = x2 íà îòðåçêå [−1; 2] íå
ÿâëÿåòñÿ îáðàòèìîé. Íà îòðåçêå [−1; 0] îíà áóäåò îáðàòèìîé, îáðàòíîé
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äëÿ íåå áóäåò ôóíêöèÿ x = −
√
t. Íà îòðåçêå [0; 2] ôóíêöèÿ òàêæå áóäåò

îáðàòèìîé, îáðàòíîé äëÿ íåå áóäåò ôóíêöèÿ x =
√
t.

×òîáû ïîëó÷èòü ïðàâèëüíûé îòâåò, íàäî ïðåäñòàâèòü èíòåãðàë â âèäå
ñóììû èíòåãðàëîâ:

2∫
−1

x2dx =

0∫
−1

x2dx+

2∫
0

x2dx,

è â ïåðâîì èíòåãðàëå ïîëîæèòü x = −
√
t, à âî âòîðîì x =

√
t. Òîãäà:

I1 =

0∫
−1

x2dx = −1

2

0∫
−1

√
tdt = −1

2
· 2

3
t
3
2

∣∣∣∣0
−1

=
1

3
;

I2 =
1

2

4∫
0

√
tdt =

1

2
· 2

3
t
3
2

∣∣∣∣4
0

=
8

3
.

Òàêèì îáðàçîì, I = I1 + I2 = 1
3 + 8

3 = 3. I

Çàäàíèå 7. Äîêàçàòü, ÷òî
π
2∫

0

f (sinx) dx =

π
2∫

0

f (cosx) dx.

JÑäåëàåì â ïðàâîì èíòåãðàëå ïîäñòàíîâêó x = π
2 − t, dx = −dt. Ïðè
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x = 0, t1 = π
2 ; ïðè x = π

2 , t2 = 0. Îòêóäà

π
2∫

0

f (cosx) dx = −
0∫

π
2

f
[
cos
(π

2
− t
)]
dt =

=

π
2∫

0

f (sin t) dt =

π
2∫

0

f (sinx) dx. I

Çàäàíèå 8. Âû÷èñëèòü èíòåãðàë
1∫

0

x3 arctg xdx.

JÏîëîæèì arctg x = u, dv = x3dx, îòêóäà du = dx
1+x2 , v = x4

4 . Ñëåäî-
âàòåëüíî,

1∫
0

x3 arctg xdx =
x4

4
arctg x

∣∣∣∣1
0

− 1

4

1∫
0

(x4 − 1 + 1)dx

1 + x2
=

=
π

16
− 1

4

[
x3

3
− x+ arctg x

]∣∣∣∣1
0

=
π

16
− 1

12
+

1

4
− π

16
=

1

6
. I
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Çàäàíèå 9. Âû÷èñëèòü èíòåãðàë I =
a∫
0

(
a2 − x2

)n
dx.

JÏðèìåíèì ïîäñòàíîâêó x = a sin t, dx = a cos tdt. Ïðè x = 0, t1 = 0;
ïðè x = a, t2 = π

2 . Òîãäà

I =

a∫
0

(
a2 − x2

)n
dx =

π
2∫

0

a2n+1 cos2n+1 xdx = a2n+1

π
2∫

0

cos2n+1 xdx.

Èñïîëüçóåì ðåêóððåíòíóþ ôîðìóëó äëÿ íåîïðåäåëåííîãî èíòåãðàëà∫
cosm xdx =

sinx · cosm−1 x

m
+
m− 1

m

∫
cosm−2 xdx.

Ïîýòîìó

π
2∫

0

cos2n+1 xdx =
sinx · cos2n x

2n+ 1

∣∣∣∣π2
0

+
2n

2n+ 1

π
2∫

0

cos2n−1 xdx.

Òàê êàê sin 0 = 0 è cos π
2 = 0, òî

π
2∫

0

cos2n+1 xdx =
2n

2n+ 1

π
2∫

0

cos2n−1 xdx.
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Ïîâòîðíî ïðèìåíÿÿ ýòî ñîîòíîøåíèå, ïîëó÷èì:

π
2∫

0

cos2n+1 xdx =
2n

2n+ 1
· 2n− 2

2n− 1
· . . . · 2

3

π
2∫

0

cosxdx =

=
2n (2n− 2) . . . 2

(2n+ 1) (2n− 1) . . . 3 · 1
=

(2n)!!

(2n+ 1)!!
.

Ïîýòîìó

I =
(2n)!!

(2n+ 1)!!
a2n+1. I

Çàäàíèå 10. Ïîëüçóÿñü ðåçóëüòàòîì ïðåäûäóùåãî çàäàíèÿ, ïîëó-
÷èòü ñëåäóþùóþ ôîðìóëó ñóììèðîâàíèÿ:

1− C
1
n

3
+
C2
n

5
− C

3
n

7
+ . . .+ (−1)

Cn
n

2n+ 1
=

2 · 4 · 6 . . . 2n
1 · 3 · 5 . . . (2n+ 1)

=
(2n)!!

(2n+ 1)!!
,

ãäå Ck
n � áèíîìèàëüíûå êîýôôèöèåíòû.

JÐàññìîòðèì èíòåãðàë I =
1∫

0

(
1− x2

)n
dx. Èç ðåçóëüòàòà ïðåäûäó-

ùåãî çàäàíèÿ ñëåäóåò, ÷òî

I =
(2n)!!

(2n+ 1)!!
. (11.14)
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Ñ äðóãîé ñòîðîíû, ïðèìåíÿÿ ôîðìóëó áèíîìà Íüþòîíà è èíòåãðèðóÿ
â ïðåäåëàõ îò 0 äî 1, ïîëó÷èì:

I =

1∫
0

(
1− x2

)n
dx =

=

1∫
0

(
1− C1

nx
2 + C2

nx
4 − C3

nx
6 + . . .+ (−1)nCn

nx
2n
)
dx =

=

[
x− C1

nx
3

3
+
C2
nx

5

5
− C3

nx
7

7
+ . . .+

(−1)n x2n+1

2n+ 1

]∣∣∣∣1
0

= 1− C1
n

3
+
C2
n

5
− C3

n

7
+ . . .+

(−1)n

2n+ 1
. (11.15)

Ñðàâíèâàÿ (11.14) è (11.15), ïîëó÷èì èñêîìóþ ôîðìóëó.I
Çàäàíèå 11. Ìíîãî÷ëåíû Ëåæàíäðà1 Pn (x) îïðåäåëÿþòñÿ ðàâåí-

ñòâîì

Pn (x) =
1

2nn!

dn

dxn
(
x2 − 1

)n
.

1Àäðèåí Ìàðè Ëåæàíäð (1752�1833) � ôðàíöóçñêèé ìàòåìàòèê.
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Äîêàçàòü, ÷òî åñëè f (x) � ìíîãî÷ëåí ñòåïåíè m < n, òî

1∫
−1

f (x)Pn (x) dx = 0.

JÇàìåòèì ñíà÷àëà, ÷òî ìíîãî÷ëåí
(
x2 − 1

)n
èìååò äâà êîðíÿ n-é

êðàòíîñòè � x1 = −1 è x2 = 1. Îòñþäà âûòåêàåò, ÷òî åñëè k < n, òî
ìíîãî÷ëåí dk

dxk

(
x2 − 1

)n
îáðàùàåòñÿ â íîëü ïðè x = −1 è x = 1.

Âûïîëíèì â èíòåãðàëå

1∫
−1

f (x)Pn (x) dx =
1

2nn!

1∫
−1

f (x)
dn

dxn
(
x2 − 1

)n
dx

èíòåãðèðîâàíèå ïî ÷àñòÿì, ïîëîæèâ

u = f (x) ; dv =
dn
(
x2 − 1

)n
dxn

dx = d

[
dn−1

(
x2 − 1

)n
dxn−1

]
.

Ïîëó÷àåì
1∫

−1

f (x)Pn (x) dx =
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= f (x)
dn−1

dxn−1

(
x2 − 1

)n∣∣∣∣1
−1

−
1∫

−1

f ′ (x)
dn−1

dxn−1

(
x2 − 1

)n
dx.

Êàê áûëî óêàçàíî âûøå, ìíîãî÷ëåí dn−1

dxn−1

(
x2 − 1

)n
îáðàùàåòñÿ

â íîëü ïðè x = −1 è x = 1, à ïîòîìó

1∫
−1

f (x)Pn (x) dx = −
1∫

−1

f ′ (x)
dn−1

dxn−1

(
x2 − 1

)n
dx.

Ïðîäîëæàÿ èíòåãðèðîâàíèå ïî ÷àñòÿì, ÷åðåç m + 1 øàãîâ ïðèäåì ê
èíòåãðàëó

(−1)m+1

1∫
−1

f (m+1) (x)
dn−m−1

dxn−m−1

(
x2 − 1

)n
dx,

êîòîðûé ðàâåí íóëþ, òàê êàê f (m+1) (x) ≡ 0. I

Çàäàíèå 12. Íàéòè èíòåãðàë
π∫
0

xsign(cosx)dx.

J sign(cosx) =


1, x ∈

[
0, π2
)
,

0, x = π
2 ,

−1, x ∈
(
π
2 , π
]

;
f(x) =


x, x ∈

[
0, π2
)
,

0, x = π
2 ,

−x, x ∈
(
π
2 , π
]

;
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F (x) =

{
x2

2 + C1, x ∈
[
0, π2
)
,

−x2

2 + C2, x ∈
(
π
2 , π
]

;
F
(π

2
− 0
)

= F
(π

2
+ 0
)

;

1

2
· π

2

4
+ C1 = −1

2
· π

2

4
+ C2; C2 =

π2

4
+ C1;

F (x) =


x2

2 + C1, x ∈
[
0, π2
)
,

π2

8 + C1, x = π
2 ,

−x2

2 + π2

4 + C1, x ∈
(
π
2 , π
]

;

π∫
0

xsign(cosx)dx = F (π)− F (0) = −π
2

2
+
π2

4
+ C1 −

02

2
− C1 = −π

2

4
. I

Çàäàíèå 13. Äîêàçàòü, ÷òî
π
2∫

0

sinn xdx =

π
2∫

0

cosn xdx. Âûâåñòè ðåêóð-

ðåíòíóþ ôîðìóëó äëÿ óêàçàííûõ èíòåãðàëîâ, è, èñïîëüçóÿ åå, íàéòè:

a)

π
2∫

0

sin5 xdx; b)

π
2∫

0

cos6 xdx.

J

π
2∫

0

sinn xdx =

[
x = π

2 − t; dx = −dt
t = π

2 − x; tí = π
2 ; tâ = 0

]
=
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= −
0∫

π
2

(
sin
(π

2
− t
))n

dt =

π
2∫

0

cosn tdt =

π
2∫

0

cosn xdx.

In =

π
2∫

0

sinn xdx =

π
2∫

0

sinn−2 x(1− cos2 x)dx =

= In−2 −
[
u = cosx; du = − sinxdx

dv = cosx · sinn−2 xdx; v = sinn−1 x
n−1 , n > 1

]
=

= In−2 − cosx · sinn−1 x

n− 1

∣∣∣∣
π
2

0

− 1

n− 1
In,

In

(
1 +

1

n− 1

)
= In−2; In =

n− 1

n
In−2.

n = 2k; k ∈ N; I2k =
2k − 1

2k
· 2k − 3

2k − 2
· . . . · 1

2
I0 =

=
(2k − 1)!!

2k!!
·

π
2∫

0

dx =
(2k − 1)!!

2k!!
· π

2
;

n = 2k + 1; I2k+1 =
2k

2k + 1
· 2k − 2

2k − 1
· . . . · 2

3
· I1 =
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=
(2k)!!

(2k + 1)!!
·

π
2∫

0

sinxdx =
(2k)!!

(2k + 1)!!
(− cosx)

∣∣∣π2
0

=
(2k)!!

(2k + 1)!!
;

π
2∫

0

cos6 xdx =

π
2∫

0

sin6 xdx =
(5)!!

(6)!!
· π

2
; n = 6 = 2 · 3 = 2k;

π
2∫

0

sin5 xdx =
(4)!!

(5)!!
; n = 5 = 2 · 2 + 1 = 2k + 1. I

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Âû÷èñëèòå ñëåäóþùèå èíòåãðàëû:

1.1

3
√
e∫

1

dx

x
√

1−(lnx)
2
;

1.2
−π4∫
−π2

cos3 xdx
3
√

sinx
;

1.3
2∫

0

dx
3
√

1−x2 ;

1.4
e∫

1

sin(lnx)
x dx;

1.5
ln 3∫

ln 2

dx
ch2 x

;

1.6
1∫

0

z3

z8+1dz;

1.7

π
3∫
π
6

dx
cos2 x sin4 x

;

1.8
3∫

2

dx√
5+4x−x2 ;

1.9
3∫

2

exdx
ex−1 ;
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1.10
8∫

3

xdx√
1+x

;

1.11
2∫

1

dx
x
√

1+x2
;

1.12

√
3∫

1

√
1+x2

x2 dx;

1.13
1∫

0

√
exdx√
ex+e−x

;

1.14
29∫
3

3
√

(x−2)
2
dx

3+
3
√

(x−2)
2
;

1.15
6∫

3

√
x2−9
x4 dx;

1.16
1∫
√
2
2

√
4−x2
x2 dx;

1.17
a∫
0

dx
x+
√
a2−x3 ;

1.18

π
2∫

0

dx
2+cosx ;

1.19

π
2∫

0

dx
1+a2 sin2 x

;

1.20

π
2∫

0

cosxdx
6−5 sinx+sin2 x

;

1.21

π
4∫

0

dx
a2 cos2 x+b2 sin2 x

;

1.22
1∫

0

arcsin
√
x√

x(1−x)
dx;

1.23

π
2∫

6

dx
1+sinx+cosx ;

1.24

π
2∫

0

x cosxdx;

1.25
1∫

0

arcsinxdx;

1.26
a∫
−a

x2dx√
a2+x2

;

1.27
2∫

1

(3x+ 2) lnxdx;

1.28
1∫

0

arcsinx√
1+x

dx;

1.29
1∫

0

x ln
(
1 + x2

)
dx;

1.30
π∫
0

ex sin 2xdx;

1.31

π
3∫
π
4

xdx
sin2 x

;

1.32
π∫
0

x3 sinxdx;

1.33
e∫

1

(1− lnx)2 dx;

1.34
2∫

1

lnx
x5 dx;

1.35
1∫

0

arcsinxdx;

1.36

π
2∫

0

sin4 x ·cos2 xdx.
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ËÅÊÖÈß 12

Ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà. Ïëîùàäü ïëîñêîé
ôèãóðû

12.1. Ïîíÿòèå êâàäðèðóåìîñòè è ïëîùàäè ïëîñêîé ôèãóðû.
Êðèòåðèé êâàäðèðóåìîñòè ïëîñêèõ ôèãóð

Íà ýòîé ëåêöèè ìû ðàññìîòðèì âîïðîñ îá îïðåäåëåíèè è î ñóùåñòâî-
âàíèè òàê íàçûâàåìîé ïëîñêîé ôèãóðû, ïîä êîòîðîé ìû ôàêòè÷åñêè
áóäåì ïîíèìàòü ïðîèçâîëüíîå îãðàíè÷åííîå ìíîæåñòâî òî÷åê ïëîñêîñòè.

Íà÷íåì íàøå ðàññìîòðåíèå ñ óòî÷íåíèÿ ïîíÿòèÿ òàêîé ôèãóðû è åå
ãðàíèöû.

12.1.1. Ïîíÿòèÿ ãðàíèöû ìíîæåñòâà è ïëîñêîé ôèãóðû

Ðàññìîòðèì ìíîæåñòâî âñåõ òî÷åê ïëîñêîñòè è ôèêñèðóåì îäíó èç
ýòèõ òî÷åê a.

Îïðåäåëåíèå 12.1. ε-îêðåñòíîñòüþ òî÷êè a íàçûâàþò ìíîæå-

ñòâî òåõ òî÷åê ïëîñêîñòè, êîòîðûå ðàñïîëîæåíû âíóòðè êðóãà ðàäè-

óñà ε ñ öåíòðîì â òî÷êå a.

Ïóñòü M � êàêîå óãîäíî ìíîæåñòâî òî÷åê ïëîñêîñòè.
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Îïðåäåëåíèå 12.2. Òî÷êó a ∈M íàçûâàþò âíóòðåííåé òî÷êîé

ýòîãî ìíîæåñòâà, åñëè íàéäåòñÿ ÷èñëî ε > 0 òàêîå, ÷òî ε-îêðåñòíîñòü
òî÷êè a òàêæå ïðèíàäëåæèò ìíîæåñòâó M .

Îïðåäåëåíèå 12.3. Òî÷êà a, íå ïðèíàäëåæàùàÿ ìíîæåñòâó M ,

íàçûâàåòñÿ âíåøíåé òî÷êîé ìíîæåñòâà M , åñëè íàéäåòñÿ

ε > 0 òàêîå, ÷òî ε-îêðåñòíîñòü òî÷êè a òàêæå íå ïðèíàäëåæèò

ìíîæåñòâó M .

Îïðåäåëåíèå 12.4. Òî÷êà a íàçûâàåòñÿ ãðàíè÷íîé òî÷êîé ìíî-

æåñòâà M , åñëè ýòà òî÷êà íå ÿâëÿåòñÿ íè âíóòðåííåé, íè âíåøíåé

òî÷êîé ýòîãî ìíîæåñòâà (äëÿ ëþáîãî ε > 0 ε-îêðåñòíîñòü òî÷êè a
ñîäåðæèò êàê òî÷êè, ïðèíàäëåæàùèå ìíîæåñòâó M , òàê è òî÷êè,

åìó íå ïðèíàäëåæàùèå).
Ñîâîêóïíîñòü âñåõ ãðàíè÷íûõ òî÷åê ìíîæåñòâàM íàçûâàåòñÿ ãðà-

íèöåé ýòîãî ìíîæåñòâà.

Îïðåäåëåíèå 12.5. Ìíîæåñòâî M òî÷åê ïëîñêîñòè áóäåì íàçû-

âàòü îãðàíè÷åííûì, åñëè ñóùåñòâóåò êðóã, ñîäåðæàùèé âñå òî÷êè

ýòîãî ìíîæåñòâà.

Â äàëüíåéøåì ìû áóäåì ðàññìàòðèâàòü ïðîèçâîëüíîå îãðàíè÷åííîå
ìíîæåñòâî F òî÷åê ïëîñêîñòè è áóäåì íàçûâàòü ýòî ìíîæåñòâî ïëîñêîé
ôèãóðîé.
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12.1.2. Êâàäðèðóåìîñòü è ïëîùàäü ïëîñêîé ôèãóðû

Îïðåäåëåíèå 12.6. Ïëîñêèå ôèãóðû, ñîñòàâëåííûå èç ïðÿìîóãîëü-
íèêîâ ñî ñòîðîíàìè, ïàðàëëåëüíûìè îñÿì êîîðäèíàò, áóäåì íàçûâàòü

ïðîñòåéøèìè ôèãóðàìè.

Èç êóðñà ìàòåìàòèêè ñðåäíåé øêîëû ñëåäóåò, ÷òî êàæäûé ïðÿìî-
óãîëüíèê èìååò ïëîùàäü, ðàâíóþ ïðîèçâåäåíèþ äëèí åãî ñìåæíûõ ñòî-
ðîí, à ïëîùàäü ïðîñòåéøåé ôèãóðû ðàâíà ñóììå ïëîùàäåé ñîñòàâëÿ-
þùèõ åå ïðÿìîóãîëüíèêîâ. Ïóñòîå ìíîæåñòâî ∅ áóäåì ñ÷èòàòü ïðÿìî-
óãîëüíèêîì ñ íóëåâîé ïëîùàäüþ.

Ïóñòü P � ïðîñòåéøàÿ ôèãóðà. ×åðåç µ (P ) îáîçíà÷èì åå ïëîùàäü.
Íàïîìíèì, ÷òî µ (P ) � ýòî íåîòðèöàòåëüíîå ÷èñëî, îáëàäàþùåå ñëåäó-
þùèìè ñâîéñòâàìè.

1. Ñâîéñòâî àääèòèâíîñòè: åñëè P1 è P2 � äâå ïðîñòåéøèå ôèãóðû
áåç îáùèõ âíóòðåííèõ òî÷åê, òî µ (P1 ∪ P2) = µ (P1) + µ (P2).

2. Ñâîéñòâî ìîíîòîííîñòè: åñëè ïðîñòåéøàÿ ôèãóðà P1 âêëþ÷åíà
â ïðîñòåéøóþ ôèãóðó P2 (P1 ⊂ P2), òî µ (P1) 6 µ (P2).

Äàäèì ïîíÿòèå ïëîùàäè íåêîòîðîãî áîëåå øèðîêîãî êëàññà ïëîñêèõ
ôèãóð, ÷åì êëàññ ïðîñòåéøèõ ôèãóð, è íàéäåì óäîáíûå ôîðìóëû äëÿ
âû÷èñëåíèÿ ïëîùàäåé ýòèõ ôèãóð ÷åðåç îïðåäåëåííûå èíòåãðàëû.

Ðàññìîòðèì ïëîñêóþ ôèãóðó F è ïðîñòåéøèå ôèãóðû P è Q òàêèå,
÷òî P ⊂F , Q ⊃ F . Ìíîæåñòâî ïëîùàäåé {µ (Q) , Q ⊃ F} îãðàíè÷å-
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íî ñíèçó (â êà÷åñòâå íèæíåé ãðàíèöû ìîæíî âçÿòü ëþáîå îòðèöàòåëü-
íîå ÷èñëî), à ìíîæåñòâî ïëîùàäåé {µ (P ) , P ⊂ F} îãðàíè÷åíî ñâåðõó
(â êà÷åñòâå âåðõíåé ãðàíèöû ìîæíî âçÿòü ëþáîå ïîëîæèòåëüíîå ÷èñëî,
ðàâíîå ïëîùàäè êàêîé-íèáóäü ïðîñòåéøåé ôèãóðû Q ⊃ F ).

Òîãäà µ∗(F ) = inf
Q⊃F
{µ(Q)} íàçîâåì âåðõíåé ïëîùàäüþ ôèãóðû

F , à µ∗(F ) = sup
P⊂F
{µ(P )} � íèæíåé ïëîùàäüþ ôèãóðû F .

Ëåììà 12.1. Äëÿ ëþáîé ïëîñêîé ôèãóðû F âûïîëíÿåòñÿ

íåðàâåíñòâî µ∗(F ) 6 µ∗(F ).

JÏðåäïîëîæèì, ÷òî µ∗(F ) > µ∗(F ). Âîñïîëüçóåìñÿ âòîðûì ñâîé-
ñòâîì òî÷íûõ ãðàíèö: äëÿ ëþáîãî ε > 0 (íàïðèìåð, ε = µ∗(F )− µ∗(F )),
ñóùåñòâóþò Q′ è P ′, òàêèå, ÷òî

µ(Q′) < µ∗(F ) + ε/2, µ(P ′) > µ∗(F )− ε/2.

Ïîëó÷àåì µ(Q′) < µ(P ′) � ïðîòèâîðå÷èå ñâîéñòâó ìîíîòîííîñòè ïëîñ-
êèõ ìíîãîóãîëüíûõ ôèãóð (P ′ ⊂ F , à F ⊂ Q′, P ′ ⊂ Q′ è µ(P ′) 6 µ(Q′)). I

Îïðåäåëåíèå 12.7. Ïëîñêàÿ ôèãóðà F íàçûâàåòñÿ êâàäðèðóåìîé

(èìåþùåé ïëîùàäü), åñëè µ∗(F ) = µ∗(F ) = µ(F ).
Â ýòîì ñëó÷àå ÷èñëî µ(F ) íàçûâàåòñÿ ïëîùàäüþ ïëîñêîé ôèãóðû F .

Ëþáàÿ ïðîñòåéøàÿ ôèãóðà ÿâëÿåòñÿ êâàäðèðóåìîé â ñìûñëå îïðåäå-
ëåíèÿ 12.7.
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12.1.3. Êðèòåðèé êâàäðèðóåìîñòè ïëîñêèõ ôèãóð

Òåîðåìà 12.1. Ïëîñêàÿ ôèãóðà F áóäåò êâàäðèðóåìîé òîãäà è òîëü-

êî òîãäà, êîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóþò ïðîñòåéøèå ôèãóðû

P ′ ⊂ F è Q′ ⊃ F òàêèå, ÷òî µ (Q′)− µ (P ′) < ε.

JÍåîáõîäèìîñòü. Åñëè F � êâàäðèðóåìàÿ:

µ∗ (F ) = inf
Q⊃F
{µ (Q)} = µ∗ (P ) = sup

P⊂F
{µ (P )} = µ (F ) ,

òî äëÿ ëþáîãî ε > 0 ñóùåñòâóþò òàêèå P ′ ⊂ F è Q′ ⊃ F , ÷òî

µ (F )− ε

2
< µ (P ′) 6 µ (F ) è µ (F ) 6 µ (Q′) < µ (F ) +

ε

2
.

Ïîýòîìó µ (Q′)− µ (P ′) < ε.
Äîñòàòî÷íîñòü. Èçâåñòíî, ÷òî

µ (P ′) 6 µ∗ (F ) 6 µ∗ (F ) 6 µ (Q′) ,

òîãäà
0 6 µ∗ (F )− µ∗ (F ) 6 µ (Q′)− µ (P ′) < ε.

Îòñþäà µ∗ (F ) = µ∗ (F ), çíà÷èò, F � êâàäðèðóåìàÿ.I

Çàìå÷àíèå 12.1. Â òåîðåìå 12.1 âìåñòî ïðîñòåéøèõ ôèãóð Q′ è P ′

ìîæíî âçÿòü ëþáûå êâàäðèðóåìûå ïëîñêèå ôèãóðû Q ⊃ F è P ⊂ F .
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Îïðåäåëåíèå 12.8. Áóäåì ãîâîðèòü, ÷òî ãðàíèöà ïëîñêîé ôèãóðû

F èìååò ïëîùàäü, ðàâíóþ íóëþ, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóþò

ïðîñòåéøèå ôèãóðû P ⊂ F è Q ⊃ F òàêèå, ÷òî µ (Q)− µ (P ) < ε.

Òåîðåìó 12.1 ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 12.2. Ïëîñêàÿ ôèãóðà F áóäåò êâàäðèðóåìîé òîãäà è òîëü-

êî òîãäà, êîãäà åå ãðàíèöà èìååò ïëîùàäü, ðàâíóþ íóëþ.

Çàìå÷àíèå 12.2. Ìîæíî ïîêàçàòü, ÷òî íà ìíîæåñòâå êâàäðèðóåìûõ
ïëîñêèõ ôèãóð äëÿ èõ ïëîùàäåé ñïðàâåäëèâû ñâîéñòâà àääèòèâíîñòè è
ìîíîòîííîñòè.

12.2. Êâàäðèðóåìîñòü êðèâîëèíåéíîé òðàïåöèè

Ðàññìîòðèì êðèâîëèíåéíóþ òðàïåöèþ F , îãðàíè÷åííóþ ãðàôèêîì
íåïðåðûâíîé ôóíêöèè f(x), à òàêæå ïðÿìûìè x = a, x = b, y = 0,
ïðè÷åì f (x) > 0 íà [a, b].

Òåîðåìà 12.3. Êðèâîëèíåéíàÿ òðàïåöèÿ F åñòü êâàäðèðóåìàÿ ôè-

ãóðà è åå ïëîùàäü µ (F ) =
b∫
a

f (x) dx.

JÒàê êàê f(x) � íåïðåðûâíà íà [a, b], òî ñóùåñòâóåò
b∫
a

f (x) dx. Çíà-

÷èò (íåîáõîäèìîå óñëîâèå êðèòåðèÿ Ðèìàíà èíòåãðèðóåìîñòè ôóíêöèè



294

íà îòðåçêå, òåîðåìà 8.3), äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ðàçáèåíèå τ òà-
êîå, ÷òî Sτ − sτ < ε, íî Sτ = µ (Qτ) åñòü ïëîùàäü ïðîñòåéøåé ôèãóðû
Qτ ⊃ F ; sτ = µ (Pτ) � ïëîùàäü ïðîñòåéøåé ôèãóðû Pτ ⊂ F . Òîãäà (äî-
ñòàòî÷íîå óñëîâèå êðèòåðèÿ êâàäðèðóåìîñòè ïëîñêîé ôèãóðû � òåîðåìà
12.1) êðèâîëèíåéíàÿ òðàïåöèÿ F áóäåò êâàäðèðóåìîé.

Êðîìå òîãî, sτ 6 µ (F ) 6 Sτ , à òàê êàê ñóùåñòâóåò
b∫
a

f (x) dx = I, òî

ñóùåñòâóåò lim
λτ→0

sτ = lim
λτ→0

Sτ = I. Çíà÷èò, µ(F ) =
b∫
a

f(x)dx. I

Ïðèìåð 12.1. Íàéòè ïëîùàäü ýëëèïñà x2

a2 + y2

b2 = 1.

Ðèñóíîê 12.1

J S = 4
b

a

a∫
0

√
a2 − x2dx =

4b

a

[
U =

√
a2 − x2; dU = −xdx√

a2−x2
dv = dx; v = x

]a
0

=
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=
4b

a

x√a2 − x2
∣∣∣a
0
−

a∫
0

a2 − x2 − a2

√
a2 − x2

dx

 =

=
4b

a

− a∫
0

√
a2 − x2dx+ a2 arcsin

x

a

∣∣∣a
0

 =

=
4b

a

− a∫
0

√
a2 − x2dx+

a2π

2

⇒ S = πab (êâ. åä.) I

Ïðèìåð 12.2. Íàéäèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè
y = x3, x+ y = 2, y = 0.

JÏîñòðîèì ÷åðòåæ.
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Íàéäåì êîîðäèíàòû òî÷êè A:

{
y = x3,

x+ y = 2;
⇔
{
y = 1,
x = 1, ;

⇒ A(1; 1).

f(x) =

{
x3, 0 6 x 6 1,
2− x, 1 < x 6 2.

Òîãäà S =
2∫

0

f (x) dx =
1∫

0

x3dx+
2∫

1

(2− x) dx = 3
4 (êâ. åä.).I

Çàìå÷àíèå 12.3. Ê âû÷èñëåíèþ ïëîùàäè êðèâîëèíåéíîé òðàïåöèè
ñâîäÿòñÿ è ñëåäóþùèå ñëó÷àè ïðè âû÷èñëåíèè ïëîùàäåé ïëîñêèõ ôèãóð.

à)

SabBA = SaA′B′b (êàê ïëîùàäè ñèììåòðè÷íûõ îòíîñèòåëüíî îñè Ox
ïëîñêèõ ôèãóð).

SabBA =

b∫
a

(−f(x)) dx = −
b∫

a

f(x)dx.
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á)

S =

a∫
0

f(x)dx−
c∫

a

f(x)dx+

b∫
c

f(x)dx.

â)

SA1A2B2B1
=

b∫
a

(f2(x)− f1(x))dx.
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12.3. Êâàäðèðóåìîñòü êðèâîëèíåéíîãî ñåêòîðà

12.3.1. Ïîëÿðíàÿ ñèñòåìà êîîðäèíàò

Ïîëÿðíàÿ ñèñòåìà êîîðäèíàò çàäàåòñÿ òî÷êîé O (ïîëþñîì), ëó÷îì Oρ

(ïîëÿðíîé îñüþ) è âûáðàííîé íà ïîëÿðíîé îñè åäèíèöåé ìàñøòàáà.

Ïîëÿðíûìè êîîðäèíàòàìè òî÷êè M ∈ R2 íàçûâàþòñÿ: ïîëÿðíûé

ðàäèóñ r = r(M) =
∣∣∣−−→OM ∣∣∣ > 0 òî÷êè M , ïîëÿðíûé óãîë ϕ = ϕ(M)

(ϕ > 0, åñëè ïîâîðîò îñè Oρ äî ñîâïàäåíèÿ åå ñ íàïðàâëåíèåì âåêòîðà
−−→
OM îñóùåñòâëÿåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè; ϕ < 0 � ïîâîðîò ïî ÷àñîâîé
ñòðåëêå). Çíà÷åíèå ïîëÿðíîãî óãëà 0 6 ϕ < 2π íàçûâàåòñÿ ãëàâíûì
(èíîãäà ãëàâíûìè íàçûâàþò çíà÷åíèå ïîëÿðíîãî óãëà −π < ϕ 6 π).

Ñîâìåñòèì ïîëþñ ñ íà÷àëîì äåêàðòîâîé ñèñòåìû êîîðäèíàò, à ïîëÿð-
íóþ îñü ñ íåîòðèöàòåëüíîé ÷àñòüþ îñè Ox.

Òîãäà x = r cosϕ, y = r sinϕ, r =
√
x2 + y2; tgϕ = y

x .
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Çàìå÷àíèå 12.4. Ìîæíî ðàññìàòðèâàòü îáîáùåííûå ïîëÿðíûå êî-
îðäèíàòû òî÷êè M(r, ϕ) òàê, ÷òîáû −∞ < r <∞, −∞ < ϕ <∞.

×òîáû ïîêàçàòü òî÷êó M(r, ϕ) â îáîáùåííîé ïîëÿðíîé ñèñòåìå êî-
îðäèíàò, íåîáõîäèìî ïîñòðîèòü ëó÷, êîòîðûé îáðàçóåò ñ ïîëÿðíîé îñüþ
óãîë ϕ, çàòåì îòëîæèòü |r| åäèíèö ìàñøòàáà íà íåì, åñëè r > 0, è íà åãî
ïðîäîëæåíèè, åñëè r < 0 (ðèñóíîê 12.2).

Ðèñóíîê 12.2
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12.3.2. Óðàâíåíèÿ íåêîòîðûõ ëèíèé â ïîëÿðíîé ñèñòåìå êî-
îðäèíàò

1. Ïðÿìàÿ ëèíèÿ.
à) tgϕ = k � ïðÿìàÿ, ïðîõîäÿùàÿ ÷åðåç ïîëþñ (y = kx);
á) r = P

cos(ϕ−α) � ïðÿìàÿ Ax+By+C = 0, íå ïðîõîäÿùàÿ ÷åðåç ïîëþñ,
P � ðàññòîÿíèå îò ïîëþñà äî ïðÿìîé, α � óãîë íàêëîíà íîðìàëüíîãî
âåêòîðà ~n = (A,B) ïðÿìîé Ax+By + C = 0 ê ïîëÿðíîé îñè.

2. Ëèíèè âòîðîãî ïîðÿäêà.
à) îêðóæíîñòü.

r = a⇔ x2 + y2 = a2, r = 2a cosϕ⇔ (x− a)2 + y2 = a2,

r = 2a sinϕ⇔ x2 + (y − a)2 = a2;

á) ýëëèïñ, ãèïåðáîëà, ïàðàáîëà.
r = P

1−ε cosϕ , ε � ýêñöåíòðèñèòåò, P � ïàðàìåòð;
� ïðè 0 < ε < 1 � ýëëèïñ (ïîëþñ ñîâïàäàåò ñ ëåâûì ôîêóñîì ýëëèïñà);
� ïðè ε > 1 � ãèïåðáîëà (ïîëþñ ñîâïàäàåò ñ ïðàâûì ôîêóñîì ãè-

ïåðáîëû), â ýòîì ñëó÷àå óðàâíåíèå íóæíî ðàññìàòðèâàòü â îáîáùåííûõ
ïîëÿðíûõ êîîðäèíàòàõ;

� ïðè ε = 1 � ïàðàáîëà.
3. Ðîçû � ýòî êðèâûå, óðàâíåíèÿ êîòîðûõ â ïîëÿðíûõ êîîðäèíàòàõ

çàïèñûâàþòñÿ â âèäå:r = a sin kϕ èëèr = a cos kϕ; ãäå (a > 0,k > 0).



301

4. Ñïèðàëè.
à) ñïèðàëü Àðõèìåäà1 (ðèñóíîê 12.3):

r = aϕ (a > 0), D(r) = R = E(r).

Ðèñóíîê 12.3 � Ñïèðàëü Àðõèìåäà

á) ãèïåðáîëè÷åñêàÿ ñïèðàëü (ðèñóíîê 12.4).

r =
a

ϕ
(a > 0), D(r) = R\ {0} , E(r) = R\ {0} .

â) ëîãàðèôìè÷åñêàÿ ñïèðàëü (ðèñóíîê 12.5).

r = aϕ (a > 0, a 6= 1) D(r) = R; E(r) = (0,+∞).

1Àðõèìåä (287�212 äî í. ý.) � äðåâíåãðå÷åñêèé ìàòåìàòèê, ìåõàíèê.
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Ðèñóíîê 12.4 � Ãèïåðáîëè÷åñêàÿ ñïèðàëü

Ðèñóíîê 12.5 � Ëîãàðèôìè÷åñêàÿ ñïèðàëü

Íåêîòîðûå äðóãèå êðèâûå â ïîëÿðíîé ñèñòåìå êîîðäèíàò áóäóò èçó-
÷åíû íà ïðàêòè÷åñêèõ çàíÿòèÿõ.

12.3.3. Êðèâîëèíåéíûé ñåêòîð, åãî êâàäðèðóåìîñòü

Ïóñòü êðèâàÿ L çàäàíà â ïîëÿðíîé ñèñòåìå êîîðäèíàò óðàâíåíèåì
r = f(ϕ), ϕ ∈ [α, β], ïðè÷åì ôóíêöèÿ f(ϕ) íåïðåðûâíà è ïðèíèìàåò
íåîòðèöàòåëüíûå çíà÷åíèÿ íà îòðåçêå.

Îïðåäåëåíèå 12.9. Êðèâîëèíåéíûì ñåêòîðîì íàçûâàåòñÿ ïëîñ-
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êàÿ ôèãóðà, îãðàíè÷åííàÿ óêàçàííîé êðèâîé L è äâóìÿ ëó÷àìè, ñîñòàâ-

ëÿþùèìè ñ ïîëÿðíîé îñüþ óãëû α è β.

Òåîðåìà 12.4. Êðèâîëèíåéíûé ñåêòîð åñòü êâàäðèðóåìàÿ ïëîñêàÿ

ôèãóðà F , ïëîùàäü êîòîðîé âû÷èñëÿåòñÿ ïî ôîðìóëå

µ(F ) =
1

2

β∫
α

f 2(ϕ)dϕ.

JÐàññìîòðèì ëþáîå ðàçáèåíèå

τ : α = ϕ0 < ϕ1 < . . . < ϕk < . . . < ϕn = b.

Äëÿ ëþáîãî ÷àñòè÷íîãî îòðåçêà [ϕk−1, ϕk] (k = 1, n) ïîñòðîèì êðóãî-
âûå ñåêòîðû ñ ðàäèóñàìè

rk = min
ϕ∈[ϕk−1,ϕk]

{f(ϕ)} , Rk = max
ϕ∈[ϕk−1,ϕk]

{f(ϕ)} .

Ïîëó÷èì äâå êâàäðèðóåìûå ôèãóðû: Qτ ⊃ F (îáúåäèíåíèå âñåõ êðó-
ãîâûõ ñåêòîðîâ ñ ðàäèóñàìè Rk (k = 1, n)); Pτ ⊂ F (îáúåäèíåíèå âñåõ
êðóãîâûõ ñåêòîðîâ ñ ðàäèóñàìè rk (k = 1, n)). Èõ ïëîùàäè ñîîòâåòñòâåí-
íî ðàâíû:

µ(Qτ) = 1
2

n∑
k=1

R2
k∆ϕk = Sτ � âåðõíÿÿ ñóììà Äàðáó ôóíêöèè 1

2f
2(ϕ);
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µ(Pτ) = 1
2

n∑
k=1

r2
k∆ϕk = sτ � íèæíÿÿ ñóììà Äàðáó ôóíêöèè 1

2f
2(ϕ).

Ôóíêöèÿ 1
2f

2(ϕ) íåïðåðûâíà, à çíà÷èò, èíòåãðèðóåìà íà îòðåçêå [α, β],
à ïî òåîðåìå 8.3, äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ðàçáèåíèå τ òàêîå, ÷òî
Sτ −sτ < ε. À òîãäà êðèâîëèíåéíûé ñåêòîð F áóäåò êâàäðèðóåìîé ïëîñ-
êîé ôèãóðîé (ñìîòðè êðèòåðèé êâàäðèðóåìîñòè 12.1 ñ ó÷åòîì çàìå÷àíèÿ
12.1) è ñïðàâåäëèâî íåðàâåíñòâî µ(Pτ) 6 µ(F ) 6 µ(Qτ).

Åñëè ñóùåñòâóåò
β∫
α

1
2f

2(ϕ)dϕ = I, òî lim
λτ→0

Sτ = lim
λτ→0

sτ = I. Çíà÷èò,

ñóùåñòâóåò lim
λτ→0

µ(F ) = µ(F ) = I. I

Ïðèìåð 12.3. Íàéäèòå ïëîùàäü, îãðàíè÷åííóþ êðèâîé r = a sin 3ϕ
(a > 0), çàäàííîé â îáîáùåííîé ïîëÿðíîé ñèñòåìå êîîðäèíàò.

JÅñëè r > 0, òî sin 3ϕ > 0⇔ 2πk 6 3ϕ 6 π + 2kπ,

2

3
πk 6 ϕ 6

π

3
+

2

3
kπ, k = 0,±1, . . .

k = 0, 0 6 ϕ 6 π
3 ;

k = 1, 2
3π 6 ϕ 6 π;

k = 2, 4
3π 6 ϕ 6 5

3π è òàê äàëåå.
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Ðèñóíîê 12.6 � r = a sin 3ϕ

Åñëè r < 0, òî êðèâàÿ áóäåò èìåòü òàêîé æå âèä, êàê è ïðè r > 0.

µ(F ) = 6 · 1
2

π
6∫

0

a2 sin2 3ϕdϕ = 3a2

π
6∫

0

1− cos 6ϕ

2
dϕ =

πa2

4
(êâ. åä.). I

Ïðèìåð 12.4. Íàéäèòå ïëîùàäü, îãðàíè÷åííóþ êðèâîé r = a cos 2ϕ
(a > 0), çàäàííîé â îáîáùåííîé ïîëÿðíîé ñèñòåìå êîîðäèíàò.

JÑòðîèì êðèâóþ â îáîáùåííîé ïîëÿðíîé ñèñòåìå êîîðäèíàò.
Åñëè r > 0, òî cos 2ϕ > 0⇔ −π

2 + 2πk 6 2ϕ 6 π
2 + 2kπ,

−π
4

+ πk 6 ϕ 6
π

4
+ πk, k = 0,±1,±2, . . .

k = 0, −π
4 6 ϕ 6 π

4 ;
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Ðèñóíîê 12.7 � r = a cos 2ϕ

k = 1, 3
4π 6 ϕ 6 5

4π
è òàê äàëåå.
Åñëè æå π

4 6 ϕ 6 3
4π, òî r = a cos 2ϕ < 0, à êðèâàÿ áóäåò óæå

ðàçìåùåíà â óãëå 5
4π 6 ϕ 6 7

4π è íàîáîðîò. Ïîýòîìó

S = 8 · 1
2

π
4∫

0

a2 cos2 2ϕdϕ = 4a2

π
4∫

0

1 + cos 4ϕ

2
dϕ =

πa2

2
(êâ. åä.). I
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12.4. Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé
êðèâîé, çàäàííîé â ïàðàìåòðè÷åñêîé ôîðìå

Ïóñòü çàäàíà êðèâîëèíåéíàÿ òðàïåöèÿ aABb, îãðàíè÷åííàÿ êðèâûìè
L = AB, y = 0, x = a, x = b, íî êðèâàÿ L çàäàíà ïàðàìåòðè÷åñêè ñ
ïîìîùüþ ñèñòåìû óðàâíåíèé{

x = ϕ(t),
y = ψ(t),

t ∈ [α, β] ,

ïðè÷åì ϕ(α) = a, ϕ(β) = b, ψ(t) > 0 è íåïðåðûâíà íà [α, β], à ϕ(t) �
íåïðåðûâíî-äèôôåðåíöèðóåìàÿ íà [α, β] è ϕ′(t) > 0, åñëè α < β, ϕ′(t) < 0,
åñëè α > β. Ðàññìîòðèì ñëó÷àé, êîãäà ϕ′(t) > 0 (α < β). Òîãäà ϕ(t) ÿâ-
ëÿåòñÿ âîçðàñòàþùåé íà îòðåçêå [α, β]. Çíà÷èò, ñóùåñòâóåò ϕ−1(x) = t �
âîçðàñòàþùàÿ è íåïðåðûâíàÿ íà [a; b]. Ïîýòîìó ñóùåñòâóåò ôóíêöèÿ
y = ψ(ϕ−1(x)) = f(x) > 0 è f(x) � íåïðåðûâíà íà [a; b].
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Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè

SaABb =

b∫
a

f(x)dx. (12.1)

Ïðèìåíèì ê èíòåãðàëó (12.1) ïîäñòàíîâêó x = ϕ(t) (âñå óñëîâèÿ òåî-
ðåìû 10.4 î ïîäñòàíîâêå âûïîëíÿþòñÿ).

SaABb =

b∫
a

f(x)dx =

β∫
α

f(ϕ(t))ϕ′(t)dt =

β∫
α

ψ(t)ϕ′(t)dt.

Ïðèìåð 12.5. Íàéäèòå ïëîùàäü, îãðàíè÷åííóþ àñòðîèäîé{
x = a cos3 t,
y = a sin3 t.

J x = a cos3 t = ϕ(t), t ∈
[
0, π2
]
; ϕ′(t) = −3a cos2 t · sin t < 0 íà

[
0; π2
]

è íåïðåðûâíà íà íåì.

α =
π

2
, ϕ
(π

2

)
= a cos3 π

2
= 0; β = 0, ϕ(0) = a cos3 0 = a.

Òîãäà â ñèëó ñèììåòðè÷íîñòè ôèãóðû

S = 4

a∫
0

f(x)dx = 4

0∫
π
2

a sin3 t(−3a cos2 t) sin tdt =
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Ðèñóíîê 12.8 � Àñòðîèäà

=
12

a2

π
2∫

0

sin2 2t

4
· 1− cos 2t

2
dt =

=
12

8
a2

π
2∫

0

1− cos 4t

2
dt− 12a2

8 · 2

π
2∫

0

sin2 2td(sin 2t) =
3a2π

8
(êâ. åä.). I

Ïðèìåð 12.6. Íàéäèòå ïëîùàäü ýëëèïñà x2

a2 + y2

b2 = 1.

JÂûøå íàìè íàéäåíà ïëîùàäü ýëëèïñà ñ èñïîëüçîâàíèåì äåêàðòî-
âîé ñèñòåìû êîîðäèíàò (ïðèìåð 12.1). Ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå
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ýëëèïñà {
x = a cos t,
y = b sin t,

ãäå t ∈ [0, 2π]. Åñëè âçÿòü 0 6 ϕ 6 π
2 , òî x

′ = ϕ′(t) = −a sin t < 0.
Îòêóäà, x = a cos t ÿâëÿåòñÿ óáûâàþùåé íà

[
0, π2
]
è íåïðåðûâíî-

äèôôåðåíöèðóåìîé, çíà÷èò, ñóùåñòâóåò ϕ−1(x) = t, ïîýòîìó ñóùåñòâóåò
y = ψ(ϕ−1(x)) = f(x).

S = 4

a∫
0

f(x)dx =

 x = a cos t,
xí = 0, 0 = a cos t, tí = π

2

xâ = a, a = a cos t, tâ = 0

 = 4

0∫
π
2

ψ(t)ϕ′(t)dt =

= 4

0∫
π
2

b sin t(−a sin t)dt = 4ab

π
2∫

0

sin2 tdt =

= 2ab

π
2∫

0

(1− cos 2t)dt = πab (êâ. åä.). I
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Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Äàéòå îïðåäåëåíèå îãðàíè÷åííîãî ìíîæåñòâà â R2.

2. Äàéòå îïðåäåëåíèÿ âíóòðåííåé, âíåøíåé, ãðàíè÷íîé òî÷åê ìíîæå-
ñòâà â R2.

3. Äàéòå îïðåäåëåíèå êâàäðèðóåìîé ôèãóðû.

4. Ñôîðìóëèðóéòå êðèòåðèé êâàäðèðóåìîñòè ïëîñêîé ôèãóðû.

5. Äàéòå îïðåäåëåíèå êðèâîëèíåéíîãî ñåêòîðà. Çàïèøèòå ôîðìóëó,
ïî êîòîðîé ìîæíî îïðåäåëèòü ïëîùàäü êðèâîëèíåéíîãî ñåêòîðà.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 9

Ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà.
Âû÷èñëåíèå ïëîùàäåé ïëîñêèõ ôèãóð

Çàäàíèå 1. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïðÿìîé y = x
è ïàðàáîëîé y = 2− x2.

JÍàéäåì àáñöèññû òî÷åê ïåðåñå÷åíèÿ ïðÿìîé ñ ïàðàáîëîé, ðåøèâ
ñèñòåìó óðàâíåíèé. {

y = x,
y = 2− x2.

Ðåøàÿ ñèñòåìó, ïîëó÷èì x1 = −2, x2 = 1 � ýòî è áóäóò ïðåäåëû
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x

y

1 2

-1

-2

1

2

3

-2

y
x
=

1

2

-2
1

2

y -x=2
1

2

2

Ðèñóíîê 12.9

èíòåãðèðîâàíèÿ. Èñêîìàÿ ïëîùàäü ðàâíà (ðèñóíîê 12.9):

S =

1∫
−2

[(
2− x2

)
− x
]
dx =

(
2x− x3

3
− x2

2

)∣∣∣∣1
−2

=
9

2
(êâ. åä.). I

Çàäàíèå 2. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé äâóìÿ âåòâÿìè
êðèâîé (y − x)2 = x3 è ïðÿìîé x = 1.

J Çàìåòèì, ÷òî y êàê íåÿâíàÿ ôóíêöèÿ îò x îïðåäåëåíà ëèøü ïðè
x > 0 (ëåâàÿ ÷àñòü óðàâíåíèÿ âñåãäà íåîòðèöàòåëüíà). Íàéäåì óðàâíå-
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íèå äâóõ âåòâåé êðèâîé:

y − x = ±x
√
x, y1 = x+ x

√
x, y2 = x− x

√
x.

2

1

Ðèñóíîê 12.10

Î÷åâèäíî, ÷òî y1 (x) > y2 (x) ïðè x > 0 (ðèñóíîê 12.10). Ïîýòîìó

S =

1∫
0

[y1 (x)− y2 (x)] dx =

1∫
0

(
x+ x

√
x− x+ x

√
x
)
dx =
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= 2

1∫
0

x
√
xdx =

4

5
x

5
2

∣∣∣1
0

=
4

5
(êâ. åä.). I

Çàäàíèå 3. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé îäíîé àðêîé öèê-

ëîèäû

{
x = a (t− sin t) ,
y = a (1− cos t) ;

è îñüþOx.

JÀðêà öèêëîèäû (ðèñóíîê 12.11) îïèñûâàåòñÿ ïðè èçìåíåíèè t â ïðå-
äåëàõ îò 0 äî 2π, òàê êàê y (0) = y (2π) = 0, à â îñòàëüíûõ òî÷êàõ
óêàçàííîãî ïðîìåæóòêà y > 0. Ïðåäåëû èíòåãðèðîâàíèÿ ðàâíû ñîîò-
âåòñòâåííî x (0) = 0 è x (2π) = 2πa. Ñëåäîâàòåëüíî, èñêîìàÿ ïëîùàäü

ðàâíà: S =
2πa∫
0

ydx.

x

y

ap(0,0)O

t

a

2a

2 ap

Ðèñóíîê 12.11
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Ñäåëàåì ïîäñòàíîâêó

x = a (t− sin t) , y = a (1− cos t) , dx = a (1− cos t) dt.

Êîãäà x ïðîáåãàåò îòðåçîê [0; 2πa], t ïðîáåãàåò îòðåçîê [0; 2π]. Ïîýòî-
ìó

S =

2π∫
0

a (1− cos t) a (1− cos t) dt = 3πa2 (êâ. åä.).

Òàê êàê ïëîùàäü êðóãà ðàäèóñà a ðàâíà πa2, òî ïîëó÷åííûé ðåçóëüòàò
ïîêàçûâàåò, ÷òî ïëîùàäü àðêè â òðè ðàçà áîëüøå ïëîùàäè êðóãà.I
Çàäàíèå 4. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïîëÿðíîé îñüþ è

ïåðâûì âèòêîì ñïèðàëè Àðõèìåäà ρ = αϕ.

J SOABC =
a2

2

2π∫
0

ϕ2dϕ =
a2

2
· ϕ

3

3

∣∣∣∣2π
0

=
a2

2
· 8π

3

3
=

4

3
π3a2 (êâ. åä.).

Çàìåòèì, ÷òî òî÷êà C ïåðåñå÷åíèÿ ïåðâîãî âèòêà ñïèðàëè ñ ïîëÿðíîé
îñüþ îòäàëåíà îò ïîëþñà íà ðàññòîÿíèå ρ = 2πa. Ïîýòîìó êðóã ðàäèóñà
OC èìååò ïëîùàäü π ·OC2 = 4π3a2 = 3 · 4

3π
3a2 = 3SOABC .

Òàêèì îáðàçîì, ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïîëÿðíîé îñüþ è
ïåðâûì âèòêîì ñïèðàëè Àðõèìåäà, ðàâíà 1

3 ïëîùàäè êðóãà ñ ðàäèóñîì,
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x

y

ОA

B

C

P

Ðèñóíîê 12.12

ðàâíûì íàèáîëüøåìó èç ðàäèóñ-âåêòîðîâ òî÷åê âèòêà (ðèñóíîê 12.12).
Ê ýòîìó âûâîäó ïðèøåë åùå Àðõèìåä.I

Çàäàíèå 5. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé îäíèì ëåïåñòêîì
êðèâîé ρ2 = a2 cos 2ϕ (ëåìíèñêàòà).

JÏðàâàÿ ÷àñòü óðàâíåíèÿ êðèâîé íåîòðèöàòåëüíà ïðè çíà÷åíèÿõ ϕ,
äëÿ êîòîðûõ cos 2ϕ > 0. Ïîýòîìó äëÿ ïåðâîãî ëåïåñòêà ëåìíèñêàòû

−π
2
6 2ϕ 6

π

2
⇔ −π

4
6 ϕ 6

π

4
.
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x

B

О

A

C

Ðèñóíîê 12.13

Ñëåäîâàòåëüíî (ðèñóíîê 12.13),

SOABC =
a2

2

π
4∫

−π4

cos 2ϕdϕ =
a2

2
(êâ. åä.). I

Çàäàíèå 6.Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé óëèòêîé Ïàñêàëÿ2

r= 2a(2 + cos θ). Ñäåëàòü ÷åðòåæ.

J S = 2 · 1
2

π∫
0

4a2 (2 + cos θ)2 dθ = 4a2

π∫
0

(
4 + 4 cos θ + cos2 θ

)
dθ =

= 4a2

π∫
0

(
4 + 4 cos θ +

1 + cos 2θ

2

)
dθ = 4a2 · 9

2
· π = 18a2π (êâ. åä.). I

2Áëåç Ïàñêàëü (1623�1662) � ôðàíöóçñêèé ìàòåìàòèê è ôèçèê.
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Ðèñóíîê 12.14

Çàäàíèå 7. Îïðåäåëèòü ïëîùàäü, îãðàíè÷åííóþ ïîäåðîé ýëëèïñà(
x2 + y2

)2
= = a2x2 + b2y2. Ïîäåðà êðèâîé L îòíîñèòåëüíî òî÷êè O �

ìíîæåñòâî îñíîâàíèé ïåðïåíäèêóëÿðîâ, îïóùåííûõ èç òî÷êè O íà êà-
ñàòåëüíûå ê êðèâîé L.

JÏîñòðîèì ÷åðòåæ (ðèñóíîê 12.15).
Ïåðåéäåì ê ïîëÿðíûì êîîðäèíàòàì.

ρ4 = ρ2
(
a2 cos2 ϕ+ b2 sin2 ϕ

)
,

ρ2 = a2 1 + cos 2ϕ

2
+ b2 1− cos 2ϕ

2
=
a2 + b2

2
+
a2 − b2

2
cos 2ϕ.
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Ðèñóíîê 12.15

S =
1

2
· 2

π∫
0

(
a2 + b2

2
+
a2 − b2

2
cos 2ϕ

)
dϕ =

a2 + b2

2
π (êâ. åä.). I

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé y = x2 + 1 è
ïðÿìîé x+ y = 3.

2. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè:

2.1 y = |lg x|, y = 0, x = 0, 1, x = 0;

2.2 y = x, y = x+ sin2 x, 0 6 x 6 π;

2.3 y = 0, y = (x+ 1)2, y = 4− x;
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2.4 y2 = 2x+ 1, x− y − 1 = 0;

2.5 y = 2− x2, y2 = x2.

3. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé y = x2−2x+2,
êàñàòåëüíîé ê íåé â òî÷êå M (3; 5) è îñüþ îðäèíàò.

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åíîé ïàðàáîëîé y = −x2+4x−3
è êàñàòåëüíûìè ê íåé â òî÷êàõ M1 (0;−3) è M2 (3; 0).

5. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé îñüþ àáñöèññ, êðèâîé
y = x4−2x3+x2+3 è äâóìÿ îðäèíàòàìè, ñîîòâåòñòâóþùèìè òî÷êàì,
â êîòîðûõ ôóíêöèÿ èìååò ìèíèìóì.

6. Âû÷èñëèòü ïëîùàäü ñåãìåíòà, îòñåêàåìîãî ïðÿìîé y = −x îò ïà-
ðàáîëû y= 2x−x2.

7. Íàéòè ïëîùàäü êàæäîé èç ôèãóð, îãðàíè÷åííîé îêðóæíîñòüþ

x2 + y2 + 6x− 2y + 8 = 0

è ïàðàáîëîé y = x2 + 6x+ 10.

8. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé êóáè÷åñêèìè ïàðàáî-
ëàìè 6x = y3 − 16y è 24x = y3 − 16y.

9. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãèïåðáîëîé x2

a2 −
y2

b2 = 1
è ïðÿìîé x = 2a.
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10. Âû÷èñëèòü ïëîùàäè äâóõ ÷àñòåé, íà êîòîðûå êðóã x2 + y2 = 8 ðàç-
äåëåí ïàðàáîëîé y2 = 2x.

11. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé y = sin3 x+cos3 x
è îòðåçêîì îñè àáñöèññ, ñîåäèíÿþùèì äâå ïîñëåäîâàòåëüíûå òî÷êè
ïåðåñå÷åíèÿ êðèâîé ñ îñüþ àáñöèññ.

12. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè ym = xn è yn = xm,
ãäå m è n � öåëûå ïîëîæèòåëüíûå ÷èñëà, ðàñïîëîæåííîé â ïåðâîì
êâàäðàíòå. Ðàññìîòðåòü âîïðîñ î ïëîùàäè âñåé ôèãóðû â çàâèñè-
ìîñòè îò õàðàêòåðà ÷èñåë m è n.

13. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé êàðäèîèäîé

x = a (2 cos t− cos 2t) , y = a (2 sin t− sin 2t) .

14. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïåòëåé êðèâîé x= 3t2,
y = 3t− t3.

15. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé ρ = a sin 2ϕ.

16. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé ρ = 2a cos 3ϕ è
ëåæàùåé âíå êðóãà ρ = a.

17. Ïîêàçàòü, ÷òî ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëþáûìè äâóìÿ ðà-
äèóñ-âåêòîðàìè ãèïåðáîëè÷åñêîé ñïèðàëè ρϕ = a è åå êðèâîé, ïðÿ-
ìî ïðîïîðöèîíàëüíà ðàçíîñòè ýòèõ ðàäèóñîâ.
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18. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé x4 + y4 = x2 + y2.

19. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé îäíîé âåòâüþ òðîõîè-

äû

{
x = at− b sin t,
y = a− b cos t,

(0 < b 6 a) è êàñàòåëüíîé ê íåé â íèçøèõ åå

òî÷êàõ.

20. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé êàðäèîèäîé{
x = a cos t (1− cos t) ,
y = a sin t (1− cos t) .

21. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé x4 + y4 = ax2y

(ïðèâåñòè óðàâíåíèå ê ïàðàìåòðè÷åñêîìó âèäó, ïîëîæèâ y = tx.)

22. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïåòëåé

x =
t2

1 + t2
, y =

t
(
1− t2

)
1 + t2

.

23. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé

ρ2 = a2 cos 4ϕ.

24. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé êîîðäèíàòíûìè îñÿìè
è ïðÿìîé ρ = a

cos(ϕ−π3 )
.
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25. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè

ρ = 2
√

3a cosϕ è ρ = 2a sinϕ.

26. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè ρ = 2 − cosϕ,
ρ = cosϕ.

27. Âû÷èñëèòü ïëîùàäü îáùåé ÷àñòè äâóõ êðóãîâ

ρ = a cosϕ, ρ = a cosϕ+ a sinϕ.

ËÅÊÖÈß 13

Ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà. Âû÷èñëåíèå îáúåìà
òåëà è ïëîùàäè ïîâåðõíîñòè âðàùåíèÿ

13.1. Ïîíÿòèå êóáèðóåìîñòè è îáúåìà òåë.
Êðèòåðèé êóáèðóåìîñòè òåë

Ðàññìîòðèì ìíîæåñòâî âñåõ òî÷åê ïðîñòðàíñòâà R3 è çàôèêñèðóåì
îäíó èç ýòèõ òî÷åê a.

Îïðåäåëåíèå 13.1. ε-îêðåñòíîñòüþ òî÷êè a íàçûâàþò ìíîæå-

ñòâî òåõ òî÷åê ïðîñòðàíñòâà, êîòîðûå ðàñïîëîæåíû âíóòðè øàðà

ðàäèóñà ε ñ öåíòðîì â òî÷êå a.
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Äëÿ òî÷åê ïðîñòðàíñòâà àíàëîãè÷íûì îáðàçîì, êàê è äëÿ òî÷åê ïëîñ-
êîñòè, îïðåäåëÿþòñÿ âíóòðåííèå, âíåøíèå è ãðàíè÷íûå òî÷êè ìíîæå-
ñòâà, à òàêæå ãðàíèöà ìíîæåñòâà.

Îïðåäåëåíèå 13.2. Ìíîæåñòâî M òî÷åê ïðîñòðàíñòâà áóäåì íà-

çûâàòü îãðàíè÷åííûì, åñëè ñóùåñòâóåò øàð, ñîäåðæàùèé âñå òî÷-

êè ýòîãî ìíîæåñòâà.

Â äàëüíåéøåì ìû áóäåì ðàññìàòðèâàòü ïðîèçâîëüíîå îãðàíè÷åííîå
ìíîæåñòâî F òî÷åê ïðîñòðàíñòâà R3 è áóäåì íàçûâàòü ýòî ìíîæåñòâî
òåëîì.

Îïðåäåëåíèå 13.3. Òåëî, ñîñòàâëåííîå èç ïàðàëëåëåïèïåäîâ ñ ãðà-
íÿìè, ïàðàëëåëüíûìè êîîðäèíàòíûì ïëîñêîñòÿì, áóäåì íàçûâàòü ïðî-

ñòåéøèì òåëîì.

Èç êóðñà ìàòåìàòèêè ñðåäíåé øêîëû ñëåäóåò, ÷òî êàæäûé ïàðàëëå-
ëåïèïåä èìååò îáúåì, ðàâíûé ïðîèçâåäåíèþ äëèí åãî ñìåæíûõ ðåáåð,
à îáúåì ïðîñòåéøåãî òåëà ðàâåí ñóììå îáúåìîâ ñîñòàâëÿþùèõ åãî ïà-
ðàëëåëåïèïåäîâ. Ïóñòîå ìíîæåñòâî Ø áóäåì ñ÷èòàòü ïàðàëåëëåïèïåäîì
ñ íóëåâûì îáúåìîì.

Ïóñòü P � ïðîñòåéøåå òåëî. ×åðåç ν (P ) îáîçíà÷èì åãî îáúåì. Îò-
ìåòèì, ÷òî îáúåì ν(P ) � ýòî íåîòðèöàòåëüíîå ÷èñëî, êîòîðîå îáëàäà-
åò ñâîéñòâàìè àääèòèâíîñòè è ìîíîòîííîñòè (ñìûñë óêàçàííûõ ñâîéñòâ
äëÿ îáúåìîâ àíàëîãè÷åí ðàññìîòðåííûì äëÿ ïëîùàäåé).
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Ðàññìîòðèì ëþáîå òåëî F è ïðîñòåéøèå òåëà P èQ òàêèå, ÷òî P ⊂ F ,
Q ⊃ F . Ìíîæåñòâî îáúåìîâ {ν (Q) , Q ⊃ F} îãðàíè÷åíî ñíèçó (â êà÷å-
ñòâå íèæíåé ãðàíèöû ìîæíî âçÿòü ëþáîå îòðèöàòåëüíîå ÷èñëî), à ìíî-
æåñòâî îáúåìîâ {ν (P ) , P ⊂ F} îãðàíè÷åíî ñâåðõó (â êà÷åñòâå âåðõ-
íåé ãðàíèöû ìîæíî âçÿòü ëþáîå ïîëîæèòåëüíîå ÷èñëî, ðàâíîå îáúåìó
êàêîãî-íèáóäü ïðîñòåéøåãî òåëà Q ⊃ F ).

Òîãäà
ν?(F ) = inf

Q⊃F
{ν(Q)}

íàçîâåì âåðõíèì îáúåìîì òåëà F , à ν?(F ) = sup
P⊂F
{ν(P )} � íèæíèì îáú-

åìîì òåëà F .

Ëåììà 13.1. Äëÿ ëþáîãî òåëà F âûïîëíÿåòñÿ íåðàâåíñòâî

ν?(F ) 6 ν?(F ).

JÄîêàçàòåëüñòâî ëåììû 13.1 àíàëîãè÷íî äîêàçàòåëüñòâó ñîîòâåòñòâó-
þùåãî óòâåðæäåíèÿ äëÿ ïëîñêèõ ôèãóð.I

Îïðåäåëåíèå 13.4. Òåëî F íàçûâàåòñÿ êóáèðóåìûì (èìåþùèì
îáúåì), åñëè

ν?(F ) = ν?(F ) = ν(F ).

Â ýòîì ñëó÷àå íåîòðèöàòåëüíîå ÷èñëî ν(F ) íàçûâàåòñÿ îáúåìîì

òåëà F .
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Ñëåäñòâèå 13.1. Ëþáîå ïðîñòåéøåå òåëî P ÿâëÿåòñÿ êóáèðóåìûì

â ñìûñëå îïðåäåëåíèÿ 13.4.

Òåîðåìà 13.1 (êðèòåðèé êóáèðóåìîñòè òåë). Òåëî F áóäåò êó-

áèðóåìûì òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóþò

ïðîñòåéøèå òåëà Q′ ⊃ F è P ′ ⊂ F òàêèå, ÷òî

ν(Q′)− ν(P ′) < ε.

JÄîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó êðèòåðèÿ êâàäðèðóåìî-
ñòè ïëîñêèõ ôèãóð.I

Çàìå÷àíèå 13.1. Â òåîðåìå 13.1 âìåñòî ïðîñòåéøèõ òåë P ′ èQ′ ìîæ-
íî âçÿòü ëþáûå êóáèðóåìûå òåëà P ⊂ F è Q ⊃ F .

Îïðåäåëåíèå 13.5. Áóäåì ãîâîðèòü, ÷òî ãðàíèöà òåëà F èìååò

îáúåì, ðàâíûé íóëþ, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóþò ïðîñòåéøèå

òåëà P ⊂ F è Q ⊃ F òàêèå, ÷òî ν(Q)− ν(P ) < ε.

Òîãäà òåîðåìó 13.1 ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 13.2. Òåëî F áóäåò êóáèðóåìûì òîãäà è òîëüêî òîãäà,

êîãäà åãî ãðàíèöà èìååò îáúåì ðàâíûé íóëþ.
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13.2. Íåêîòîðûå êëàññû êóáèðóåìûõ òåë

13.2.1. Öèëèíäðè÷åñêèå è ñòóïåí÷àòûå òåëà

Îïðåäåëåíèå 13.6. Öèëèíäðè÷åñêèì òåëîì íàçûâàåòñÿ òåëî,

îãðàíè÷åííîå öèëèíäðè÷åñêîé ïîâåðõíîñòüþ ñ îáðàçóþùèìè, ïàðàëëåëü-

íûìè îäíîé èç êîîðäèíàòíûõ îñåé, è äâóìÿ íåñîâïàäàþùèìè ïëîñêî-

ñòÿìè, ïåðïåíäèêóëÿðíûìè ýòîé îñè.

Ñå÷åíèÿ, ïîëó÷åííûå ïðè ïåðåñå÷åíèè öèëèíäðè÷åñêîé ïîâåðõíîñòè
óêàçàííûìè ïëîñêîñòÿìè, íàçûâàþòñÿ îñíîâàíèÿìè öèëèíäðè÷åñêîãî òå-
ëà, à ðàññòîÿíèå ìåæäó îñíîâàíèÿìè öèëèíäðè÷åñêîãî òåëà íàçûâàåòñÿ
åãî âûñîòîé.

Òåîðåìà 13.3. Åñëè îñíîâàíèåì öèëèíäðè÷åñêîãî òåëà F ÿâëÿåòñÿ

êâàäðèðóåìàÿ ïëîñêàÿ ôèãóðà G, òî òåëî F êóáèðóåìîå è åãî îáúåì

ðàâåí ν(F ) = µ(G)h, ãäå h � âûñîòà öèëèíäðè÷åñêîãî òåëà, à µ(G) �

ïëîùàäü åãî îñíîâàíèÿ.

JÅñëè G � êâàäðèðóåìàÿ ïëîñêàÿ ôèãóðà, òî (íåîáõîäèìîå óñëîâèå
êðèòåðèÿ êâàäðèðóåìîñòè � òåîðåìà 12.1) äëÿ ëþáîãî ε > 0 ñóùåñòâóþò
ïðîñòåéøèå ôèãóðû P ⊂ G è Q ⊃ G òàêèå, ÷òî µ(Q) − µ(P ) < ε/h.
Ïðîñòåéøèì ôèãóðàì P è Q ñîîòâåòñòâóþò ïàðàëëåëåïèïåäû FP ⊂ F

è FQ ⊃ F (ñ îñíîâàíèÿìè ñîîòâåòñòâåííî P è Q). Òîãäà îáúåìû
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ìíîãîãðàííûõ òåë áóäóò ðàâíû ν(FP ) = µ(P )h è ν(FQ) = µ(Q)h.
Îöåíèì ñâåðõó ðàçíîñòü ýòèõ îáúåìîâ:

µ(Q)h− µ(P )h = (µ(Q)− µ(P ))h <
ε

h
h < ε.

Èç äîñòàòî÷íîãî óñëîâèÿ òåîðåìû 13.1 ñëåäóåò, ÷òî öèëèíäðè÷åñêîå
òåëî F � êóáèðóåìîå. Ïîñêîëüêó µ(P )h 6 µ(G)h 6 µ(Q)h, òî

ν?(F ) = sup
FP⊂F

ν(FP ) 6 µ(G)h 6 inf
FQ⊃F

ν(FQ) = ν?(F )

(òàê êàê µ(G)h � âåðõíÿÿ ãðàíèöà äëÿ ìíîæåñòâà {ν(FP )} è íèæíÿÿ äëÿ
ìíîæåñòâà {ν(FQ)}). Íî ν?(F ) = ν?(F ) = ν(F ), åñëè öèëèíäðè÷åñêîå
òåëî F � êóáèðóåìîå. Ïîýòîìó ν(F ) = µ(G)h.I

13.2.2. Òåëà âðàùåíèÿ

Òåîðåìà 13.4. Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå [a, b], òî
òåëî F , ïîëó÷åííîå âðàùåíèåì âîêðóã îñè Ox êðèâîëèíåéíîé òðàïåöèè,
îãðàíè÷åííîé ãðàôèêîì ôóíêöèè |f(x)|, ïðÿìûìè x = a, x = b, y = 0,
êóáèðóåìîå è åãî îáúåì ìîæíî íàéòè ïî ôîðìóëå

µ(F ) = π

b∫
a

f 2(x)dx. (13.1)
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JÂîçüìåì ëþáîå ðàçáèåíèå τ îòðåçêà [a, b] íà ÷àñòè÷íûå îòðåçêè
[xk−1, xk] (k = 1, n) ñ ïîìîùüþ òî÷åê

a = x0 < x1 < x2 < . . . < xk−1 < xk < . . . < xn = b.

Ïóñòü mk = inf
x∈[xk−1,xk]

{|f(x)|}, Mk = sup
x∈[xk−1,xk]

{|f(x)|} (k = 1, n). Íà

êàæäîì ÷àñòè÷íîì îòðåçêå [xk−1, xk] (k = 1, n) ïîñòðîèì äâà ïðÿìî-
óãîëüíèêà ñ âûñîòàìè mk è Mk.

Âûïîëíèì âðàùåíèå êîîðäèíàòíîé ïëîñêîñòè âîêðóã îñè Ox. Ïîëó-
÷èì òåëî âðàùåíèÿ F (ïðè âðàùåíèè óêàçàííîé â óñëîâèè òåîðåìû
êðèâîëèíåéíîé òðàïåöèè âîêðóã îñè Ox) è äâà ñòóïåí÷àòûõ òåëà FP
è FQ (FP � ïðè âðàùåíèè ñòóïåí÷àòîé ïëîñêîé ôèãóðû, ñîñòàâëåííîé
èç ÷àñòè÷íûõ ïðÿìîóãîëüíèêîâ ñ îñíîâàíèÿìè [xk−1, xk] è âûñîòàìè mk

(k = 1, n), FQ � ñ îñíîâàíèÿìè [xk−1, xk] è âûñîòàìè Mk, (k = 1, n)),
ïðè÷åì FP ⊂ F è F ⊂ FQ, à

µ(FQ) = π
n∑
k=1

M 2
k∆xk è µ(Fp) = π

n∑
k=1

m2
k∆xk.

Ïîëó÷èëè ñîîòâåòñòâåííî âåðõíþþ è íèæíþþ ñóììû Äàðáó äëÿ ôóíê-

öèè πf 2(x). Ïîñêîëüêó ñóùåñòâóåò π
b∫
a

f 2(x)dx, òî äëÿ ëþáîãî ε > 0
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ñóùåñòâóåò ðàçáèåíèå τ îòðåçêà [a, b], ÷òî µ(FQ) − µ(FP ) < ε. Çíà-
÷èò, òåëî F ÿâëÿåòñÿ êóáèðóåìûì. Íî µ(FP ) 6 µ(F ) 6 µ(FQ) è ñóùå-

ñòâóåò lim
λτ→0

µ(FP ) = lim
λτ→0

µ(FQ) = π
b∫
a

f 2(x)dx (λτ = max
k
{∆xk}), òîãäà

µ(F ) = π
b∫
a

f 2(x)dx.I

x

y

O

2

p

2

p

-

Ðèñóíîê 13.1

Ïðèìåð 13.1. Âû÷èñëèòü îáúåì òåëà, ïîëó÷åííîãî
ïðè âðàùåíèè âîêðóã îñè Ox êðèâîëèíåéíîé òðàïåöèè,
îãðàíè÷åííîé ýòîé îñüþ, êðèâîé y = arcsinx è x = 1.

J Ïîñòðîèì ÷åðòåæ (ðèñóíîê 13.1).

V = π

1∫
0

y2dx = π

1∫
0

arcsin2 xdx =

= π

[
u = arcsin2 x, du = 2 arcsin x dx√

1−x2 ,

dv = dx, v = x

]
=

= πx(arcsinx)2
∣∣∣1
0
− 2π

1∫
0

x arcsinx√
1− x2

dx =

=

[
u = arcsinx, du = dx√

1−x2 ,

dv = xdx√
1−x2 , v = −

√
1− x2

]
=
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=
π3

4
− 2π

1∫
0

dx =

(
π3

4
− 2π

)
(êóá. åä.) I

13.2.3. Òåëî ñ èçâåñòíûìè ïëîùàäÿìè ïîïåðå÷íûõ ñå÷åíèé

Ïóñòü äëÿ ëþáîãî x ∈ [a, b] èçâåñòíà ïëîùàäü S(x) ñå÷åíèÿ òåëà
F ïëîñêîñòüþ, ïåðïåíäèêóëÿðíîé îñè Ox è ïðîõîäÿùåé ÷åðåç òî÷êó
x ∈ [a, b]. S(x) íàçûâàþò ïëîùàäüþ ïîïåðå÷íîãî ñå÷åíèÿ òåëà F . Ïðåä-
ïîëîæèì, ÷òî S(x) � íåïðåðûâíàÿ íà îòðåçêå [a, b] ôóíêöèÿ. Âîçüìåì
ëþáîå ðàçáèåíèå τ îòðåçêà [a, b] íà n (n ∈ N) ÷àñòè÷íûõ îòðåçêîâ [xk−1, xk]
(k = 1, n). ×åðåç òî÷êè ðàçáèåíèÿ ïðîâîäèì ïëîñêîñòè x = a = x0,
x = x1, . . ., x = xn = b, ïåðïåíäèêóëÿðíûå ê îñè Ox. Íà êàæäîì îòðåçêå
ïðîèçâîëüíî âûáèðàåì òî÷êè xk ∈ [xk−1, xk] (k = 1, n) (ðèñóíîê 13.2).

×åðåç òî÷êè xk ïðîâîäèì òàêæå ïëîñêîñòè x = xk, ïåðïåíäèêóëÿðíûå
îñè Ox. Ñòðîèì öèëèíäðè÷åñêèå òåëà T τk ñ îáðàçóþùèìè ïàðàëëåëüíû-
ìè îñè Ox, è íàïðàâëÿþùèìè, ÿâëÿþùèìèñÿ ñå÷åíèÿìè ïîâåðõíîñòè
òåëà F ïëîñêîñòÿìè x = xk (k = 1, n). Îñíîâàíèÿìè òåë T τk áåðåì ñå÷å-
íèÿ ïëîñêîñòåé x = xk−1 è x = xk óêàçàííûìè âûøå öèëèíäðè÷åñêèìè
ïîâåðõíîñòÿìè

(
Sτk−1(xk) è S

τ
k(xk)

)
. Îáúåì öèëèíäðè÷åñêîãî òåëà T τk ðà-

âåí µ(T τk ) = Sτk(xk)∆xk, à âñåãî ñòóïåí÷àòîãî òåëà στ =
n∑
k=1

Sτn(xk)∆xk,
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x0 xa 1-k
x

k
x

k
x b

)(xS
)(1 kk

xS
t

-

)(
kk

xS
t

Ðèñóíîê 13.2

ãäå στ � èíòåãðàëüíàÿ ñóììà Ðèìàíà ôóíêöèè S(x), íåïðåðûâíîé íà
îòðåçêå [a, b]. Ïîýòîìó ñóùåñòâóåò

b∫
a

S(x)dx = lim
λτ→0

στ = µ(F ),

òî åñòü

µ(F ) =

b∫
a

S(x)dx. (13.2)
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Ïîëó÷èëè ôîðìóëó (13.2) äëÿ âû÷èñëåíèÿ îáúåìîâ òåë ñ èçâåñòíûìè
ïëîùàäÿìè åãî ïîïåðå÷íûõ ñå÷åíèé.

Ïðèìåð 13.2. Íàéäèòå îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè

x2

a2
+
y2

b2
= 1,

z

H
=
x

a
, z = 0 (H > 0, z > 0).

x

y

z
H

A
N

B

P

K

Q
M

b

a x

0

Ðèñóíîê 13.3

JÍà ðèñóíêå 13.3 ïîêàçàí ÷åðòåæ òåëà â ïåðâîì îêòàíòå (îíî ðàñïî-
ëîæåíî â ïåðâîì è ÷åòâåðòîì îêòàíòàõ, è y = 0 ÿâëÿåòñÿ åãî ïëîñêîñòüþ
ñèììåòðèè).

Îáîçíà÷èì ÷àñòü òåëà, ðàñïîëîæåííóþ â ïåðâîì îêòàíòå, ÷åðåç F .
Âîçüìåì ëþáîå x ∈ (0, a) (òî÷êà M(x, 0, 0)). Ñòðîèì ñå÷åíèå òåëà F
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ïëîñêîñòüþ, ïåðïåíäèêóëÿðíîé îñè Ox è ïðîõîäÿùåé ÷åðåç òî÷êó M �
ýòî ïðÿìîóãîëüíèê MNPQ. Íàéäåì åãî ïëîùàäü. Àïïëèêàòà òî÷êè N
z = H

a x, à îðäèíàòà òî÷êè Q (èç óðàâíåíèÿ ýëëèïñà) y = b
a

√
a2 − x2.

Òîãäà ïëîùàäü ïðÿìîóãîëüíèêà MNPQ S = b
a

√
a2 − x2. H

a x = S(x),
0 6 x 6 a. Ïî ôîðìóëå (13.2) ïîëó÷èì:

V = 2

a∫
0

S(x)dx = 2
b

a

H

a

a∫
0

x
√
a2 − x2dx = −bH

a2

a∫
0

(a2−x2)
1
2d(a2−x2) =

= −bH
a2

(a2 − x2)
3
2

3
2

∣∣∣∣∣
a

0

=
2

3
abH (êóá. åä.). I

13.3. Ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ

Ñíà÷àëà ââåäåì ïîíÿòèå ïëîùàäè ïîâåðõíîñòè âðàùåíèÿ. Ïóñòü
ôóíêöèÿ y = f(x) íåïðåðûâíà íà îòðåçêå [a, b] è ïðèíèìàåò íà ýòîì
îòðåçêå íåîòðèöàòåëüíûå çíà÷åíèÿ. Ðàññìîòðèì ïîâåðõíîñòü Πf , ïîëó-
÷åííóþ ïóòåì âðàùåíèÿ ãðàôèêà ôóíêöèè f(x) âîêðóã îñè Ox (ðèñóíîê
13.4). Âîçüìåì ëþáîå ðàçáèåíèå τ îòðåçêà [a, b] ñ ïîìîùüþ òî÷åê

a = x0 < x1 < . . . < xk−1 < xk < . . . < xn = b.

Ýòîìó ðàçáèåíèþ ñîîòâåòñòâóåò ðàçáèåíèå ãðàôèêà ôóíêöèè òî÷êàìè
A0(a, f(a)),A1(x1, f(x1)),. . .,Ak−1(xk−1, f(xk−1)),. . .,An(xn, f(xn)). Ïîñòðî-
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x

y

0
A

nA

1-kA kA

1-kx
kx

0

Ðèñóíîê 13.4

èì ëîìàíóþ A0A1 . . . Ak . . . An. Ïðè âðàùåíèè ëîìàíîé âîêðóã îñè Ox
ïîëó÷èì ïîâåðõíîñòü Πl, ñîñòîÿùóþ èç áîêîâûõ ïîâåðõíîñòåé óñå÷åí-
íûõ êîíóñîâ. Ïóñòü µ(Πl) � ïëîùàäü ïîâåðõíîñòè Πl. Òîãäà

µ(Πl) = 2π
n∑
k=1

f(xk−1) + f(xk)

2
µ(lk), (13.3)

ãäå µ(lk) � äëèíà çâåíà Ak−1Ak ëîìàíîé l.

Îïðåäåëåíèå 13.7. ×èñëî

µ(Πf) = lim
λτ→0

µ(Πl) (λτ = max{∆xk}, ∆xk = xk − xk−1)

íàçûâàåòñÿ ïëîùàäüþ ïîâåðõíîñòè âðàùåíèÿ Πf , åñëè ýòîò ïðå-

äåë ñóùåñòâóåò è íå çàâèñèò îò ðàçáèåíèÿ τ (íà ÿçûêå ¾ε − δ¿ (ïî
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Êîøè) ýòî îçíà÷àåò: ∀ ε > 0 ∃ δ > 0 ∀ τ λτ < δ |µ(Πf)−µ(Πl)| < ε),
à ñàìà ïîâåðõíîñòü âðàùåíèÿ Πf â ýòîì ñëó÷àå íàçûâàåòñÿ êâàäðèðó-

åìîé.

Òåîðåìà 13.5. Åñëè ôóíêöèÿ f(x) îïðåäåëåíà, íåïðåðûâíî-äèôôåðåí-
öèðóåìà íà îòðåçêå [a, b] è ïðèíèìàåò íà ýòîì îòðåçêå íåîòðèöà-

òåëüíûå çíà÷åíèÿ, òî ïîâåðõíîñòü Πf , îáðàçîâàííàÿ ïðè âðàùåíèè

ãðàôèêà ôóíêöèè f(x) âîêðóã îñè Ox, áóäåò êâàäðèðóåìîé è åå ïëî-

ùàäü ìîæåò áûòü âû÷èñëåíà ïî ôîðìóëå

µ(Πf) = 2π

b∫
a

f(x)
√

1 + (f ′(x))2dx. (13.4)

J Äëèíà çâåíà ëîìàíîé

µ(lk) =
√

(xk − xk−1)2 + (f(xk)− f(xk−1))2 = [ïî ôîðìóëå Ëàãðàíæà]=

=
√

(xk − xk−1)2 + f ′2(xk)(xk − xk−1)2 =
√

1 + f ′2(xk)∆xk.

Ñ ó÷åòîì ýòîãî è ôîðìóëû (13.3) ïîëó÷èì:

µ(Πl) = 2π
n∑
k=1

f(xk)
√

1 + f ′2(xk)∆xk+
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+π

(
n∑
k=1

((yk−1 − f(xk)) + (yk − f(xk))

)√
1 + f ′2(xk)∆xk.

Ïåðâîå ñëàãàåìîå â ïîñëåäíåì ðàâåíñòâå åñòü èíòåãðàëüíàÿ ñóììà Ðè-
ìàíà äëÿ ôóíêöèè ϕ(x) = 2πf(x)

√
1 + f ′2(x). Ôóíêöèÿ ϕ(x) � íåïðå-

ðûâíà íà [a, b], ïîýòîìó

∃
b∫

a

2πf(x)
√

1 + f ′2(x)dx = lim
λτ→0

στ ,

ãäå στ = 2π
n∑
k=1

f(xk)
√

1 + f ′2(xk)∆xk.

Äàëåå äîêàæåì, ÷òî âòîðîå ñëàãàåìîå èìååò ïðåäåë ïðè λτ → 0, êî-
òîðûé ðàâåí íóëþ. f(x) � íåïðåðûâíà íà îòðåçêå [a, b], à çíà÷èò, ðàâíî-
ìåðíî íåïðåðûâíà íà ýòîì îòðåçêå, à òîãäà

∀ ε > 0 ∃ δ > 0 ∀ τ λτ < δ |yk−1 − f(xk)| <
ε

2M(b− a)
è

|yk − f(xk)| <
ε

2M(b− a)
.

Ôóíêöèÿ
√

1 + f ′2(x) òàêæå íåïðåðûâíà íà [a, b], à çíà÷èò, îãðàíè÷å-
íà íà ýòîì îòðåçêå:

∃ M > 0 ∀ x ∈ [a, b]
√

1 + f ′2(x) 6M,
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0 6 |In| 6
n∑
k=1

(|yk−1 − f(xk)|+ |yk − f(xk)|)
√

1 + f ′2(xk)∆xk 6

6
2Mε(b− a)

2M(b− a)
= ε.

Ïîëó÷èëè:

∀ ε > 0 ∃ δ′ = δ > 0 ∀ τ λτ < δ′ |In − 0| < ε,

à ýòî ðàâíîñèëüíî òîìó, ÷òî lim
λτ→0

In = 0. Çíà÷èò,

∃ lim
λτ→0

µ(Πl) = 2π

b∫
a

f(x)
√

1 + f ′2(x)dx. I

Çàìå÷àíèå 13.2. Åñëè êðèâàÿ L, ðàñïîëîæåííàÿ â ïîëóïëîñêîñòè
y > 0, åñòü ãîäîãðàô íåïðåðûâíî äèôôåðåíöèðóåìîé âåêòîð-ôóíêöèè
−→r = −→r (t) = (x(t), y(t)) íà îòðåçêå [α, β], ïðè÷åì áåç îñîáûõ òî÷åê
(x′2(t) + y′2(t) > 0 íà [α, β]), òî ïîâåðõíîñòü Π−→r , ïîëó÷åííàÿ ïðè âðàùå-
íèè ãîäîãðàôà âåêòîð-ôóíêöèè −→r (t) âîêðóã îñè Ox, ÿâëÿåòñÿ êâàäðè-
ðóåìîé è åå ïëîùàäü âû÷èñëÿåòñÿ ïî ôîðìóëå

µ(Π−→r ) = 2π

β∫
α

y
√
x′2t + y′2t dt. (13.5)
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Ôîðìóëà (13.5) ïîçâîëÿåò âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, ïîëó÷åí-
íîé ïðè âðàùåíèè âîêðóã îñè Ox êðèâûõ, çàäàííûõ ïàðàìåòðè÷åñêè.

Ïðè àíàëîãè÷íûõ óñëîâèÿõ (ñìîòðè âûøå) ïëîùàäü ïîâåðõíîñòè, ïî-
ëó÷åííîé ïðè âðàùåíèè êðèâîé âîêðóã îñè Oy, ñóùåñòâóåò è ñîîòâåò-
ñòâåííî ðàâíà:

S = 2π

d∫
c

x(y)
√

1 + x′2(y)dy, S = 2π

β∫
α

x(t)
√
x′2(t) + y′2(t)dt.

Çàìå÷àíèå 13.3. Ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé ïðè âðàùå-
íèè âîêðóã ïîëÿðíîé îñè êðèâîé r = r(ϕ) (ϕ ∈ [α, β] ⊂ [0, π]), âû÷èñëÿ-
åòñÿ ïî ôîðìóëå

S = 2π

β∫
α

r(ϕ)
√
r2(ϕ) + r′2(ϕ) sinϕdϕ,

ãäå r(ϕ) � íåïðåðûâíî äèôôåðåíöèðóåìà íà [α, β].

Ïðè òàêèõ æå óñëîâèÿõ ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé ïðè âðà-
ùåíèè âîêðóã ïðÿìîé ϕ = π

2 êðèâîé r = r(ϕ)
(
ϕ ∈ [α, β] ⊂

[
−π

2 ,
π
2

])
âû÷èñëÿåòñÿ ïî ôîðìóëå

S = 2π

β∫
α

r(ϕ)
√
r2(ϕ) + r′2(ϕ) cosϕdϕ.
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Ïðèìåð 13.3. Íàéäèòå ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé ïðè âðà-
ùåíèè âîêðóã îñè Ox êðèâîé y = e−x, 0 6 x 6 a (ðèñóíîê 13.5).

x

y

0 a

1

-1

Ðèñóíîê 13.5

JÏî ôîðìóëå (13.4) íàõîäèì

S = 2π

a∫
0

e−x
√

1 + e−2xdx = −2π

a∫
0

√
1 + (e−x)2d(e−x) =

=

[
e−x = t − ïîäñòàíîâêà,
tí = 1, tâ = e−a

]
= −2π

e−a∫
1

√
1 + t2dt =
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= 2π

1∫
1/ea

√
1 + t2dt = 2π

[
u =
√
t2 + 1, du = tdt√

t2+1

dv = dt, v = t

]∣∣∣∣∣
1

e
1
a

=

= 2π

t√t2 + 1
∣∣∣1

1
ea

−
1∫

1/ea

t2 + 1− 1√
t2 + 1

dt

 =

= 2π

√2−

√
1
e2a + 1

ea

− 2π

1∫
1/ea

√
t2 + 1dt+ 2π ln

∣∣∣t+
√
t2 + 1

∣∣∣∣∣∣1
1/ea

.

Òîãäà

S = π

(
√

2−
√

1 + e2a

e2a
+ ln(1 +

√
2)− ln

(
1

ea
+

√
1 + e2a

ea

))
(êóá.åä.). I

Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Äàéòå îïðåäåëåíèå òåëà â ïðîñòðàíñòâå R3.

2. Äàéòå îïðåäåëåíèå êóáèðóåìîãî òåëà.

3. Ñôîðìóëèðóéòå êðèòåðèé êóáèðóåìîñòè òåëà.

4. Äàéòå îïðåäåëåíèå öèëèíäðè÷åñêîãî òåëà.

5. Çàïèøèòå ôîðìóëó íàõîæäåíèÿ îáúåìà òåë âðàùåíèÿ.
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6. Çàïèøèòå ôîðìóëó íàõîæäåíèÿ îáúåìà òåë ñ èçâåñòíûìè ïëîùà-
äÿìè åãî ïîïåðå÷íûõ ñå÷åíèé.

7. Çàïèøèòå ôîðìóëó íàõîæäåíèÿ ïëîùàäè ïîâåðõíîñòè âðàùåíèÿ.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 10

Ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà.
Âû÷èñëåíèå îáúåìîâ òåë

Çàäàíèå 1. Âû÷èñëèòü îáúåì ïèðàìèäû ñ âûñîòîé H è ïëîùàäüþ
îñíîâàíèÿ S0 (ðèñóíîê 13.6).

JÂåðøèíó ïèðàìèäû S ïðèìåì çà íà÷àëî êîîðäèíàò è íàïðàâèì îñü
Ox ïî âûñîòå H ïèðàìèäû îò âåðøèíû ê îñíîâàíèþ. Ðàññìîòðèì ñå-
÷åíèå ïèðàìèäû ïëîñêîñòüþ, ïàðàëëåëüíîé îñíîâàíèþ è îòñòîÿùåé îò
âåðøèíû S íà ðàññòîÿíèè x, 0 6 x 6 H. Ïëîùàäü ýòîãî ñå÷åíèÿ çàâè-
ñèò îò x, è ìû îáîçíà÷èì åå ÷åðåç S (x). Ïîëüçóÿñü èçâåñòíûì ñâîéñòâîì
ñå÷åíèé ïèðàìèäû, ïàðàëëåëüíûõ îñíîâàíèþ, ñîñòàâëÿåì ïðîïîðöèþ.

S (x)

S0
=

x2

H2
,

îòêóäà S (x) = S0

H2x
2.



343

x

H

S(x)

S
0

Ðèñóíîê 13.6

Îáúåì ïèðàìèäû ðàâåí

V =

H∫
0

S (x) dx =

H∫
0

S0

H2
x2dx =

S0

H2

H∫
0

x2dx =

=
S0

H2

x3

3

∣∣∣∣H
0

=
S0H

3

3H2
=

1

3
S0H (êóá. åä.). I

Çàäàíèå 2. Âû÷èñëèòü îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã
îñè Ox ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé y = x2 +1 è ïðÿìîé y = 3x−1.
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JÒåëî îáðàçîâàíî âðàùåíèåì ôèãóðû, îãðàíè÷åííîé çàäàííûìè êðè-
âûìè (ðèñóíîê 13.7) âîêðóã îñè Ox. ×òîáû íàéòè àáñöèññû òî÷åê ïåðå-
ñå÷åíèÿ êðèâûõ, ðåøàåì ñèñòåìó óðàâíåíèé:{

y = x2 + 1,
y = 3x− 1.

x

y

О

Ðèñóíîê 13.7

Îòêóäà x1 = 1, x2 = 2.
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Â íàøåì ñëó÷àå y1 (x) = x2 + 1, à y2 (x) = 3x− 1. Ñëåäîâàòåëüíî,

V = π

2∫
1

[
(3x− 1)2 −

(
x2 + 1

)2
]
dx = π

2∫
1

(
7x2 − 6x− x4

)
dx =

= π

[
7

3
x3 − 3x2 − x5

5

]∣∣∣∣2
1

=
17

15
π (êóá. åä.). I

Çàäàíèå 3. Âû÷èñëèòü îáúåì òîðà. Òîðîì íàçûâàåòñÿ òåëî, ïîëó÷à-
þùååñÿ ïðè âðàùåíèè êðóãà ðàäèóñà a âîêðóã îñè, ëåæàùåé â åãî ïëîñ-
êîñòè íà ðàññòîÿíèè b îò öåíòðà (b > a) (ôîðìó òîðà èìååò, íàïðèìåð,
áàðàíêà).

JÏóñòü êðóã âðàùàåòñÿ âîêðóã ïðÿìîé AE (ðèñóíîê 13.8). Òîãäà îáú-
åì òîðà ìîæåò áûòü ðàññìîòðåí êàê ðàçíîñòü îáúåìîâ âðàùåíèÿ êðèâî-
ëèíåéíûõ òðàïåöèé ABCDE è ABLDE âîêðóã îñè Oy.

Ðàñïîëîæèì ñèñòåìó êîîðäèíàò òàê, êàê ïîêàçàíî íà ðèñóíêå 13.8.
Òîãäà óðàâíåíèå îêðóæíîñòè LBCD èìåååò âèä: (x− b)2 + y2 = a2,
îòêóäà x = b ±

√
a2 − y2, ïðè÷åì óðàâíåíèå êðèâîé BCD èìååò âèä

x = b+
√
a2 − y2, à óðàâíåíèå êðèâîé BLD � x = b−

√
a2 − y2.

Ñëåäîâàòåëüíî, èñêîìûé îáúåì ðàâåí:

V = π

a∫
−a

[(
b+

√
a2 − y2

)2

−
(
b−

√
a2 − y2

)2
]
dy =
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x

y

E

A

D

B

CL

a

O(b,0)

Ðèñóíîê 13.8

= 4πb

a∫
−a

√
a2 − y2dy = 2π2a2b (êóá. åä.). I

Çàäàíèå 4. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã ïî-
ëÿðíîé îñè ôèãóðû, îãðàíè÷åííîé ýòîé îñüþ è ÷àñòüþ ëîãàðèôìè÷åñêîé
ñïèðàëè r = eϕ, 0 6 ϕ 6 π.

JÏðåîáðàçóåì óðàâíåíèå êðèâîé ê ïàðàìåòðè÷åñêîìó âèäó{
x = r cosϕ = eϕ cosϕ,
y = r sinϕ = eϕ sinϕ.

Ìû èìååì y2 = e2ϕ sin2 ϕ è dx = (eϕ cosϕ− eϕ sinϕ) dϕ. Çíà÷åíèþ
ϕ = 0 ñîîòâåòñòâóåò òî÷êà M (1; 0), à çíà÷åíèþ π � òî÷êà N (−eπ, 0),
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ëåæàùàÿ ëåâåå òî÷êè M . Ïîýòîìó

V = π

b∫
a

y2dx = π

0∫
π

e3ϕ sin2 ϕ (cosϕ− sinϕ) dϕ =

=
π

15

(
e3π − 1

)
(êóá. åä.) I .

Çàäàíèå 5. Âû÷èñëèòü îáúåì òðåõîñíîãî ýëëèïñîèäà, òî åñòü òåëà,
ïîâåðõíîñòü êîòîðîãî âûðàæàåòñÿ óðàâíåíèåì:

X2

a2
+
Y 2

b2
+
Z2

c2
= 1.

X

Z Y

Ðèñóíîê 13.9
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JÄàííîå òåëî (ðèñóíîê 13.9) çàêëþ÷åíî ìåæäó ñåêóùèìè ïëîñêîñòÿ-
ìè, ñîîòâåòñòâóþùèìè çíà÷åíèÿìè X = −a, X = a. Ñå÷åíèå ýëëèïñî-
èäà ïëîñêîñòüþ, ïåðïåíäèêóëÿðíîé ê îñè Ox â òî÷êå, ñîîòâåòñòâóþùåé
àáñöèññå X = x, ïðåäñòàâëÿåò ñîáîé ýëëèïñ, óðàâíåíèå êîòîðîãî â ïëîñ-
êîñòè ñå÷åíèÿ X = x:

Y 2

b2
+
Z2

c2
= 1− x2

a2
èëè

Y 2

b2
(
1− x2

a2

) +
Z2

c2
(
1− x2

a2

) = 1.

Ïîëóîñè b1, c1 ýòîãî ýëëèïñà áóäóò:

b1 = b

√
1− x2

a2
è c1 = c

√
1− x2

a2
.

Ñëåäîâàòåëüíî, ïî èçâåñòíîé ôîðìóëå äëÿ ïëîùàäè ýëëèïñà:

S(x) = πb1c1 = πbc

(
1− x2

a2

)
.

Ïî ôîðìóëå íàõîæäåíèÿ îáúåìà òåëà ïî ïåðïåíäèêóëÿðíûì ñå÷åíè-
ÿì, èñêîìûé îáúåì áóäåò ðàâåí:

V =

a∫
−a

πbc

(
1− x2

a2

)
dx = πbc

(
x− x3

3a2

)∣∣∣∣a
−a

=
4

3
πabc (êóá. åä.).
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Â ÷àñòíîñòè, åñëè a = b = c = R, ýëëèïñîèä ïðåâðàùàåòñÿ â øàð,
è ìû ïîëó÷àåì èçâåñòíóþ èç ýëåìåíòàðíîé ãåîìåòðèè ôîðìóëó äëÿ âû-
÷èñëåíèÿ îáúåìà øàðà:

V =
4

3
πR3 (êóá. åä.). I

Çàäàíèå 6. Âû÷èñëèòü îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã
îñè Oy êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé îñüþ Oy, êðèâîé y = 1

2x
2

è ïðÿìîé y = 2
√

2 (ðèñóíîê 13.10).

x

y

О

2

2

x
y =

2 2

Ðèñóíîê 13.10
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JÇäåñü x2 = 2y, c = 0, d = 2
√

2. Ïî ôîðìóëå V = π
d∫
c

x2dy íàõîäèì:

V = π

2
√

2∫
0

2ydy = πy2
∣∣∣2√2

0
= 8π (êóá. åä.). I

Çàäàíèå 7. Îïðåäåëèòü îáúåì ñåãìåíòà ïàðàáîëîèäà âðàùåíèÿ.
JÏóñòü óðàâíåíèå ïàðàáîëû, âðàùåíèå êîòîðîé âîêðóã îñè Ox äàåò

äàííûé ïàðàáîëîèä, áóäåò y2 = 2px. Îáîçíà÷èì: h � âûñîòà ñåãìåíòà
ïàðàáîëîèäà âðàùåíèÿ, r � ðàäèóñ îñíîâàíèÿ ñåãìåíòà, x � ðàññòîÿíèå
ìåæäó ïëîñêîñòüþ, ïàðàëëåëüíîé îñíîâàíèþ ñåãìåíòà, è âåðøèíîé ïà-
ðàáîëîèäà âðàùåíèÿ, à ρ � ðàäèóñ îêðóæíîñòè, ïîëó÷àþùåéñÿ â ñå÷å-
íèè ïàðàáîëîèäà âðàùåíèÿ óêàçàííîé ïëîñêîñòüþ. Òîãäà ρ2 = 2px, à
ïëîùàäü S (x) óêàçàííîãî ñå÷åíèÿ ðàâíà S (x) = πρ2 = 2πpx. Îáúåì Vh
ñåãìåíòà ïàðàáîëîèäà âðàùåíèÿ ðàâåí:

V =

h∫
0

2πpxdx = πpx2
∣∣∣h
0

= πph2 (êóá. åä.).

Ïëîùàäü S îñíîâàíèÿ ñåãìåíòà ðàâíà πr2, è òàê êàê r2 = 2ph, òî
S = 2πph. Îòêóäà πph = S

2 , è ôîðìóëó äëÿ îáúåìà ñåãìåíòà ìîæíî çà-
ïèñàòü òàê: V = Sh

2 , òî åñòü îáúåì ñåãìåíòà ïàðàáîëîèäà âðàùåíèÿ ðàâåí
ïîëîâèíå ïðîèçâåäåíèÿ ïëîùàäè îñíîâàíèÿ ñåãìåíòà íà åãî âûñîòó.I
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Çàäàíèå 8.Îïðåäåëèòü îáúåì óñå÷åííîãî êîíóñà, ðàäèóñû îñíîâàíèé
êîòîðîãî ðàâíû r, R è âûñîòà h.

JÄàííûé óñå÷åííûé êîíóñ ìîæåò áûòü ïîëó÷åí âðàùåíèåì òðàïåöèè
OABC âîêðóã îñè Ox (ðèñóíîê 13.11).

Ðèñóíîê 13.11

Ïîýòîìó óðàâíåíèå îáðàçóþùåé åãî áóäåò: y = r + R−r
h x, à îáúåì

óñå÷åííîãî êîíóñà ïî ôîðìóëå V = π
b∫
a

y2dx áóäåò ðàâåí:

V = π

h∫
0

(
r +

R− r
h

x

)2

dx = π

[
r2x+ 2r

R− r
h

x2

2
+

(
R− r
h

)2
x3

3

]∣∣∣∣∣
h

0

=
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= π

[
r2h+ r

R− r
h

h2 +

(
R− r
h

)2
h3

3

]
=
πh

3

(
r2 +Rr +R2

)
(êóá. åä.)

(ôîðìóëà èçâåñòíà èç ýëåìåíòàðíîé ãåîìåòðèè).I

Çàäàíèå 9. Âû÷èñëèòü îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì îäíîé
àðêè öèêëîèäû x = a(t − sin t), y = a(1 − cos t) âîêðóã åå îñíîâàíèÿ
(ðèñóíîê 13.12).

x

Ðèñóíîê 13.12

J V = π

2π∫
0

y2x′tdt = πa3

2π∫
0

(1− cos t)3dt =
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= πa3

2π∫
0

(1− 3 cos t+ 3 cos2 t− cos3 t)dt =

= πa3

(
5

2
t− 4 sin t+

3

4
sin 2t+

1

3
sin3 t

)∣∣∣∣2π
0

= 5π2a3 (êóá. åä.). I

Çàäàíèå 10. Âû÷èñëèòü îáúåì ÷àñòè öèëèíäðà, îòñå÷åííîé ïëîñêî-
ñòüþ, êîòîðàÿ ïðîõîäèò ÷åðåç äèàìåòð 2R åãî îñíîâàíèÿ ïîä óãëîì α ê
ïëîñêîñòè îñíîâàíèÿ (ðèñóíîê 13.13).

Ðèñóíîê 13.13

JÏóñòü R � ðàäèóñ îñíîâàíèÿ öèëèíäðà, α � óãîë ìåæäó ñåêóùåé
ïëîñêîñòüþ è îñíîâàíèåì öèëèíäðà. Â ïðîèçâîëüíîé òî÷êå x ïðîâîäèì
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ñå÷åíèå, ïåðïåíäèêóëÿðíîå ê îñè Ox. Ýòî ñå÷åíèå áóäåò ïðÿìîóãîëüíûì
òðåóãîëüíèêîì ABC, ïëîùàäü êîòîðîãî S(x) = 1

2BC · AC. Íî AC = y

è BC = y tgα. Ñëåäîâàòåëüíî, S(x) = 1
2y

2 tgα, à òàê êàê y2 = R2 − x2,
òî ïëîùàäü ñå÷åíèÿ çàïèøåòñÿ òàê:

S(x) =
1

2

(
R2 − x2

)
tgα, −R 6 x 6 +R.

Òîãäà èñêîìûé îáúåì ðàâåí:

V =
1

2
tgα

R∫
−R

(
R2 − x2

)
dx = tgα

R∫
0

(
R2 − x2

)
dx =

= tgα

(
R2x− x3

3

)∣∣∣∣R
0

= tgα

(
R3 − R3

3

)
=

2

3
R3 tgα =

2

3
R2h (êóá. åä.),

ãäå h = KL = R tgα.

Ýòó çàäà÷ó ìîæíî ðåøèòü èíà÷å, åñëè ïðîâîäèòü ñå÷åíèÿ òåëà ïëîñ-
êîñòÿìè, ïåðïåíäèêóëÿðíûìè ê îñè Oy (ðèñóíîê 13.14).

Â ðåçóëüòàòå ïîëó÷èì â ñå÷åíèè ïðÿìîóãîëüíèêè ñ ïëîùàäüþ

S(y) = AD ·MN = 2
√
R2 − y2y tgα.
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Ðèñóíîê 13.14

Òîãäà èñêîìûé îáúåì áóäåò:

V =

R∫
0

S(y)dy = 2 tgα

R∫
0

√
R2 − y2ydy =

= − tgα

R∫
0

(
R2 − y2

) 1
2 d
(
R2 − y2

)
=

= − tgα
2

3

(
R2 − y2

) 3
2

∣∣∣∣R
0

=
2

3
R3 tgα =

2

3
R2h (êóá. åä.). I
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Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Âû÷èñëèòü îáúåì òðåõîñíîãî ýëëèïñîèäà x2

a2 + y2

b2 + z2

c2 = 1.

2. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî äâóìÿ öèëèíäðàìè x2

a2 + y2

b2 = 1 è
x2

a2 + z2

b2 = 1.

3. Âû÷èñëèòü îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì ôèãóðû, îãðàíè-
÷åííîé ëèíèÿìè:

3.1 xy = 4, x = 1, x = 4, y = 0 âîêðóã îñè Ox;

3.2 y2 = (x+ 4)3, x = 0 âîêðóã îñè Oy;

3.3 (y − 3)2 + 3x = 0, x = −3 âîêðóã îñè Ox.

4. Âû÷èñëèòü îáúåì óñå÷åííîãî êîíóñà, îñíîâàíèÿ êîòîðîãî � ýëëèïñû
ñ ïîëóîñÿìè a, b è a′, b′, à âûñîòà ðàâíà h.

5. Âû÷èñëèòü îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x2 + y2 = ax,
x − z = 0, x + z = 0, ðàññìîòðåâ ñå÷åíèÿ, ïåðïåíäèêóëÿðíûå îñè
Ox.

6. Âû÷èñëèòü îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x2 + y2 = 1,
x2 + z2 = 1, ðàññìîòðåâ ãîðèçîíòàëüíûå ñå÷åíèÿ.

7. Âû÷èñëèòü îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè

x2 + y2 = 1, x2 + y2 + z2 = 1.
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8. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè Oy ôèãó-
ðû, îãðàíè÷åííîé àñòðîèäîé x = a cos3 t, y = b sin3 t. Äîêàçàòü, ÷òî
ýòîò îáúåì ðàâåí îáúåìó òåëà, ïîëó÷åííîãî ïðè âðàùåíèè òîé æå
ôèãóðû âîêðóã îñè àáñöèññ.

9. Íàéòè îáúåì òåëà, êîòîðîå ïîëó÷àåòñÿ îò âðàùåíèÿ ôèãóðû, îãðà-
íè÷åííîé êàðäèîèäîé ρ = α(1 + cosϕ) âîêðóã ïîëÿðíîé îñè.

10. Âû÷èñëèòü îáúåì òåëà, êîòîðîå îáðàçóåòñÿ âðàùåíèåì âîêðóã ïî-
ëÿðíîé îñè êðóãà ρ = α sinϕ .

11. Íàéòè îáúåì òåëà, ïîëó÷àåìîãî ïðè âðàùåíèè âîêðóã îñè îðäèíàò
êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé îñüþ àáñöèññ è ïåðâîé àð-
êîé öèêëîèäû x=α(t− sin t), y = α(1− cos t).

12. Âû÷èñëèòü îáúåì òåëà, ïîëó÷åííîãî âðàùåíèåì âîêðóã îñè Ox êðè-
âîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé êðèâîé x = α sin t, y = b sin 2t.

13. Âû÷èñëèòü îáúåì òåëà, ïîëó÷åííîãî ïðè âðàùåíèè âîêðóã ïîëÿð-
íîé îñè ôèãóðû, îãðàíè÷åííîé êðèâîé ρ = α cos2 ϕ.

14. Âû÷èñëèòü îáúåì òåëà, ïîëó÷åííîãî ïðè âðàùåíèè âîêðóã ïîëÿð-
íîé îñè ôèãóðû, îãðàíè÷åííîé êðèâîé ρ = α cos3 ϕ.

15. Âû÷èñëèòü îáúåì òåëà, ïîëó÷åííîãî ïðè âðàùåíèè âîêðóã îñè Ox
ôèãóðû, îãðàíè÷åííîé êðèâîé (x2 + y2)2 = a2(x2 − y2).
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ËÅÊÖÈß 14

Ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà. Âû÷èñëåíèå äëèí
êðèâûõ

14.1. Ïîíÿòèå ñïðÿìëÿåìîé êðèâîé è åå äëèíû

Ñèìâîëîì C1[a, b] áóäåì îáîçíà÷àòü ìíîæåñòâî ôóíêöèé f(x), íåïðå-
ðûâíî-äèôôåðåíöèðóåìûõ íà îòðåçêå [a, b].

Ïóñòü ϕ(t), ψ(t) ∈ C1[a, b]. Òîãäà îòîáðàæåíèå

t→ (ϕ(t), ψ(t)) , t ∈ [α, β],

îïèñûâàåò êðèâóþ íà ïëîñêîñòè. Îáðàç L îòðåçêà [α, β] ïðè òàêîì îòîá-
ðàæåíèè áóäåì íàçûâàòü ãëàäêîé êðèâîé, à ïàðó ôóíêöèé (ϕ(t), ψ(t))
� ïàðàìåòðèçàöèåé ýòîé êðèâîé.

Äàëåå ââåäåì ïîíÿòèå ñïðÿìëÿåìîé êðèâîé è åå äëèíû.

Âîçüìåì ëþáîå ðàçáèåíèå τ îòðåçêà [α, β] íà n (n ∈ N) ÷àñòè÷íûõ îò-
ðåçêîâ [tk−1, tk] (k = 1, n). Óêàçàííîìó ðàçáèåíèþ ñîîòâåòñòâóþò òî÷êè
M0,M1, . . . ,Mk−1,Mk, . . . ,Mn íà êðèâîé L (Mk(ϕ(tk);ψ(tk))) (k = 1, n).
Ñîåäèíÿÿ ýòè òî÷êè îòðåçêàìè òèïà lk = Mk−1Mk, ïîëó÷èì âïèñàííóþ
â êðèâóþ L ëîìàíóþ l = M0M1 . . .Mk−1Mk . . .Mn,

µ(lk) =
√

(ϕ(tk)− ϕ(tk−1))2 + (ψ(tk)− ψ(tk−1))2 −
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äëèíà çâåíà lk ëîìàíîé l; äëèíà ëîìàíîé l � µ(l) =
n∑
k=1

µ(lk).

Îïðåäåëåíèå 14.1. Êðèâàÿ L íàçûâàåòñÿ ñïðÿìëÿåìîé, åñëè ìíî-

æåñòâî äëèí µ(l) ëîìàíûõ l, âïèñàííûõ â êðèâóþ L, ïî âñåì ðàçáèåíè-

ÿì τ îòðåçêà [a, b] îãðàíè÷åíî ñâåðõó. Â ýòîì ñëó÷àå sup
τ
{µ(l)}=µ(L)

íàçûâàåòñÿ äëèíîé êðèâîé L.

Óêàæåì íåêîòîðûå âàæíûå ñâîéñòâà ñïðÿìëÿåìûõ êðèâûõ:

1. Äëèíà ñïðÿìëÿåìîé êðèâîé íå çàâèñèò îò ïàðàìåòðèçàöèè ýòîé
êðèâîé.

2. Åñëè ñïðÿìëÿåìàÿ êðèâàÿ L ðàçáèòà íà êîíå÷íîå ÷èñëî ÷àñòè÷íûõ
êðèâûõ Lk (k = 1, n), òî êàæäàÿ èç êðèâûõ Lk áóäåò ñïðÿìëÿåìîé è

µ(L) =
n∑
k=1

µ(Lk).

Òåîðåìà 14.1. Ãëàäêàÿ êðèâàÿ L áóäåò ñïðÿìëÿåìîé è åå äëèíà âû-

÷èñëÿåòñÿ ïî ôîðìóëå

µ(L) =

β∫
α

√
ϕ′2(t) + ψ′2(t)dt. (14.1)
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JÅñëè ôóíêöèè ϕ′(t) è ψ′(t) íåïðåðûâíû íà îòðåçêå [α, β], òî îíè
îãðàíè÷åíû íà ýòîì îòðåçêå (òåîðåìà Âåéåðøòðàññà îá îãðàíè÷åííîñòè
íåïðåðûâíîé íà îòðåçêå ôóíêöèè [12, òåîðåìà 13.3]). Çíà÷èò,

∃ M ∈ R+ ∀ t ∈ [α, β] |ϕ′(t)| 6M, |ψ′(t)| 6M.

Âîçüìåì ëþáîå ðàçáèåíèå τ îòðåçêà [α, β] íà n (n ∈ N) ÷àñòè÷íûõ
îòðåçêîâ [tk−1, tk] (k = 1, n). Ïðè ýòîì ïîëó÷èì ñîîòâåòñòâóþùóþ ëîìà-
íóþ l, âïèñàííóþ â êðèâóþ L. Äëèíà ýòîé ëîìàíîé

µ(l) =
n∑
k=1

√
(ϕ(tk)− ϕ(tk−1))2 + (ψ(tk)− ψ(tk−1))2.

Îöåíèì ñâåðõó äëèíó µ(l), èñïîëüçîâàâ òåîðåìó Ëàãðàíæà [12, òåî-
ðåìà 18.3] è îãðàíè÷åííîñòü ϕ′ è ψ′:

µ(l) =
n∑
k=1

√
ϕ′2(tk) + ψ′2(t∗k)∆tk 6

n∑
k=1

√
M 2 +M 2∆tk = M

√
2(β − α).

Ïîêàçàíà îãðàíè÷åííîñòü ñâåðõó ìíîæåñòâà äëèí ëîìàíûõ, âïèñàí-
íûõ â êðèâóþ L, ïî âñåì ðàçáèåíèÿì τ îòðåçêà [α, β]. Òîãäà (îïðåäåëå-
íèå 14.1) êðèâàÿ L áóäåò ñïðÿìëÿåìîé è åå äëèíà µ(L) = sup

τ
{µ(l)}.

Äîêàæåì ôîðìóëó (14.1). Ôóíêöèÿ µ(t) =
√
ϕ′2(t) + ψ′2(t) íåïðåðûâ-

íà íà îòðåçêå [α, β], à çíà÷èò, îíà èíòåãðèðóåìà íà ýòîì îòðåçêå. Âîçü-
ìåì ëþáîå ðàçáèåíèå τ îòðåçêà [α, β]. Åìó ñîîòâåòñòâóåò èíòåãðàëüíàÿ
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ñóììà Ðèìàíà ôóíêöèè µ(t):

στ = στ(µ, tk) =
n∑
k=1

√
ϕ′2(tk) + ψ′2(tk)∆tk,

è ñóùåñòâóåò

I = lim
λτ→0

στ(µ, tk) =

β∫
α

√
ϕ′2(t) + ψ′2(t)dt,

λτ = max
k
{∆tk}, ∆tk = tk − tk−1.

Äîêàæåì, ÷òî sup
τ
{µ(l)} = I. Âî-ïåðâûõ,

|µ(l)− στ | 6
n∑
k=1

∣∣∣∣√ϕ′2(tk) + ψ′2(t∗k)−
√
ϕ′2(tk) + ψ(tk)

∣∣∣∣∆tk 6
6

[∣∣∣√a2 + x2 −
√
a2 + y2

∣∣∣ =
|x2 − y2|

√
a2 + x2 +

√
a2 + y2

6

6
|x2 − y2|√
x2 +

√
y2

=
|x− y||x+ y|
|x|+ |y|

6
|x− y||x+ y|
|x+ y|

= |x− y|

]
6
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6
n∑
k=1

∣∣ψ′(t∗k)− ψ′(tk)∣∣∆tk 6
 Mk = sup

t∈[tk−1,tk]

{ψ′(t)},

mk = inf
t∈[tk−1,tk]

{ψ′(t)}

 6

6
n∑
k=1

(Mk −mk)∆tk = Sψ
′

τ − sψ
′

τ → 0 ïðè λτ → 0,

÷òî ñëåäóåò èç ñóùåñòâîâàíèÿ
β∫
α

ψ′(t)dt, òàê êàê ψ′(t) � íåïðåðûâíà íà

îòðåçêå [α, β].
Òîãäà |µ(l)− I| = |µ(l)− στ + στ − I| 6 |µ(l)− στ |+ |στ − I| → 0 ïðè

λτ → 0. À çíà÷èò,

∀ ε > 0 ∃ δ > 0 ∀ τ λτ < δ |µ(l)− I| < ε

2
.

Òàê êàê µ(L) = sup
τ
{µ(l)}, òî

∀ ε > 0 ∃ τ̃ µ(L)− µ(lτ̃) <
ε

2
.

Ðàññìîòðèì ðàçáèåíèå τ ∗, τ̃ ⊂ τ ∗, ñ λτ∗ < δ. Òîãäà |µ(lτ∗) − I| < ε
2 .

Íî ïðè äîáàâëåíèè íîâûõ òî÷åê ðàçáèåíèÿ äëèíà âïèñàííîé ëîìàííîé
íå óìåíüøàåòñÿ (íåðàâåíñòâî òðåóãîëüíèêà). Ïîýòîìó µ(L)−µ(lτ∗) <

ε
2 .

Îêîí÷àòåëüíî ïîëó÷èì:

|µ(L)− I| = |µ(L)− I + µ(lτ∗)− µ(lτ∗)| 6
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6 |I − µ(lτ∗)|+ |µ(L)− µ(lτ∗)| <
ε

2
+
ε

2
= ε.

Îòêóäà µ(L) = I.I

Çàìå÷àíèå 14.1. Ôîðìóëà (14.1) äëÿ âû÷èñëåíèÿ äëèíû êðèâîé L
ñïðàâåäëèâà è ïðè ìåíåå æåñòêèõ óñëîâèÿõ, íàêëàäûâàåìûõ íà ôóíêöèè
ϕ(t) è ψ(t), à èìåííî: ϕ(t) è ψ(t) äîëæíû èìåòü íà [α, β] èíòåãðèðóåìûå
ïðîèçâîäíûå.

Çàìå÷àíèå 14.2. Åñëè êðèâàÿ L åñòü ãðàôèê íåïðåðûâíî äèôôåðåí-
öèðóåìîé íà îòðåçêå [a, b] ôóíêöèè f(x) (èëè f(x) � äèôôåðåíöèðóåìà

íà [a, b] è ñóùåñòâóåò
b∫
a

f ′(x)dx), òî êðèâàÿ L � ñïðÿìëÿåìàÿ, è

µ(L) =

b∫
a

√
1 + f ′2(x)dx. (14.2)

Çàìå÷àíèå 14.3. Åñëè êðèâàÿ L îïðåäåëåíà íà îòðåçêå [α, β] ïîëÿð-
íûì óðàâíåíèåì r = r(ϕ), ãäå r(ϕ) � íåïðåðûâíî-äèôôåðåíöèðóåìàÿ
íà îòðåçêå [α, β] (èëè r(ϕ) � äèôôåðåíöèðóåìàÿ íà [α, β] è ñóùåñòâóåò
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β∫
α

r′(ϕ)dϕ), òî êðèâàÿ L � ñïðÿìëÿåìàÿ è

µ(L) =

β∫
α

√
r2(ϕ) + r′2(ϕ)dϕ. (14.3)

Ïðèìåð 14.1. Íàéäèòå äëèíó êðèâîé y = x
4

√
2− x2, 06x6 1.

JÎáëàñòü îïðåäåëåíèÿ D(y) =
[
−
√

2,
√

2
]
.

y′ =
1

4

√
2− x2 +

x

4

1

2
√

2− x2
(−2x) =

1− x2

2
√

2− x2
.

Ïî ôîðìóëå (14.2) âû÷èñëÿåì äëèíó êðèâîé. Èìååì:

√
1 + f ′2(x) =

√
1 +

(1− x2)2

4(2− x2)
=

1

2

3− x2

√
2− x2

;

µ(L) =
1

2

1∫
0

3− x2

√
2− x2

dx =

=

 x =
√

2 cos t− ïîäñòàíîâêà,√
2− x2 =

√
2− 2 cos2 t =

√
2 sin t,

dx = −
√

2 sin tdt,

∣∣∣∣∣∣ xí = 0, tí = π
2 ;

xâ = 1, tâ = π
4

 =
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=
1

2

π
4∫

π
2

3− 2 cos2 t√
2 sin t

(−
√

2) sin tdt =
1

2

π
2∫

π
4

(3− 1− cos 2t)dt =

=
π

4
− 1

4
sin 2t

∣∣∣∣π2
π
4

=
π

4
+

1

4
(åä. äë.).

Äëèíà êðèâîé µ(L) = 1
4(π + 1).I

Ïðèìåð 14.2. Íàéäèòå äëèíó êðèâîé x = 6− 3t2, y = 4t3, ãäå x> 0.

J x > 0 ⇒ 6 − 3t2 > 0, t2 6 2, −
√

2 6 t 6
√

2 . Íà îòðåçêå
[−
√

2,
√

2] ôóíêöèÿ y = 4t3 âîçðàñòàåò, çíà÷èò, îíà ÿâëÿåòñÿ íà ýòîì
îòðåçêå îáðàòèìîé (èìååò îáðàòíóþ) t = 3

√
y
4 ; x = 6− 3

2 3
√

2
3
√
y2.

Ïîñòðîèì ãðàôèê (ðèñóíîê 14.1) ôóíêöèè x = x(y). Äëèíó êðèâîé
íàõîäèì ïî ôîðìóëå (14.1).
x′t = −6t, y′t = 12t2,

√
x′2t + y′2t = 6|t|

√
1 + 4t2. Òîãäà

µ(L) = 2 · 6

√
2∫

0

t
√

1 + 4t2dt =
3

2

√
2∫

0

(1 + 4t2)1/2d(1 + 4t2) =

=
3

2

(1 + 4t2)3/2

3/2

∣∣∣∣
√

2

0

= 27− 1 = 26 (åä. äë.).

Äëèíà êðèâîé µ(L) = 26 (åä. äë.).I
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Ðèñóíîê 14.1

Ïðèìåð 14.3. Íàéäèòå äëèíó êðèâîé r = a(1 − sinϕ) (a > 0). Ïî-
ñòðîéòå êðèâóþ.

JÑíà÷àëà ïîñòðîèì êðèâóþ r = a(1 − sinϕ), ϕ ∈ [0, 2π] (ðèñó-
íîê 14.2).

ϕ 0 π
6

π
2 π 3

2π 2π

r a a
2 0 a 2a a

Äëèíó êðèâîé íàõîäèì ïî ôîðìóëå (14.3). Èìååì:

r′ = −a cosϕ,
√
r2(ϕ) + r′2(ϕ) =

√
a2(1− sinϕ)2 + a2 cos2 ϕ =
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x

y

a-a

-  a2

0

2

p

- 6

p

-

Ðèñóíîê 14.2

= a
√

2− 2 sinϕ = a
√

2

√
1− cos

(π
2
− ϕ

)
= a
√

2

√
2 sin2

(π
4
− ϕ

2

)
=

= 2a
∣∣∣sin(π

4
− ϕ

2

)∣∣∣ .
µ(L) =

−π6∫
−π2

2a
∣∣∣sin(π

4
− ϕ

2

)∣∣∣ dϕ = 4 cos
(π

4
− ϕ

2

)∣∣∣−π6
−π2
· a = 2a (åä. äë.). I

Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Äàéòå îïðåäåëåíèå ñïðÿìëÿåìîé êðèâîé.

2. Ñôîðìóëèðóéòå ñâîéñòâà ñïðÿìëÿåìûõ êðèâûõ.
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3. Çàïèøèòå ôîðìóëó äëèíû ñïðÿìëÿåìîé êðèâîé, êîãäà êðèâàÿ çà-
äàíà ïàðàìåòðè÷åñêè.

4. Çàïèøèòå ôîðìóëó äëèíû ñïðÿìëÿåìîé êðèâîé, êîãäà êðèâàÿ çà-
äàíà â äåêàðòîâîé ñèñòåìå êîîðäèíàò.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 11
Ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà. Âû÷èñëåíèå äëèí

êðèâûõ
è ïëîùàäåé ïîâåðõíîñòåé âðàùåíèÿ

Çàäàíèå 1. Âû÷èñëèòü äëèíó êðèâîé l = ÂB öåïíîé ëèíèè, çàäàí-
íîé óðàâíåíèåì y = 2

(
e
x
4 + e−

x
4

)
, îò òî÷êè x = 0 äî òî÷êè x = 4.

JÂîñïîëüçóåìñÿ ôîðìóëîé l =
b∫
a

√
1 + y′2dx. Èìååì:

y′ = 2
(
e
x
4 − e−

x
4

) 1

4
=

1

2

(
e
x
4 − e−

x
4

)
è

1 + y′2 = 1 +
1

4

(
e
x
2 − 2 + e−

x
2

)
=

1

4

(
e
x
2 + 2 + e−

x
2

)
=

1

4

(
e
x
4 + e−

x
4

)2
.

Îòêóäà

l =
1

2

4∫
0

(
e
x
4 + e−

x
4

)
dx = 2

[
e
x
4 − e−

x
4

] ∣∣∣4
0

= 2
(
e− e−1

)
(åä. äë.). I
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Çàäàíèå 2. Âû÷èñëèòü äëèíó êðèâîé

{
x = et sin t,
y = et cos t,

îò t = 0 äî

t = π
2 .

JÄèôôåðåíöèðóÿ ïî t ïàðàìåòðè÷åñêèå óðàâíåíèÿ çàäàííîé êðèâîé,
ïîëó÷èì:

x′t = et sin t+ et cos t = et (sin t+ cos t) ,

y′t = et cos t− et sin t = et (cos t− sin) .

Èñïîëüçóåì ôîðìóëó äëèíû êðèâîé â ïàðàìåòðè÷åñêîì âèäå:

l =

π
2∫

0

et
√[

(sin t+ cos t)2 + (cos t− sin t)2
]
dt =

=

π
2∫

0

√
2etdt =

√
2
(
e
π
2 − 1

)
(åä. äë.). I

Çàäàíèå 3. Âû÷èñëèòü äëèíó êðèâîé, çàäàííîé ïàðàìåòðè÷åñêè ðà-
âåíñòâàìè

x =

t∫
1

cos z

z
dz, y =

t∫
1

sin z

z
dz
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îò íà÷àëà êîîðäèíàò (t = 1) äî áëèæàéøåé òî÷êè ñ âåðòèêàëüíîé êàñà-
òåëüíîé.

JÎ÷åâèäíî, ÷òî ïðè t = 1 êðèâàÿ ïðîõîäèò ÷åðåç íà÷àëî êîîðäèíàò.
Äàëåå

y′x =
y′t
x′t

=

[
t∫

1

sin z
z dz

]′
t[

t∫
1

cos t
z dz

]′
t

=
sin t
t

cos t
t

= tg t.

Òàêèì îáðàçîì, êàñàòåëüíàÿ ê äàííîé êðèâîé áóäåò âåðòèêàëüíà âî
âñåõ òî÷êàõ, äëÿ êîòîðûõ cos t = 0, òî åñòü â òî÷êàõ t = (2k + 1) π2
(k = 0,±1,±2, . . .). Áëèæàéøåé ê íà÷àëó êîîðäèíàò (t = 1) ÿâëÿåòñÿ
òî÷êà ñî çíà÷åíèåì ïàðàìåòðà t = π

2 .
Òàêèì îáðàçîì, ïðåäåëû èíòåãðèðîâàíèÿ íàéäåíû: 1 6 t 6 π

2 . Òåïåðü

x′t =
cos t

t
, y′t =

sin t

t
,√

x′t
2 + y′t

2 =

√
cos2 t

t2
+

sin2 t

t2
=

1

t
.

Ñëåäîâàòåëüíî,

l =

π
2∫

1

dt

t
= ln t

π
2∫

1

= ln
π

2
(åä. äë.). I
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Çàäàíèå 4. Íàéòè äëèíó çàìêíóòîé êðèâîé ρ = a sin3 ϕ
3 .

JÒàê êàê ρ > 0, òî sin ϕ
3 > 0. Îòñþäà 0 6 ϕ 6 3π. Ïðè èçìåíåíèè ϕ

îò 0 äî 3
2π äëèíà ðàäèóñ-âåêòîðà ρ âîçðàñòàåò îò 0 äî a, à êîíåö ðàäèóñ-

âåêòîðà îïèñûâàåò êðèâóþ OAMB (ðèñóíîê 14.3). Çàòåì ïðè èçìåíåíèè
ϕ îò 3

2π äî 3π âåëè÷èíà ρ óáûâàåò îò a äî 0; ïðè ýòîì îïèñûâàåòñÿ êðèâàÿ
BCAO, ñèììåòðè÷íàÿ êðèâîé OAMB îòíîñèòåëüíî ïðÿìîé ϕ = ±π

2 .

xОM

A

B

C

Ðèñóíîê 14.3

Òåïåðü âû÷èñëèì äëèíó êðèâîé. ρ′ϕ = a sin2 ϕ
3 · cos ϕ

3 ,√
ρ2 + ρ′2ϕ =

√
a2 sin6 ϕ

3
+ a2 sin4 ϕ

3
· cos2

ϕ

3
=

= a sin2 ϕ

3

√
sin2 ϕ

3
+ cos2

ϕ

3
= a sin2 ϕ

3
,
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l = a

3π∫
0

sin2 ϕ

3
dϕ =

a

2

3π∫
0

(
1− cos

2ϕ

3

)
dϕ =

=
a

2

[
ϕ− 3

2
sin

2ϕ

3

]∣∣∣∣3π
0

=
3aπ

2
(åä. äë.). I

Çàäàíèå 5. Âû÷èñëèòü äëèíó êðèâîé ρ = a cos4 ϕ
4 .

JÏîñòðîèì ÷åðòåæ (ðèñóíîê 14.4).

x

y

О
a

Ðèñóíîê 14.4

l = 2

2π∫
0

√
ρ2 + ρ′2dϕ = 2

2π∫
0

√
a2 cos8

ϕ

4
+ a2 cos6

ϕ

4
· sin2 ϕ

4
dϕ =
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= 2a

2π∫
0

cos3 ϕ

4
dϕ = 2a

2π∫
0

(
1− sin2 ϕ

2

)
cos

ϕ

4
dϕ =

= 8a

2π∫
0

(
1− sin2 ϕ

4

)
d sin

ϕ

4
= 8a

(
sin

ϕ

4
−

sin3 ϕ
4

3

)∣∣∣∣2π
0

=

= 8a

(
1− 1

3

)
=

16

3
a (åä. äë.). I

Çàäàíèå 6. Âû÷èñëèòü äëèíó êàðäèîèäû r = a(1 − cosϕ) (ðèñó-
íîê 14.5).

Ðèñóíîê 14.5
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J r′ = a sinϕ,
√
r2 + r′2 =

√
a2(1− cosϕ)2 + a2 sin2 ϕ = 2a

∣∣∣sin ϕ
2

∣∣∣ .
Òàê êàê êàðäèîèäà ñèììåòðè÷íà îòíîñèòåëüíî ïîëÿðíîé îñè, òî äëÿ

íàõîæäåíèÿ åå äëèíû äîñòàòî÷íî íàéòè ïîëîâèíó åå äëèíû. Ýòó ïîëîâè-
íó ìû ïîëó÷èì, èçìåíÿÿ ïîëÿðíûé óãîë îò 0 äî π, ïðè ýòîì

∣∣sin ϕ
2

∣∣ = sin ϕ
2 .

Ïîýòîìó

l = 4a

π∫
0

sin
ϕ

2
dϕ = 4a

[
−2 cos

ϕ

2

]∣∣∣π
0

= 8a (åä. äë.). I

Çàäàíèå 7. Íàéòè äëèíó àñòðîèäû

x = a cos3 t, y = a sin3 t (0 6 t 6 2π).

JÒàê êàê àñòðîèäà ñèììåòðè÷íà îòíîñèòåëüíî êîîðäèíàòíûõ îñåé
(ðèñóíîê 12.8), òî äîñòàòî÷íî îïðåäåëèòü äëèíó êðèâîé, ðàñïîëîæåííîé
â ïåðâîé ÷åòâåðòè è ïîëó÷àåìîé ïðè èçìåíåíèè ïàðàìåòðà t îò 0 äî π

2 .
Ó÷èòûâàÿ, ÷òî x′= − 3a cos2 t · sin t, y′ = 3a cos t · sin2 t, ïîëó÷èì:

l = 4

π
2∫

0

√
9a2 cos4 t · sin2 t+ 9a2 cos2 t · sin4 tdt = 12a

π
2∫

0

sin t · cos tdt =

= 12a

[
sin2 t

2

]∣∣∣∣
π
2

0

= 6a (åä. äë.). I
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Çàäàíèå 8. Âû÷èñëèòü äëèíó îäíîé àðêè öèêëîèäû x = a (t− sin t),
y= a (1− cos t) (0 6 t 6 2π) (ðèñóíîê 12.11).

J
dx

dt
= a (1− cos t) ;

dy

dt
= a sin t.√(

dx

dt

)2

+

(
dy

dt

)2

=

√
a2 (1− cos t)2 + a2 sin2 t =

= 2a

∣∣∣∣sin t2
∣∣∣∣ = 2a sin

t

2

(
0 6

t

2
6 π

)
.

l =

2π∫
0

2a sin
t

2
dt = 2a

[
−2 cos

t

2

]∣∣∣∣2π
0

= 8a (åä. äë.). I

Çàäàíèå 9. Âû÷èñëèòü äëèíó ïåòëè êðèâîé x =
√

3t2, y = t− t3.
JÈç óðàâíåíèÿ êðèâîé âèäíî, ÷òî îáëàñòüþ ñóùåñòâîâàíèÿ ôóíêöèé

x è y ÿâëÿåòñÿ ïðîìåæóòîê (−∞,+∞) è ÷òî ñ èçìåíåíèåì òîëüêî çíàêà
ïàðàìåòðà t ïåðåìåííàÿ x íå èçìåíÿåòñÿ, òîãäà êàê y èçìåíÿåò ëèøü ñâîé
çíàê. Îòêóäà âûòåêàåò, ÷òî äàííàÿ êðèâàÿ ñèììåòðè÷íà îòíîñèòåëüíî
îñè Ox. Òàê êàê x > 0 ïðè âñåõ t, òî êðèâàÿ ðàñïîëîæåíà â ïåðâîé
è ÷åòâåðòîé ÷åòâåðòÿõ. Íåïîñðåäñòâåííî èç óðàâíåíèÿ êðèâîé ñëåäóåò,
÷òî x → +∞ ïðè t → ±∞, a y → +∞ ïðè t → −∞ è y → −∞ ïðè
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t → +∞. Ýòî çíà÷èò, ÷òî êðèâàÿ èìååò äâå áåñêîíå÷íûå âåòâè: îäíó â
ïåðâîé ÷åòâåðòè, äðóãóþ � â ÷åòâåðòîé.

Íàéäåì òåïåðü òî÷êè ïåðåñå÷åíèÿ êðèâîé ñ îñÿìè êîîðäèíàò. Èç óðàâ-
íåíèÿ äëÿ x ñðàçó âèäíî, ÷òî x = 0 òîëüêî ïðè t = 0. Ïðè ýòîì çíà÷åíèè
ïàðàìåòðà t ïåðåìåííàÿ y òîæå ðàâíà íóëþ; çíà÷èò, äàííàÿ êðèâàÿ èìå-
åò ñ îñüþ Oy åäèíñòâåííóþ îáùóþ òî÷êó â íà÷àëå êîîðäèíàò. Ïîëîæèâ
òåïåðü y = 0, òî åñòü t − t3 = 0, íàéäåì t = 0 è t = ±1. Ïîäñòàâëÿÿ
ýòè çíà÷åíèÿ â ïåðâîå óðàâíåíèå, ïîëó÷èì äâå òî÷êè x1 = 0, x2 =

√
3

ïåðåñå÷åíèÿ êðèâîé ñ îñüþ Ox; ïðè ýòîì ÷åðåç òî÷êó x2 =
√

3 êðèâàÿ
ïðîõîäèò äâàæäû (ïðè t = ±1), ïåðåñåêàÿ ñàìó ñåáÿ è îáðàçóÿ ïåòëþ
(ðèñóíîê 14.6).

Ðèñóíîê 14.6
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Èç âñåãî ñêàçàííîãî âèäíî, ÷òî ïðè âîçðàñòàíèè ïàðàìåòðà t â ïðîìå-
æóòêå (−∞,+∞) òî÷êà M îáõîäèò êðèâóþ òàê, êàê óêàçàíî ñòðåëêîé
íà ðèñóíêå, ïðè ýòîì ïåòëÿ îáõîäèòñÿ ïî ÷àñîâîé ñòðåëêå ïðè âîçðàñ-
òàíèè t â ïðîìåæóòêå [−1, 1]. Â ñèëó ñèììåòðèè êðèâîé îòíîñèòåëüíî
îñè Ox äîñòàòî÷íî âû÷èñëèòü äëèíó ïîëîâèíû ïåòëè è ðåçóëüòàò óäâî-
èòü. Íàéäåì, íàïðèìåð, äëèíó âåðõíåé ÷àñòè (íàä îñüþ Ox), êîòîðîé
ñîîòâåòñòâóåò èçìåíåíèå ïàðàìåòðà t îò 0 äî +1 � ýòî è áóäóò ïðåäåëû
èíòåãðèðîâàíèÿ. Òàê êàê x′t = 2

√
3t, y′t = 1 − 3t2, x′t

2 + y′t
2 = (1 + 3t2)2,

òî èñêîìàÿ äëèíà ðàâíà:

l = 2

1∫
0

√
x′t

2 + y′t
2dt = 2

1∫
0

(1 + 3t2)dt = 2(t+ t3)
∣∣∣1
0

= 4 (åä. äë.). I

Çàäàíèå 10. Îïðåäåëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðà-
ùåíèåì âîêðóã îñè Oy êðèâîé y = 1 − x2, ðàñïîëîæåííîé íàä îñüþ
àáñöèññ (ðèñóíîê 14.7).

JÄàííàÿ ïîâåðõíîñòü îáðàçóåòñÿ âðàùåíèåì âîêðóã îñè Oy êðèâîé
CD, ñîäåðæàùåéñÿ ìåæäó òî÷êîé ñ îðäèíàòîé y = 0 è òî÷êîé ñ îðäèíà-
òîé y = 1. Ïîýòîìó ïðåäåëû èíòåãðèðîâàíèÿ ïðè âû÷èñëåíèè ðàññìàò-
ðèâàåìîé ïëîùàäè ïîâåðõíîñòè âðàùåíèÿ áóäóò 0 è 1.
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Ðèñóíîê 14.7

Çäåñü x =
√

1− y, x′y = − 1
2
√

1−y . Íàõîäèì:

S = 2π

1∫
0

√
1− y

√
1 +

1

4 (1− y)
dy = π

1∫
0

√
5− 4ydy =

= − π

6
(5− 4y)

3
2

∣∣∣1
0

=
π

6

(
5
√

5− 1
)
(êâ. åä.). I

Çàäàíèå 11. Îïðåäåëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðà-
ùåíèåì öåïíîé ëèíèè y = a

2

(
e
x
a + e−

x
a

)
(ðèñóíîê 14.8) âîêðóã îñè àáñ-

öèññ îò òî÷êè x1 = −a äî x2 = a.

JÈç óðàâíåíèÿ öåïíîé ëèíèè íàõîäèì: y′ = 1
2

(
e
x
a − e−xa

)
.
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Ðèñóíîê 14.8

Çàìå÷àÿ äàëåå, ÷òî ðàññìàòðèâàåìàÿ ÷àñòü öåïíîé ëèíèè ñèììåòðè÷-
íà îòíîñèòåëüíî îñè Oy, ïîëó÷èì

S = 4π

a∫
0

a

2

(
e
x
a + e−

x
a

)√
1 +

1

4

(
e
x
a − e−xa

)2
dx = πa

a∫
0

(
e
x
a + e−

x
a

)2
dx =

= πa
[a

2
e

2x
a + 2x− a

2
e
−2x
a

]∣∣∣a
0

=
πa2

2

(
e2 − e−2 + 4

)
(êâ. åä.). I

Çàäàíèå 12. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùå-
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íèåì âîêðóã îñè Oy îäíîé ¾àðêè¿ öèêëîèäû:

x = a (t− sin t) , y = a (1− cos t) (0 6 t 6 2π).

JÍàõîäèì x′ = a (1− cos t), y′ = a sin t. Ïîëó÷àåì:

S = 2π

2π∫
0

a (1− cos t)

√
a2 (1− cos t)2 + a2 sin2 tdt =

= 2πa2

2π∫
0

2 (1− cos t) sin
t

2
dt = 8πa2

2π∫
0

sin3 t

2
dt =

= 8πa2

(
−2 cos

t

2
+

2

3
cos3 t

2

)∣∣∣∣2π
0

=
64

3
πa2 (êâ. åä.). I

Çàäàíèå 13. Îïðåäåëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðà-
ùåíèåì àñòðîèäû âîêðóã îñè Ox.

JÒàê êàê êðèâàÿ ñèììåòðè÷íà îòíîñèòåëüíî îñè Oy, òî äîñòàòî÷íî
âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì ÷àñòè àñòðî-
èäû, íàõîäÿùåéñÿ â ïåðâîé ÷åòâåðòè.

Èç óðàâíåíèÿ àñòðîèäû íàõîäèì:

x′t = −3a sin t cos2 t, y′t = 3a sin2 t cos t,
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à òîãäà x′t
2 + y′t

2 = 9a2 sin2 t cos2 t. Òîãäà

S = 4π

π
2∫

0

y

√
x′t

2 + y′t
2dt = 4π

π
2∫

0

a sin3 t · 3a sin t cos tdt =

= 12πa2

π
2∫

0

sin4 td(sin t) = 12πa2 sin5 t

5

∣∣∣∣
π
2

0

=
12

5
πa2 (êâ. åä.). I

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Îïðåäåëèòü äëèíó êðèâîé y = x2

2 − 1, îòñå÷åííîé îñüþ Ox.

2. Îïðåäåëèòü äëèíó êðèâîé y2 = (x+ 1)3, îòñå÷åííîé ïðÿìîé x= 4.

3. Îïðåäåëèòü äëèíó êðèâîé 9y2 = x (x− 3)2 ìåæäó òî÷êàìè ïåðåñå-
÷åíèÿ ñ îñüþ Ox.

4. Îïðåäåëèòü äëèíó êðèâîé y = ln sinx ìåæäó òî÷êàìè, àáñöèññû
êîòîðûõ ðàâíû π

2 è π
3 .

5. Íàéòè ïåðèìåòð ôèãóðû, îãðàíè÷åííîé ëèíèÿìè x2 = (y + 1)3 è
y = 4.

6. Íàéòè äëèíó êðèâîé, çàäàííîé óðàâíåíèåì y =
x∫
−π2

√
cos tdt.



382

7. Âû÷èñëèòü äëèíó êðèâîé x = t2, y = t− 1
2t

3 â ïðåäåëàõ îò 0 äî
√

3.

8. Âû÷èñëèòü äëèíó ýâîëþòû ýëëèïñà{
x = c2

a cos3 t,

y = c2

b sin3 t,

(
c2 = a2 − b2

)
, a > b.

9. Âû÷èñëèòü äëèíó êðèâîé{
x =

(
t2 − 2

)
sin t+ 2t cos t,

y =
(
2− t2

)
cos t+ 2t sin t,

îò òî÷êè t1 = 0 äî òî÷êè t2 = π.

10. Íà öèêëîèäå x = a (t− sin t), y = a (1− cos t) íàéòè òî÷êó, êîòîðàÿ
äåëèò ïåðâóþ àðêó öèêëîèäû ïî äëèíå â îòíîøåíèè 1 : 3.

11. Íàéòè äëèíó àñòðîèäû

{
x = a cos3 t,
y = a sin3 t.

12. Íàéòè äëèíó êðèâîé

{
x = et (cos t+ sin t) ,
y = et (cos t+ sin t) ,

îò òî÷êè t1 = 0 äî

òî÷êè t2 = 1.

13. Íàéòè äëèíó ýïèöèêëîèäû

{
x = a (2 cos t+ cos 2t) ,
y = a (2 sin t+ sin 2t) .
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14. Íàéòè äëèíó ýâîëüâåíòû îêðóæíîñòè

{
x = a (cos t+ t sin t) ,
y = a (sin t− t cos t) ,

îò

òî÷êè t = 0 äî òî÷êè t = 2π.

15. Íàéòè äëèíó êàðäèîèäû r = a (1 + cosϕ).

16. Íàéòè äëèíó ãèïåðáîëè÷åñêîé ñïèðàëè ρϕ = 1 îò òî÷êè
(
2; 1

2

)
äî

òî÷êè
(

1
2 ; 2
)
.

17. Âû÷èñëèòü äëèíó ïðÿìîé ëèíèè a
ρ = cos

(
ϕ− π

3

)
â ïðåäåëàõ îò

ϕ1 = 0 äî ϕ2 = π
2 .

18. Âû÷èñëèòü äëèíó ÷àñòè öèññîèäû Äèîêëåñà ρ = 2a sin2 ϕ
cosϕ â ïðåäåëàõ

îò ϕ1 äî ϕ2.

19. Âû÷èñëèòü äëèíó ÷àñòè ïàðàáîëû a
ρ = cos2 ϕ

2 , îòñåêàåìîé îò ïàðà-
áîëû âåðòèêàëüíîé ïðÿìîé, ïðîõîäÿùåé ÷åðåç ïîëþñ.

20. Âû÷èñëèòü äëèíó êðèâîé ρ = a cos4 ϕ
4 .

21. Íàéòè äëèíó êðèâîé ρ = p
1+cosϕ

(
|ϕ| 6 π

2

)
.

22. Íàéäèòå ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé:

22.1 y = x2

2 , îòñå÷åííîé ïðÿìîé y = 1, 5, âîêðóã îñè Oy;

22.2 y2 = 4 + x, îòñå÷åííîé ïðÿìîé x = 2, âîêðóã îñè Ox;

22.3 y = cos πx
2a âîêðóã îñè Ox îò x1 = −a äî x2 = a;

22.4 ýëëèïñà 3x2 + 4y2 = 12 âîêðóã îñè Oy;
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22.5 ïåòëè êðèâîé 9x2 = y (3− y) âîêðóã îñè Oy;

22.6 ïåòëè êðèâîé 9y2 = x2 − x4 âîêðóã îñè Ox;

22.7 ÷àñòè ïàðàáîëû y2 = 2x ìåæäó òî÷êàìè ïåðåñå÷åíèÿ ñ ïðÿìîé
2x = 3;

22.8 x = 1
4y

2 − 1
2 ln y âîêðóã îñè Ox îò y = 1 äî y = e;

22.9 êðèâîé y2 + 4x = 2 ln y âîêðóã îñè Oy îò y = 1 äî y = 2;

22.10 x = et sin t, y = et cos t âîêðóã îñè Ox îò t1 = 0 äî t2 = π
2 ;

22.11

{
x = 2 cos t− cos 2t,
y = 2 sin t− sin 2t

âîêðóã îñè Ox;

22.12 x = t3

3 , y = 4− t2

2 âîêðóã îñè Ox ìåæäó òî÷êàìè ïåðåñå÷åíèÿ
ñ îñÿìè êîîðäèíàò;

22.13 ïåòëè êðèâîé x = t2, y = t
3

(
t2 − 3

)
âîêðóã îñè Ox;

23. Îêðóæíîñòü ρ = 2r sinϕ âðàùàåòñÿ âîêðóã ïîëÿðíîé îñè. Íàéòè
ïëîùàäü ïîâåðõíîñòè, êîòîðàÿ ïðè ýòîì ïîëó÷àåòñÿ.

24. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, ïîëó÷åííîé â ðåçóëüòàòå âðàùå-
íèÿ êðèâîé ρ2 = a2 cosϕ: à) âîêðóã îñè ϕ = π

2 ; á) âîêðóã îñè ϕ = π
4 .

25. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè òîðà, ïîëó÷åííîãî ïðè âðàùåíèè
êðóãà ðàäèóñà R âîêðóã ïðÿìîé, ëåæàùåé â òîé æå ïëîñêîñòè, ðàñ-
ñòîÿíèå êîòîðîé îò öåíòðà êðóãà ðàâíî a > R.
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ËÅÊÖÈß 15

Ôèçè÷åñêèå ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà

15.1. Ìåòîä îïðåäåëåííîãî èíòåãðàëà ïðè ðåøåíèè çàäà÷

Ïðè ðåøåíèè çàäà÷ î íàõîæäåíèè ïëîùàäè êðèâîëèíåéíîé òðàïåöèè,
îáúåìà òåëà âðàùåíèÿ, äëèíû êðèâîé, ðàáîòû ïåðåìåííîé ñèëû è òàê
äàëåå íàìè èñïîëüçîâàí îäèí è òîò æå ïðèåì, à èìåííî:

à) èñêîìîé ïîñòîÿííîé âåëè÷èíå Q, (S, V , µ(L), A), ñâÿçàííîé ñ íåêî-
òîðûì îòðåçêîì [a, b] è íåêîòîðîé ôóíêöèåé f(x), îïðåäåëåííîé íà [a, b],
ñòàâèòñÿ â ñîîòâåòñòâèå èíòåãðàëüíàÿ ñóììà ôóíêöèè f(x):

Q(f ; [a, b]) ≈ στ(f, xk) =
n∑
k=1

f(xk)∆xk;

á) òî÷íîå çíà÷åíèå âåëè÷èíû Q(f ; [a, b]) íàõîäèòñÿ ïî ôîðìóëå

Q(f ; [a, b]) = lim
λτ→0

στ(f, xk) =

b∫
a

f(x)dx,

ïðè÷åì âåëè÷èíà Q(f ; [a, b]) îáëàäàåò ñëåäóþùèìè äâóìÿ ñâîéñòâàìè:

1. Ñâîéñòâî àääèòèâíîñòè: äëÿ ëþáîãî ðàçáèåíèÿ τ îòðåçêà [a, b] íà n



386

÷àñòè÷íûõ îòðåçêîâ

Q(f ; [a, b]) =
n∑
k=1

∆Qk, ∆Qk = Q(f ; [xk−1, xk]).

2. Ñâîéñòâî ëèíåéíîñòè â ìàëîì: äëÿ ëþáîãî ÷àñòè÷íîãî îòðåçêà
[xk−1, xk] äëèíû ∆xk áóäåò ∆Qk ≈ w∆xk, w = f(xk) � êîýôôèöèåíò
ïðîïîðöèîíàëüíîñòè.

Çàìå÷àíèå 15.1. Ïîêàæåì, ÷òî åñëè èñêîìàÿ âåëè÷èíà Q(f ; [a, b])
îáëàäàåò ñâîéñòâàìè àääèòèâíîñòè è ëèíåéíîñòè â ìàëîì, òî åå çíà÷åíèå
ðàâíî îïðåäåëåííîìó èíòåãðàëó.

JÂ ñèëó ñâîéñòâ àääèòèâíîñòè è ëèíåéíîñòè â ìàëîì

Q(f ; [a, b]) ≈
n∑
k=1

f(xk)∆xk.

Ïðàâàÿ ÷àñòü ïîñëåäíåãî ïðèáëèæåííîãî ðàâåíñòâà åñòü èíòåãðàëü-
íàÿ ñóììà στ = στ(f, xk) ôóíêöèè f(x). Òîãäà

Q(f ; [a, b]) = lim
λτ→0

στ =

b∫
a

f(x)dx, ãäå λτ = max
k
{∆xk}. I
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Îïðåäåëåíèå 15.1. Ïîäûíòåãðàëüíîå âûðàæåíèå f(x)dx íàçûâà-

åòñÿ ýëåìåíòîì âåëè÷èíû Q(f ; [a, b]) è îáîçíà÷àåòñÿ dQ = f(x)dx.

Çàìå÷àíèå 15.2. Åñëè âåëè÷èíà Q(f ; [a, b]) îáëàäàåò óêàçàííûìè
ñâîéñòâàìè, òî äëÿ åå âû÷èñëåíèÿ äîñòàòî÷íî íàéòè ýëåìåíò âåëè÷èíû

dQ = f(x)dx, à ïîòîì âû÷èñëèòü èíòåãðàë
b∫
a

f(x)dx. Ïîêàæåì ýòî íà

ïðèìåðàõ.

Ïðèìåð 15.1. Êóá îïóùåí â âîäó òàê, ÷òî åãî âåðõíåå îñíîâàíèå
íàõîäèòñÿ íà ïîâåðõíîñòè âîäû. Îïðåäåëèòü ðàáîòó, íåîáõîäèìóþ äëÿ
èçâëå÷åíèÿ êóáà èç âîäû, åñëè åãî ðåáðî ðàâíî a, à ïëîòíîñòü êóáà ρ
(ρ > 103) (ïëîòíîñòü âîäû 103 êã/ì3).

J Îáîçíà÷èì íà ðèñóíêå (ðèñóíîê 15.1) ïðîèçâîëüíóþ ãëóáèíó x,
0 < x < a, äàäèì x ïðèðàùåíèå ∆x, 0 < x + ∆x < a. Ïîëó÷èì ÷àñòè÷-
íûé ïàðàëëåëåïèïåä KMNP ñ îñíîâàíèåì, ðàâíûì îñíîâàíèþ êóáà è
âûñîòîé ∆x. Ñ÷èòàåì, ÷òî âñå òî÷êè ÷àñòè÷íîãî ïàðàëëåëèïèïåäà íàõî-
äÿòñÿ â âîäå íà ãëóáèíå x.

Âû÷èñëèì (ïðèáëèæåííî) ÷àñòè÷íóþ ðàáîòó ïî ïîäíÿòèþ ÷àñòè÷íîãî
ïàðàëëåëåïèïåäà èç âîäû íà âûñîòó a− x íàä åå ïîâåðõíîñòüþ.

Ïî çàêîíó Àðõèìåäà

∆A = ∆Q ≈ (∆Pê −∆Pâ)x+ ∆Pê(a− x) = ∆Pêa−∆Pâx =
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A B

D C

M N

K P

a-x

a-x

x

xD

Ðèñóíîê 15.1

= ∆V ρga−∆V 103gx = g(ρa− 103x)∆V = a2g(ρa− 103x)∆x.

Òîãäà ýëåìåíò ðàáîòû dA = a2g(ρa− 103x)dx. À èñêîìàÿ ðàáîòà

A = a2g

a∫
0

(ρa− 103x)dx = a2g

(
ρax|a0 − 103 x

2

2

∣∣∣∣a
0

)
=

= a2g

(
ρa2 − 103

2
a2

)
= a4g

(
ρ− 103

2

)
(Äæ). I

Ïðèìåð 15.2. Âû÷èñëèòü ñóììàðíóþ ñèëó äàâëåíèÿ âîäû íà âåðòè-
êàëüíûé ïàðàáîëè÷åñêèé ñåãìåíò, îñíîâàíèå êîòîðîãî ðàâíî 4 ì è ðàñ-
ïîëîæåíî íà ïîâåðõíîñòè âîäû, à âåðøèíà íàõîäèòñÿ íà ãëóáèíå 4 ì.
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JÈçîáðàçèì ðèñóíîê â ñèñòåìå êîîðäèíàò (ðèñóíîê 15.2). Âîçüìåì

x

4-x

xD

A B

CD

M y

y

x

O

Ðèñóíîê 15.2

ãëóáèíó x, 0 < x < 4, äàäèì x ïðèðàùåíèå ∆x > 0, 0 < x + ∆x < 4.
Óðàâíåíèå ñîîòâåòñòâóþùåé ïàðàáîëû â ñèñòåìå êîîðäèíàò xOy áóäåò
x = 4 − y2. Ïîëó÷èì ÷àñòè÷íóþ ïîëîñêó ABCD ïàðàáîëè÷åñêîãî ñåã-
ìåíòà. Ñ÷èòàåì, âî-ïåðâûõ, ÷òî ABCD � ïðÿìîóãîëüíèê, âî-âòîðûõ,
÷òî âñå òî÷êè ýòîãî ïðÿìîóãîëüíèêà íàõîäÿòñÿ íà ãëóáèíå x. Ïîäñ÷è-
òàåì (ïðèáëèçèòåëüíî) ÷àñòè÷íóþ ñèëó äàâëåíèÿ, êîòîðàÿ äåéñòâóåò íà
óêàçàííóþ ÷àñòè÷íóþ ïîëîñêó. Ýòà ñèëà äàâëåíèÿ áóäåò ðàâíà âåñó ÷à-
ñòè÷íîãî ñòîëáà âîäû ôîðìû ïðÿìîóãîëüíîãî ïàðàëëåëåïèïåäà, îñíîâà-
íèå êîòîðîãî åñòü ïðÿìîóãîëüíèê ABCD (2y · ∆x), à âûñîòà x (çàêîí
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Ïàñêàëÿ).

∆P ≈ ∆mg = ∆V 103g = ∆Sx103g = 2yx103g∆x.

Èç óðàâíåíèÿ ïàðàáîëû y =
√

4− x. Òîãäà
∆P ≈ 2 · 103gx

√
4− x∆x.

Ïîëó÷èì ýëåìåíò ñèëû äàâëåíèÿ dP = 2 · 103gx
√

4− xdx. Îòêóäà

P = 2 · 103g

4∫
0

x
√

4− xdx =

 √4− x = t − ïîäñòàíîâêà,
t2 = 4− x, x = 4− t2,
dx = −2tdt, tí = 2, tâ = 0

 =

= 2 · 103g

0∫
2

(4− t2)t(−2tdt) = 4 · 103g

2∫
0

(4t2 − t4)dt =

= 4 · 103g

(
4
t3

3

∣∣∣∣2
0

− t5

5

∣∣∣∣2
0

)
= 4 · 103g

(
4

3
· 23 − 1

5
· 25

)
=

= 27 · 103g

(
1

3
− 1

5

)
=

28 · 103g

15
=

29 · 102g

3
(Í). I

Ïðèìåð 15.3. Âû÷èñëèòü êèíåòè÷åñêóþ ýíåðãèþ äèñêà ìàññû M

è ðàäèóñà R, êîòîðûé âðàùàåòñÿ ñ óãëîâîé ñêîðîñòüþ ω âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç åãî öåíòð ïåðïåíäèêóëÿðíî åãî ïîâåðõíîñòè (ñ÷èòàòü
ïîâåðõíîñòíóþ ïëîòíîñòü äèñêà ïîñòîÿííîé).
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R

0
x

xD

Ðèñóíîê 15.3

JÈçâåñòíî, ÷òî êèíåòè÷åñêàÿ ýíåðãèÿ ìàòåðèàëüíîé òî÷êè ìàññû m,
êîòîðàÿ äâèæåòñÿ ñî ñêîðîñòüþ v, ðàâíà K = mv2

2 .
Îòëîæèì îò öåíòðà äèñêà ïðîèçâîëüíîå ðàññòîÿíèå x, 0 < x < R,

äàäèì x ïðèðàùåíèå ∆x > 0, 0 < x + ∆x < R. Ïîëó÷èì ÷àñòè÷íîå
êîëüöî ñ öåíòðîì â òî÷êå O, âíóòðåííèé ðàäèóñ � x, âíåøíèé � x+∆x
(ðèñóíîê 15.3). Ñ÷èòàåì, ÷òî âñå òî÷êè ÷àñòè÷íîãî êîëüöà íàõîäÿòñÿ îò
öåíòðà äèñêà (òî÷êà O) íà ðàññòîÿíèè x. Åùå äîïóñòèì, ÷òî ïëîùàäü
êîëüöà ðàâíà ïðèáëèçèòåëüíî ïëîùàäè ïðÿìîóãîëüíèêà ñ îñíîâàíèåì
2πx è âûñîòîé ∆x, ∆S ≈ 2πx∆x.

Íàéäåì ìàññó ÷àñòè÷íîãî êîëüöà ∆M :

∆S − ∆M
πR2 − M

∣∣∣∣ ∆M =
2πxM∆x

πR2
=

2Mx∆x

R2
.

Ëèíåéíóþ ñêîðîñòü ∆v, ñ êîòîðîé äâèæóòñÿ òî÷êè ÷àñòè÷íîãî êîëü-
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öà, íàéäåì, èñïîëüçóÿ ôîðìóëó v = ωR, èçâåñòíóþ èç êóðñà ôèçèêè. Â
íàøåì ñëó÷àå ∆v = ωx.

Êèíåòè÷åñêàÿ ýíåðãèÿ ∆K = ∆M(∆v)2

2 . Ñ ó÷åòîì íàéäåííîãî

∆K ≈ 2Mx∆x(ωx)2

2R2
=
Mω2x3∆x

R2
.

Ïîëó÷èëè ýëåìåíò êèíåòè÷åñêîé ýíåðãèè dK = Mω2x3

R2 dx. Òîãäà èñêî-
ìàÿ êèíåòè÷åñêàÿ ýíåðãèÿ

K =

R∫
0

Mω2

R2
x3dx =

Mω2

R2
· x

4

4

∣∣∣∣R
0

=
1

4
Mω2R2 (Äæ). I

15.2. Ìàññà ìàòåðèàëüíîé êðèâîé. Ñòàòè÷åñêèå ìîìåíòû
è öåíòð òÿæåñòè ìàòåðèàëüíîé êðèâîé.
Ïåðâàÿ òåîðåìà Ïàïïà � Ãóëüäèíà

Îïðåäåëåíèå 15.2. Åñëè A(x, y) ∈ R2 � ìàòåðèàëüíàÿ òî÷êà ìàñ-

ñû m, òî ïðîèçâåäåíèÿ my è mx íàçûâàþòñÿ ñòàòè÷åñêèìè ìî-

ìåíòàìè òî÷êè A îòíîñèòåëüíî îñåé Ox è Oy.

Ïóñòü çàäàíà ñïðÿìëÿåìàÿ ìàòåðèàëüíàÿ êðèâàÿ{
x = ϕ(t),
y = ψ(t),

t ∈ [α, β]
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ñ ëèíåéíîé ïëîòíîñòüþ ρ = ρ(t) (ρ(t) íåïðåðûâíàÿ íà [α, β] ôóíêöèÿ).
Âîçüìåì ëþáîå ðàçáèåíèå τ îòðåçêà [α, β] íà n (n ∈ N) ÷àñòè÷íûõ îòðåç-
êîâ [tk−1, tk] (k = 1, n). Ïðîèçâîëüíî íà êàæäîì ÷àñòè÷íîì îòðåçêå âûáè-
ðàåì òî÷êó tk ∈ [tk−1, tk], êîòîðîé ñîîòâåòñòâóåò òî÷êà Mk

(
ϕ(tk), ψ(tk)

)
íà êðèâîé. ×àñòè÷íîìó îòðåçêó [tk−1, tk] ñîîòâåòñòâóåò ÷àñòè÷íàÿ êðè-
âàÿ Lk êðèâîé L ñ äëèíîé µ(Lk) = ∆Sk. Ñ÷èòàåì, ÷òî íà êàæäîé èç
÷àñòè÷íûõ êðèâûõ Lk ëèíåéíàÿ ïëîòíîñòü áóäåò íåèçìåííîé è ðàâíîé
ρ(tk). Òîãäà ÷àñòè÷íàÿ ìàññà ∆mk ìàòåðèàëüíîé êðèâîé áóäåò ðàâíà
∆mk ≈ ρ(tk)∆Sk, à ýëåìåíò ìàññû � dm = ρ(t)dS, ãäå

dS =
√
ϕ′2(t) + ψ′2(t)dt.

Ïîýòîìó ìàññà ìàòåðèàëüíîé êðèâîé áóäåò âû÷èñëÿòüñÿ ïî ôîðìóëå

m =

β∫
α

ρ(t)
√
ϕ′2(t) + ψ′2(t)dt. (15.1)

Ñ÷èòàåì, ÷òî âñÿ ìàññà ÷àñòè÷íîé ìàòåðèàëüíîé êðèâîé Lk ñêîíöåí-
òðèðîâàíà â òî÷êå Mk

(
ϕ(tk), ψ(tk)

)
. Òîãäà ÷àñòè÷íûå ñòàòè÷åñêèå ìî-

ìåíòû êðèâîé Lk îòíîñèòåëüíî êîîðäèíàòíûõ îñåé Ox è Oy ñîîòâåò-
ñòâåííî áóäóò ïðèáëèæåííî ðàâíû:

∆Mk,x ≈ ∆mkψ(tk), ∆Mk,y≈∆mkϕ(tk).
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Îòêóäà ïîëó÷èì ýëåìåíòû ñòàòè÷åñêèõ ìîìåíòîâ:

dMx = ρ(t)ψ(t)
√
ϕ′2(t) + ψ′2(t)dt, dMy = ρ(t)ϕ(t)

√
ϕ′2(t) + ψ′2(t)dt.

Ïîýòîìó ñòàòè÷åñêèå ìîìåíòû áóäóò âû÷èñëÿòüñÿ ïî ôîðìóëàì:

Mx =

β∫
α

ρ(t)ψ(t)
√
ϕ′2(t) + ψ′2(t)dt � îòíîñèòåëüíî îñè Ox; (15.2)

My =

β∫
α

ρ(t)ϕ(t)
√
ϕ′2(t) + ψ′2(t)dt � îòíîñèòåëüíî îñè Oy. (15.3)

Îïðåäåëåíèå 15.3. Öåíòðîì òÿæåñòè ñïðÿìëÿåìîé ìàòåðè-

àëüíîé êðèâîé L íàçûâàåòñÿ òàêàÿ òî÷êà N(x, y) ∈ R2, ÷òî åñëè â

íåé ñêîíöåíòðèðîâàòü âñþ ìàññó êðèâîé L, òî ñòàòè÷åñêèå ìîìåíòû

ýòîé òî÷êè îòíîñèòåëüíî êîîðäèíàòíûõ îñåé áóäóò ðàâíû ñîîòâåò-

ñòâåííî ñòàòè÷åñêèì ìîìåíòàì êðèâîé L îòíîñèòåëüíî îñåé êîîð-

äèíàò.

Èñïîëüçóÿ îïðåäåëåíèå, ïîëó÷àåì ôîðìóëû äëÿ âû÷èñëåíèÿ êîîðäè-
íàò öåíòðà òÿæåñòè

x =
My

m
, y =

Mx

m
. (15.4)
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Òåîðåìà 15.1 (ïåðâàÿ òåîðåìà Ïàïïà1 � Ãóëüäèíà2). Ïëîùàäü
ïîâåðõíîñòè, ïîëó÷åííàÿ ïðè âðàùåíèè êðèâîé âîêðóã íåêîòîðîé íå

ïåðåñåêàþùåé åå îñè, ðàâíà ïðîèçâåäåíèþ äëèíû ýòîé êðèâîé íà äëèíó

îêðóæíîñòè, îïèñàííîé öåíòðîì òÿæåñòè ýòîé êðèâîé.

JÈç ôîðìóëû y = Mx

S èìååì (ïðè ρ(t) = 1):

y · µ(L) =

β∫
α

ψ(t)
√
ϕ′2(t) + ψ′2(t)dt.

Óìíîæèì îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà íà 2π è ïîëó÷èì ñïðàâåäëè-
âîñòü çàêëþ÷åíèÿ òåîðåìû Ïàïïà � Ãóëüäèíà:

2πy · µ(L) = 2π

β∫
α

ψ(t)
√
ϕ′2(t) + ψ′2(t)dt. I

Çàìå÷àíèå 15.3. Ñòàòè÷åñêèå ìîìåíòû ìàòåðèàëüíîé êðèâîé â äå-
êàðòîâîé ñèñòåìå êîîðäèíàò âû÷èñëÿþòñÿ ïî ôîðìóëàì (ïðè ρ = 1)

Mx =

b∫
a

y
√

1 + y′2dx, My =

b∫
a

x
√

1 + y′2dx. (15.5)

1Ïàïï Àëåêñàíäðèéñêèé � äðåâíåãðå÷åñêèé ìàòåìàòèê (2-ÿ ïîëîâèíà III âåêà).
2Ïàóëü Ãóëüäèí � øâåéöàðñêèé ìàòåìàòèê (1577�1643).
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Â ïîëÿðíîé ñèñòåìå êîîðäèíàò

Mx =

β∫
α

r sinϕ
√
r′2 + r2dϕ, My =

β∫
α

r cosϕ
√
r′2 + r2dϕ. (15.6)

Ïðèìåð 15.4. Ïîñòðîéòå êðèâóþ y2 = 2x, 0 6 x 6 2 è íàéäèòå
êîîðäèíàòû åå öåíòðà òÿæåñòè (ëèíåéíàÿ ïëîòíîñòü ρ = 1).

x

y

0

2

-2

2

Ðèñóíîê 15.4

J Î÷åâèäíî, ÷òî y = 0, à x =
My

m . Åñëè ρ = 1, òî ìàññà ìàòåðèàëüíîé
êðèâîé ÷èñëåííî ðàâíà åå äëèíå (ðèñóíîê 15.4).

m = 2

2∫
0

√
1 + x′2y dy = 2

2∫
0

√
1 + y2dy =
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=

[
u =

√
1 + y2, du = ydy√

1+y2
,

dv = dy, v = y

]
=

= 2

y√1 + y2
∣∣∣2
0
−

2∫
0

y2 + 1− 1√
1 + y2

dy

 =

= 2

2
√

5−
2∫

0

√
1 + y2dy+ ln

∣∣∣y+
√

1+y2
∣∣∣
∣∣∣∣∣∣
2

0

=2
√

5 + ln(2 +
√

5).

My = 2

2∫
0

x
√

1 + x′2dy =

2∫
0

y2
√

1 + y2dy =

=

[
y = tg x, y2 = tg2 x,
xí = 0, xâ = arctg 2,

∣∣∣∣ √1 + tg2 x = 1
cosx ,

dy = dx
cos2 x

]
=

=

arctg 2∫
0

sin2 xd(sinx)

(1− sin2 x)3
=

=

 t = sinx,
tí = 0,

tâ = 2/
√

5

 =

2/
√

5∫
0

t2dt

(1− t2)3
=

[
u = t, du = dt,

dv = tdt
(1−t2)3 , v = 1

4(1−t2)2

]
=
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=
t

4(1− t2)2

∣∣∣∣2/
√

5

0

− 1

4

2/
√

5∫
0

1− t2 + t2

(1− t2)2
dt =

2/
√

5

4 · 1
25

− 1

8
ln

∣∣∣∣1 + t

1− t

∣∣∣∣∣∣∣∣2/
√

5

0

−

−1

4

[
u = t, du = dt,

dv = tdt
(1−t2)2 , v = 1

2(1−t2)

]∣∣∣∣2/
√

5

0

=
5
√

5

2
− 1

16
ln(9 + 4

√
5)−

√
5

4
=

=
9
√

5

4
− 1

8
ln(2 +

√
5).

x =
18
√

5−ln(2+
√

5)
8

2
√

5 + ln(2 +
√

5)
=

18
√

5− ln(2 +
√

5)

8(2
√

5 + ln(2 +
√

5))
. I

Ïðèìåð 15.5. Èñïîëüçóÿ ïåðâóþ òåîðåìó Ïàïïà � Ãóëüäèíà (òåîðå-
ìà 15.1), íàéäèòå öåíòð òÿæåñòè ïîëóîêðóæíîñòè ðàäèóñà a.

JÏî ïåðâîé òåîðåìå Ïàïïà � Ãóëüäèíà, 2πy · πa = 4πa2. Òîãäà y =
= 4πa2

2π·πa = 2a
π , à x = 0.I
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15.3. Ìàññà, ñòàòè÷åñêèå ìîìåíòû è öåíòð òÿæåñòè
ìàòåðèàëüíîé ïëîñêîé ôèãóðû. Âòîðàÿ òåîðåìà

Ïàïïà � Ãóëüäèíà

Ïóñòü ìàòåðèàëüíàÿ ïëîñêàÿ ôèãóðà Q çàäàíà ñ ïîìîùüþ ñèñòåìû

íåðàâåíñòâ (ðèñóíîê 15.5):

{
0 6 f1(x) 6 y 6 f2(x),
a 6 x 6 b,

, ãäå ôóíêöèè f1(x)

è f2(x) íåïðåðûâíû íà îòðåçêå [a, b].

x

y

0

÷
ø

ö
ç
è

æ +

2

)()(
, 12 kk

kk

xfxf
xA

v

1-kx
kxkxa b

A

B
C

D)(1 xf

)(2 xf

Ðèñóíîê 15.5

Ïðåäïîëîæèì, ÷òî â ëþáîé òî÷êå (x, y) ∈ Q ïëîòíîñòü èçâåñòíà è
ðàâíà ρ(x), ãäå ôóíêöèÿ ρ(x) íåïðåðûâíà íà îòðåçêå [a, b].
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Âîçüìåì ëþáîå ðàçáèåíèå τ îòðåçêà [a, b] íà n (n ∈ N) ÷àñòè÷íûõ
îòðåçêîâ [xk−1, xk] (k = 1, n), ∆xk = xk − xk−1, xk = xk−xk−1

2 . Ñ÷èòàåì,
÷òî ïëîùàäü ÷àñòè÷íîé ïîëîñêè{

xk−1 6 x 6 xk,
f1(x) 6 y 6 f2(x),

ïðèáëèçèòåëüíî ðàâíà ïëîùàäè ÷àñòè÷íîãî ïðÿìîóãîëüíèêà ñ îñíîâàíè-
åì ∆xk è âûñîòîé hk = f2(xk)− f1(xk), à òàêæå ïëîòíîñòü ρ(x) íà óêà-
çàííîé ïîëîñêå ÿâëÿåòñÿ ïîñòîÿííîé è ðàâíîé ρ(xk) â êàæäîé åå òî÷êå.
Òîãäà ìàññà ìàòåðèàëüíîé ïîëîñêè ïðèáëèçèòåëüíî ðàâíà

∆mk ≈ ρ(xk)(f2(xk)− f1(xk))∆xk.

Ýëåìåíò ìàññû m ïëîñêîé ìàòåðèàëüíîé ôèãóðû Q

dm = ρ(x)(f2(x)− f1(x))dx.

À òîãäà

m =

b∫
a

ρ(x)(f2(x)− f1(x))dx. (15.7)

Äàëåå ñ÷èòàåì, ÷òî ìàññà ÷àñòè÷íîé ïîëîñêè ñêîíöåíòðèðîâàíà â òî÷-
êå Ak (â ñèëó ñèììåòðèè ïðÿìîóãîëüíèêà). Òîãäà ÷àñòè÷íûå ñòàòè÷åñêèå
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ìîìåíòû ìàòåðèàëüíîé ôèãóðû Q îòíîñèòåëüíî îñåé Ox è Oy áóäóò ñî-
îòâåòñòâåííî ðàâíû

∆Mkx ≈ ∆mk
f2(xk) + f1(xk)

2
è ∆Mky ≈ ∆mkxk,

à ýëåìåíòû ñòàòè÷åñêèõ ìîìåíòîâ ôèãóðû Q îòíîñèòåëüíî óêàçàííûõ
îñåé ñîîòâåòñòâåííî áóäóò:

dMx = ρ(x)(f 2
2 (x)− f 2

1 (x)) · 0, 5dx è dMy = ρ(x)(f2(x)− f1(x))xdx.

À ýòî çíà÷èò, ÷òî

Mx =
1

2

b∫
a

ρ(x)(f 2
2 (x)−f 2

1 (x))dx, My =

b∫
a

ρ(x)(f2(x)−f1(x))xdx. (15.8)

Îïðåäåëåíèå 15.4. Öåíòðîì òÿæåñòè ïëîñêîé êâàäðèðóåìîé

ìàòåðèàëüíîé ôèãóðû Q íàçûâàåòñÿ òàêàÿ òî÷êà K(x, y) ∈ R2, ÷òî

åñëè â íåé ñêîíöåíòðèðîâàòü âñþ ìàññó ôèãóðû Q, òî ñòàòè÷åñêèå

ìîìåíòû ýòîé òî÷êè îòíîñèòåëüíî êîîðäèíàòíûõ îñåé áóäóò ñîîò-

âåòñòâåííî ðàâíû ñòàòè÷åñêèì ìîìåíòàì ôèãóðû Q îòíîñèòåëüíî

îñåé êîîðäèíàò.

Êîîðäèíàòû öåíòðà òÿæåñòè ïëîñêîé ìàòåðèàëüíîé ôèãóðû ìîãóò
áûòü âû÷èñëåíû ïî ôîðìóëàì, àíàëîãè÷íûì ôîðìóëàì (15.4) äëÿ ïëîñ-
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êîé ìàòåðèàëüíîé êðèâîé:

x =
My

m
, y =

Mx

m
. (15.9)

Òåîðåìà 15.2 (âòîðàÿ òåîðåìà Ïàïïà � Ãóëüäèíà). Îáúåì òå-

ëà, ïîëó÷åííîãî ïðè âðàùåíèè îäíîðîäíîé ìàòåðèàëüíîé ôèãóðû Q âî-

êðóã îñè Ox, ðàâåí ïðîèçâåäåíèþ ïëîùàäè ýòîé ôèãóðû íà äëèíó îêðóæ-

íîñòè, îïèñàííîé öåíòðîì òÿæåñòè óêàçàííîé ôèãóðû.

JÏî ôîðìóëå y = Mx

m èìååì (ïðè ρ = ρ(x) = const = 1)

y ·
b∫

a

(f2(x)− f1(x))dx =
1

2

b∫
a

(f 2
2 (x)− f 2

1 (x))dx.

Óìíîæèâ îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà íà 2π, ïîëó÷èì ñïðàâåäëè-
âîñòü çàêëþ÷åíèÿ òåîðåìû.I

Ïðèìåð 15.6. Íàéäèòå êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðà-
íè÷åííîé îñüþ àáñöèññ è ïåðâîé àðêîé öèêëîèäû

x = a(t− sin t), y = a(1− cos t)

(ðèñóíîê 12.11).
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JÎ÷åâèäíî, ÷òî x = πa. Ñ÷èòàåì, ÷òî ρ = 1.

y =
Mx

m
, m =

2πa∫
0

f(x)dx =

2πa∫
0

ydx =

=

[
y = a(1− cos t),
x = a(t− sin t)

∣∣∣∣ 0 = a(t− sin t),
tí = 0

∣∣∣∣ 2πa = a(t− sin t),
tâ = 2π, dx = a(1− cos t)dt

]
=

=

2π∫
0

a2(1− cos t)2dt = 3πa2; Mx =
1

2

2π∫
0

f 2(x)dx =

=
1

2

2π∫
0

a3(1− cos t)3dt =
a3

2

2π∫
0

(1− 3 cos t+ 3 cos2 t− cos3 t)dt =

=
a3

2
(2π + 3π) =

5πa3

2
; y =

5πa3

2

3πa2
=

5

6
a.

Îòâåò: K
(
πa; 5

6a
)
. I

Ïðèìåð 15.7. Òåëî ïîëó÷åíî ïóòåì âðàùåíèÿ ïðàâèëüíîãî øåñòè-
óãîëüíèêà ñî ñòîðîíîé a âîêðóã îäíîé èç åãî ñòîðîí. Íàéäèòå îáúåì
óêàçàííîãî òåëà.
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x

y

0

A O

C

D

L M K

B

Ðèñóíîê 15.6

J Ïîìåñòèì øåñòèóãîëüíèê â ñèñòåìó êîîðäèíàò (ðèñóíîê 15.6) è
áóäåì ðàññìàòðèâàòü åãî êàê ôèãóðó Q (ñìîòðè âûøå). Ãðàôèê f1(x) �
ëîìàíàÿ ABCD. Ãðàôèê f2(x) � ëîìàíàÿ ALKD. Èñïîëüçóåì âòîðóþ
òåîðåìó Ïàïïà � Ãóëüäèíà (òåîðåìà 15.2). Ïëîùàäü ôèãóðû

S =
a26
√

3

4
=
a23
√

3

2
,

öåíòð òÿæåñòè � òî÷êà O (â ñèëó ñèììåòðèè ôèãóðû Q). OM = a
√

3
2 �

ðàäèóñ îêðóæíîñòè, îïèñàííîé öåíòðîì òÿæåñòè ïðè âðàùåíèè øåñòè-
óãîëüíèêà âîêðóã îñè Ox. Äëèíà ýòîé îêðóæíîñòè ðàâíà 2π a

√
3

2 = πa
√

3.
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Òîãäà èñêîìûé îáúåì áóäåò íàõîäèòüñÿ ïî ôîðìóëå:

V = πa
√

3
a23
√

3

2
=

9

2
πa3. I

Çàìå÷àíèå 15.4. Ïóñòü êðèâîëèíåéíûé ñåêòîð çàäàí â ïîëÿðíûõ êî-
îðäèíàòàõ íåðàâåíñòâàìè ϕ1 6 ϕ 6 ϕ2, 0 6 r 6 r(ϕ), ãäå 0<ϕ2−ϕ1 6 2π,
r(ϕ) � íåïðåðûâíàÿ ôóíêöèÿ íà [ϕ1, ϕ2].

Êðîìå òîãî, íà ñåêòîðå ðàñïðåäåëåíà ìàññà ñ ïëîòíîñòüþ ρ(ϕ) (ëèíåé-
÷àòàÿ ëó÷åâàÿ ïëîòíîñòü). Òîãäà ìàññà ìàòåðèàëüíîãî ñåêòîðà è ñîîò-
âåòñòâóþùèå ñòàòè÷åñêèå ìîìåíòû áóäóò âûñ÷èòûâàòüñÿ ïî ôîðìóëàì:

m =
1

2

ϕ2∫
ϕ1

r2(ϕ)ρ(ϕ)dϕ, (15.10)

Mx =
1

2

ϕ2∫
ϕ1

r3(ϕ) sinϕ · ρ(ϕ)dϕ, My =
1

2

ϕ2∫
ϕ1

r3(ϕ) cosϕ · ρ(ϕ)dϕ. (15.11)

Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Ñôîðìóëèðóéòå îáùèé àëãîðèòì íàõîæäåíèÿ ïðèëîæåíèé îïðåäå-
ëåííîãî èíòåãðàëà.

2. Äàéòå îïðåäåëåíèå ñòàòè÷åñêèõ ìîìåíòîâ îòíîñèòåëüíî îñåé Ox è
Oy.
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3. Çàïèøèòå ôîðìóëó ìàññû ìàòåðèàëüíîé êðèâîé, êîãäà ôóíêöèÿ
çàäàíà ïàðàìåòðè÷åñêè.

4. Äàéòå îïðåäåëåíèå öåíòðà òÿæåñòè ñïðÿìëÿåìîé êðèâîé.

5. Ñôîðìóëèðóéòå òåîðåìû Ïàïïà � Ãóëüäèíà.

6. Äàéòå îïðåäåëåíèå öåíòðà òÿæåñòè ïëîñêîé êâàäðèðóåìîé ìàòåðè-
àëüíîé ôèãóðû.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 12

Ôèçè÷åñêèå ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà.
Âû÷èñëåíèå ðàáîòû ïåðåìåííîé ñèëû, êèíåòè÷åñêîé ýíåðãèè

Çàäàíèå 1. Âû÷èñëèòü ðàáîòó, íåîáõîäèìóþ äëÿ òîãî, ÷òîáû âûêà-
÷àòü æèäêîñòü èç ïîëóñôåðè÷åñêîãî ñîñóäà (êîòëà), ðàäèóñ êîòîðîãî R
(ðèñóíîê 15.7).

Ðèñóíîê 15.7
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JÇàäà÷à ñâîäèòñÿ ê âû÷èñëåíèþ ðàáîòû, êîòîðóþ ñëåäóåò çàòðàòèòü
äëÿ òîãî, ÷òîáû ïîñëåäîâàòåëüíî ïîäíÿòü âñå ÷àñòèöû æèäêîñòè íà óðî-
âåíü êðàÿ êîòëà, òàê êàê äàëüøå îíà óæå ïîä äåéñòâèåì ñîáñòâåííîé ñè-
ëû òÿæåñòè ñàìà âûòåêàåò èç íåãî. Ïðè ýòîì ìîæíî ñ÷èòàòü, ÷òî êàæäàÿ
÷àñòèöà îïèøåò ïóòü, ðàâíûé ãëóáèíå åå ïîãðóæåíèÿ â êîòëå, òàê êàê
ñèëà, êîòîðóþ íàäî ïðèêëàäûâàòü ê êàæäîé ÷àñòèöå ïðè åå ïîäíÿòèè,
ðàâíà ïðîèçâåäåíèþ âåñà ÷àñòèöû íà ãëóáèíó åå ïîãðóæåíèÿ. Äëÿ âû-
÷èñëåíèÿ âñåé ðàáîòû ìû ïîñòóïèì ñëåäóþùèì îáðàçîì.

Ðåøèì ýòó çàäà÷ó ìåòîäîì èíòåãðàëüíûõ ñóìì, êîòîðûé áàçèðóåòñÿ
íà îïðåäåëåíèè îïðåäåëåííîãî èíòåãðàëà. Óêàçàííûé ìåòîä îñíîâàí íà
ïðåäñòàâëåíèè èíòåãðàëà êàê ñóììû áåñêîíå÷íî áîëüøîãî ÷èñëà
áåñêîíå÷íî ìàëûõ ñëàãàåìûõ.

1. Ðàçîáüåì ïðîìåæóòîê [0, R] îñè Ox íà n ïðîèçâîëüíûõ ÷àñòåé òî÷-
êàìè

0 = x0 < x1 < x2 < . . . < xi−1 < xi < . . . < xn = R

è ðàññìîòðèì ñå÷åíèÿ ñôåðè÷åñêîãî ñîñóäà ïëîñêîñòÿìè, ïðîâåäåííûìè
÷åðåç ýòè òî÷êè äåëåíèÿ ïåðïåíäèêóëÿðíî îñè Ox, òîãäà ñîñóä ðàçîáüåò-
ñÿ íà îòäåëüíûå øàðîâûå ñëîè.

2. Ðàññìîòðèì i-é ñëîé âîäû, ñîäåðæàùèéñÿ ìåæäó ïëîñêîñòÿìè
x = xi−1 è x = xi (i = 1, n). Ïðèáëèæåííî çàìåíèì i-é ñëîé æèäêîñòè
öèëèíäðè÷åñêèì ñëîåì òîé æå âûñîòû ∆xi = xi−xi−1, îñíîâàíèåì êîòî-
ðîãî ñëóæèò êðóã ñ öåíòðîì â òî÷êå ξi � ñåðåäèíîé ïðîìåæóòêà [xi, xi−1]
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(ñìîòðè çàøòðèõîâàííóþ ÷àñòü íà ðèñóíêå 15.7). Ïðè ýòîì, êàê ëåãêî
âèäåòü, ïëîùàäü óêàçàííîãî êðóãà ðàâíà πy2

i , ãäå y
2
i = R2 − ξ2

i . Çíà÷èò,
îáúåì ýòîãî öèëèíäðè÷åñêîãî ñëîÿ æèäêîñòè ðàâåí π

(
R2 − ξ2

i

)
∆xi.

Òàê êàê ñèëà, êîòîðóþ íàäî ïðèëîæèòü ê ýòîìó ñëîþ äëÿ ïîäíÿòèÿ
åãî äî ñâîáîäíîé ïîâåðõíîñòè æèäêîñòè, ðàâíà åãî âåñó, òî ðàáîòà, êîòî-
ðóþ ñîâåðøàåò ýòà ñèëà (ýòó ñèëó ìîæíî ñ÷èòàòü ïðèëîæåííîé ê öåíòðó
òÿæåñòè óêàçàííîãî ñëîÿ) ïðè ïîäíÿòèè i-ãî ñëîÿ æèäêîñòè íà ðàññòî-
ÿíèå ξi ïðèáëèæåííî ðàâíà πρæ

(
R2 − ξ2

i

)
ξi∆xi. Òàê êàê ýòî ðàññóæäå-

íèå ìîæåò áûòü ïðîâåäåíî äëÿ âñåõ ñëîåâ æèäêîñòè, òî ïîëíàÿ ðàáîòà
A, íåîáõîäèìàÿ äëÿ âûêà÷èâàíèÿ âñåé æèäêîñòè èç êîòëà, âûðàæàåòñÿ
ïðèáëèæåííûì ðàâåíñòâîì:

A ≈
n∑
i=1

πρæ
(
R2 − ξ2

i

)
ξi∆xi.

3. Ýòî ïðèáëèæåííîå ðàâåíñòâî áóäåò òåì òî÷íåå, ÷åì ìåíüøå äðîá-
ëåíèå ïðîìåæóòêà [0, R], è â ïðåäåëå ïðè λ → 0, ãäå λ = max

i=1,n
{∆xi},

ïîëó÷èì òî÷íîå ðàâåíñòâî:

A = lim
λ→0

n∑
i=1

π
(
R2 − ξ2

i

)
ξiρæ∆xi.

Òàê êàê ìû èìååì çäåñü ïðåäåë èíòåãðàëüíîé ñóììû, ñîñòàâëåííîé
äëÿ íåïðåðûâíîé íà ïðîìåæóòêå ôóíêöèè F (x) = πρæ

(
R2 − x2

)
x, òî
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ýòîò ïðåäåë ñóùåñòâóåò è ðàâåí èíòåãðàëó

πρæ

R∫
0

(
R2 − x2

)
xdx,

è, ñëåäîâàòåëüíî, èñêîìàÿ ðàáîòà:

A = πρæ

R∫
0

(
R2 − x2

)
xdx = πρæ

(
R2x

2

2
− x4

4

)∣∣∣∣R
0

=
πρæR

4

4
(Äæ). I

Çàäàíèå 2. Íàéòè ðàáîòó, êîòîðóþ íåîáõîäèìî çàòðàòèòü, ÷òîáû
âûêà÷àòü ÷åðåç êðàé æèäêîñòü èç âåðòèêàëüíîãî öèëèíäðè÷åñêîãî ðå-
çåðâóàðà âûñîòû H ì è ðàäèóñîì R ì.

JÐàáîòà, çàòðà÷èâàåìàÿ íà ïîäíÿòèå òåëà âåñîì P íà âûñîòó h, ðàâíà
P ·h. Íî ðàçëè÷íûå ñëîè æèäêîñòè â ðåçåðâóàðå íàõîäÿòñÿ íà ðàçëè÷íûõ
ãëóáèíàõ è âûñîòà ïîäíÿòèÿ (äî êðàåâ ðåçåðâóàðà) ðàçëè÷íûõ ñëîåâ íå
îäèíàêîâà.

Ïðè ðåøåíèè äàííîé çàäà÷è èñïîëüçóåì ìåòîä, êîòîðûé ïðåäñòàâëÿ-
åò ñîáîé íåñêîëüêî âèäîèçìåíåííûé ìåòîä, ïðèìåíåííûé â ïðåäûäóùåé
çàäà÷å, è íàçûâàåòñÿ ¾ìåòîä äèôôåðåíöèàëà¿, èëè ¾ìåòîä îòáðàñûâà-
íèÿ áåñêîíå÷íî ìàëûõ âåëè÷èí¿, ïðè÷åì ýòîò ìåòîä áîëåå ïðîñò ïðè ðå-
øåíèè çàäà÷, ÷åì ìåòîä èíòåãðàëüíûõ ñóìì. Ââåäåì ñèñòåìó êîîðäèíàò
òàê, êàê óêàçàíî íà ðèñóíêå 15.8.



410

Ðèñóíîê 15.8

1. Ïóñòü ðàáîòà, çàòðà÷èâàåìàÿ íà âûêà÷èâàíèå èç ðåçåðâóàðà ñëîÿ
æèäêîñòè òîëùèíîé x, A = A(x), ãäå 0 6 x 6 H (A(0) = 0, A(H) = A).

2. Íàõîäèì ãëàâíóþ ÷àñòü ïðèðàùåíèÿ ∆A ïðè èçìåíåíèè x íà âå-
ëè÷èíó ∆x= dx, òî åñòü íàõîäèì äèôôåðåíöèàë dA ôóíêöèè A(x).

Ââèäó ìàëîñòè dx ñ÷èòàåì, ÷òî ýëåìåíòàðíûé ñëîé æèäêîñòè íàõî-
äèòñÿ íà îäíîé ãëóáèíå x (îò êðàÿ ðåçåðâóàðà) (ñìîòðè ðèñóíîê 15.8).
Òîãäà dA = dP ·x, dP � âåñ ýòîãî ñëîÿ, îí ðàâåí ρgdV , ãäå g � óñêîðåíèå
ñâîáîäíîãî ïàäåíèÿ, ρ � ïëîòíîñòü æèäêîñòè, dV � îáúåì ¾ýëåìåíòàð-
íîãî¿ ñëîÿ æèäêîñòè (íà ðèñóíêå îí âûäåëåí), òî åñòü dP = ρgdV . Îáú-
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åì óêàçàííîãî ñëîÿ æèäêîñòè ðàâåí πR2dx, ãäå dx � âûñîòà öèëèíäðà
(ñëîÿ), πR2 � ïëîùàäü åãî îñíîâàíèÿ, òî åñòü dV = πR2dx.

Òàêèì îáðàçîì, dP = ρgπR2dx è dA = ρgπR2dx · x.
3. Èíòåãðèðóÿ ïîëó÷åííîå ðàâåíñòâî â ïðåäåëàõ îò x = 0 äî x = H,

íàõîäèì

A =

H∫
0

ρgπR2xdx =
1

2
ρgπR2H2 (Äæ). I

Çàäàíèå 3. Âû÷èñëèòü êèíåòè÷åñêóþ ýíåðãèþ ïðÿìîãî êðóãîâîãî
êîíóñà ìàññûM , âðàùàþùåãîñÿ ñ óãëîâîé ñêîðîñòüþ ω îêîëî ñâîåé îñè,
åñëè ðàäèóñ îñíîâàíèÿ êîíóñà R, à âûñîòà H (ðèñóíîê 15.9).

Ðèñóíîê 15.9
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J K =
mv2

2
, v ≈ ωx,

∆m ≈ 2πxy∆x
M

1
3πR

2H
= 6x

H

R
(R− x)

M

R2H
∆x =

6Mx(R− x)

R3
∆x,

dK =
6Mx(R− x)

2R3
ω2x2dx,

K =
1

2

R∫
0

6Mω2

R3
(x3R− x4)dx =

6Mω2

2R3

(
R
x4

4
− x5

5

)∣∣∣∣R
0

=

=
3Mω2R2

10 · 2
=

3

20
Mω2R2 (Äæ). I

Çàäàíèå 4. Âû÷èñëèòü êèíåòè÷åñêóþ ýíåðãèþ øàðà ìàññû m è
ðàäèóñà R, âðàùàþùåãîñÿ ñ óãëîâîé ñêîðîñòüþ ω îêîëî îñè, ïðîõîäÿùåé
÷åðåç åãî öåíòð (ðèñóíîê 15.10).

J K =
mv2

2
, ∆K =

∆m(∆v)2

2
, ∆m ≈ 2πx·2

√
R2 − x2∆x· m

4
3πR

3
, v = ωx,

∆K ≈ 2πx2
√
R2 − x2

m
4
3πR

3

1

2
ω2x2∆x =

3

2

mω2

R3
x3
√
R2 − x2∆x,

dK =
3

2

mω2

R3
x3
√
R2 − x2dx,
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Ðèñóíîê 15.10

K =

R∫
0

3

2

mω2

R3

1

2
x2
√
R2 − x2dx2 =

 x2 = t;
tí = 0,
tâ = R2

 =
3

4

mω2

R3

R2∫
0

t
√
R2 − tdt =

=


√
R2 − t = z;
R2 − t = z2;
t = R2 − z2;
dt = −2zdz;

Zí = R, Zâ = 0

 =
3

4

mω2

R3

0∫
R

(
R2 − z2

)
z (−2z) dz =
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=
3

2

mω2

R3

R∫
0

(
z2R2 − z4

)
dz =

3

2

mω2

R3

(
R2z

3

3

∣∣∣∣R
0

− z5

5

∣∣∣∣R
0

)
=

=
3R5

2

mω2

R3

(
1

3
− 1

5

)
=
R2mω2

5
(Äæ). I

Çàäàíèå 5. Ñæàòèå âèíòîâîé ïðóæèíû ïðîïîðöèîíàëüíî ïðèëîæåí-
íîé ñèëå. Âû÷èñëèòü ðàáîòó, ïðîèçâîäèìóþ ïðè ñæàòèè ïðóæèíû íà 4
ñì, åñëè èçâåñòíî, ÷òî äëÿ ñæàòèÿ åå íà 0, 5 ñì òðåáóåòñÿ ñèëà â 1 H.

Ðèñóíîê 15.11

JÎáîçíà÷èì ÷åðåç x âåëè÷èíó ñæàòèÿ ïðóæèíû (âûðàæåííóþ â ìåò-
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ðàõ), à ÷åðåç F � ñèëó (âûðàæåííóþ â íüþòîíàõ), òðåáóåìóþ äëÿ ñæàòèÿ
ïðóæèíû íà x ìåòðîâ (ðèñóíîê 15.11).

Òîãäà F = kx, ãäå k � êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè (êîýôôè-
öèåíò æåñòêîñòè ïðóæèíû).

Ïðè x = 0, 005 ì è F = 1 H èìååì: 1 = k · 0, 005, îòêóäà k = 200H
ì
è,

ñëåäîâàòåëüíî, F (x) = 200x. Òîãäà ðàáîòà ðàâíà:

A =

0,04∫
0

200xdx = 100x2
∣∣∣0,004

0
= 0, 16 (Äæ). I

Çàäàíèå 6.Äåðåâÿííûé ïîïëàâîê öèëèíäðè÷åñêîé ôîðìû, ïëîùàäü
êîòîðîãî S, âûñîòà H, ïëàâàåò íà ïîâåðõíîñòè âîäû. Êàêóþ ðàáîòó íàäî
ñîâåðøèòü, ÷òîáû âûòàùèòü ïîïëàâîê èç âîäû, ñîõðàíÿÿ âåðòèêàëüíîå
ïîëîæåíèå åãî îñè, åñëè ïëîòíîñòü äåðåâà ðàâíà ρ.

JÎáîçíà÷èì âûñîòó AK ïîäâîäíîé ÷àñòè ïîïëàâêà ABCD ÷åðåç h
(ðèñóíîê 15.12).

Òàê êàê ñèëà äàâëåíèÿ âîäû, äåéñòâóþùàÿ ñíèçó ââåðõ íà ïëàâàþùåå
òåëî, ðàâíà åãî âåñó P (ïî çàêîíó Àðõèìåäà), òî

P = SHgρï = Shgρâ. (15.12)

Ïóñòü ê íåêîòîðîìó ìîìåíòó âðåìåíè ïîäâîäíàÿ ÷àñòü ïîïëàâêà îêà-
çàëàñü ïîäíÿòîé íà âûñîòó x (ñ÷èòàÿ îò ïîâåðõíîñòè âîäû). Â ýòîò ìî-
ìåíò ñèëà äàâëåíèÿ âîäû íà òåëî áóäåò: f(x) = S(h − x)gρâ, à ñèëà,
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Ðèñóíîê 15.12

êîòîðóþ íàäî ïðèëîæèòü ê òåëó, ÷òîáû óäåðæàòü åãî îò ïîãðóæåíèÿ â
âîäó, îêàæåòñÿ ðàâíîé:

F (x) = P − f(x) = Shgρâ − S(h− x)gρâ = Sgxρâ.

Òîãäà èñêîìàÿ ðàáîòà ðàâíà:

A =

h∫
0

Sgρâxdx = Sgρâ
x2

2

∣∣∣∣h
0

=
Sgρâh

2

2
.

Íî èç (15.12) èìååì: h = Hρï
ρâ
, ïîýòîìó îêîí÷àòåëüíî íàõîäèì:

A =
SgH2ρ2

ï

2ρâ
(Äæ). I

Çàäàíèå 7. Öèëèíäð äèàìåòðîì 20 ñì è äëèíîé 80 ñì çàïîëíåí
ïàðîì ïîä äàâëåíèåì 10 êã/ñì2. Êàêóþ ðàáîòó íàäî çàòðàòèòü, ÷òîáû
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óìåíüøèòü îáúåì ãàçà â äâà ðàçà, ñ÷èòàÿ, ÷òî òåìïåðàòóðà ãàçà îñòàåòñÿ
ïîñòîÿííîé?

J Èñïîëüçóåì çàêîí Áîéëÿ � Ìàðèîòòà pv = c = const. Ðàáîòà âíåø-
íåé ñèëû (êîòîðàÿ ïî âåëè÷èíå ðàâíà äàâëåíèþ ïàðà) ïî ñæàòèþ ïàðà
îò îáúåìà v2 äî îáúåìà v1 (v1 < v2) âû÷èñëÿåòñÿ ïî ôîðìóëå

A =

v2∫
v1

c

v
dv = c ln

v2

v1
.

Òàê êàê îáúåì ãàçà óìåíüøàåòñÿ â äâà ðàçà, òî A = c ln 2. Íàéäåì

c = pv = πg · 10 · 100 · 80 = 80000πg (H · ñì) = 800πg (H · ì).

Îòêóäà A = 800πg ln 2 (Äæ).

Îòâåò: 1740g (Äæ). I

Çàäàíèå 8. Íàéäèòå ðàáîòó ãðàâèòàöèîííîé ñèëû (ñèëû òÿãîòåíèÿ)
ìàññû M ïî ïåðåìåùåíèþ ìàññû m ñ ðàññòîÿíèÿ R1 äî ðàññòîÿíèÿ R2

îò öåíòðà ìàññ òåëà M .

JÑîãëàñíî çàêîíó âñåìèðíîãî òÿãîòåíèÿ, F = −γMm
r2
−→r
r . Ïðîåêöèÿ

ñèëû
−→
F íà îñü −→r , ïðîâåäåííóþ â íàïðàâëåíèè óâåëè÷åíèÿ ðàññòîÿíèÿ,
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îòðèöàòåëüíà, òî åñòü Fr = −γMm
r2 , òîãäà dA = −γMm

r2 dr, ñëåäîâàòåëüíî,

A = −
R2∫
R1

γ
Mm

r2
dr =

γMm

r

∣∣∣∣R2

R1

= γMm

(
1

R2
− 1

R1

)
(Äæ). I

Çàäàíèå 9. Íàéäèòå ðàáîòó, ñîâåðøàåìóþ ñèëîé Êóëîíà ïî ïåðåìå-
ùåíèþ òî÷å÷íîãî çàðÿäà q ñ ðàññòîÿíèÿ R1 äî ðàññòîÿíèÿ R2 îò öåíòðà
çàðÿäà q.

JÑîãëàñíî çàêîíó Êóëîíà, ñèëà âçàèìîäåéñòâèÿ ìåæäó äâóìÿ òî÷å÷-
íûìè çàðÿäàìè F = 1

4πεε0

q1q2
r2

~r
r è åå ïðîåêöèÿ íà îñü −→r Fr = 1

4πεε0

q1q2
r2 ,

òîãäà dA = 1
4πεε0

q1q2
r2 dr.

Ñëåäîâàòåëüíî, ðàáîòà ïî ïåðåìåùåíèþ îäíîãî òî÷å÷íîãî çàðÿäà â
ïîëå äðóãîãî òî÷å÷íîãî çàðÿäà

A =

R2∫
R1

1

4πεε0

q1q2

r2
dr =

q1q2

4πεε0
· 1
r

∣∣∣∣R2

R1

=
q1q2

4πεε0

(
1

R2
− 1

R1

)
(Äæ). I

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Äåðåâÿííûé ïîïëàâîê öèëèíäðè÷åñêîé ôîðìû, ïëîùàäü îñíîâàíèÿ
êîòîðîãî S, à âûñîòà H, ïëàâàåò íà ïîâåðõíîñòè âîäû. Êàêóþ ðà-
áîòó íóæíî çàòðàòèòü, ÷òîáû âûòàùèòü ïîïëàâîê íà ïîâåðõíîñòü?



419

2. Âû÷èñëèòü ðàáîòó, êîòîðóþ íåîáõîäèìî çàòðàòèòü, ÷òîáû âûêà÷àòü
âîäó èç êîòëà, èìåþùåãî ôîðìó ïàðàáîëîèäà âðàùåíèÿ, ðàäèóñ îñ-
íîâàíèÿ êîòîðîãî ðàâåí R, à âûñîòà H.

3. Âû÷èñëèòü ðàáîòó, êîòîðóþ íóæíî çàòðàòèòü, ÷òîáû ðàñòÿíóòü ïðó-
æèíó íà 6 ñì, åñëè ñèëà 1 êã ðàñòÿãèâàåò åå íà 1 ñì.

4. Âû÷èñëèòü ðàáîòó, êîòîðóþ íàäî çàòðàòèòü, ÷òîáû îñòàíîâèòü æå-
ëåçíûé øàð ðàäèóñàR, âðàùàþùèéñÿ ñ óãëîâîé ñêîðîñòüþ ω âîêðóã
ñâîåãî äèàìåòðà.

5. Âû÷èñëèòü ðàáîòó, êîòîðóþ íåîáõîäèìî çàòðàòèòü, ÷òîáû òåëî ìàñ-
ñû m ïîäíÿòü ñ ïîâåðõíîñòè Çåìëè (ðàäèóñ êîòîðîé R) íà âûñîòó
h.

6. Âû÷èñëèòü êèíåòè÷åñêóþ ýíåðãèþ øàðà ìàññûm è ðàäèóñà R, âðà-
ùàþùåãîñÿ ñ óãëîâîé ñêîðîñòüþ ω îêîëî îñè, ïðîõîäÿùåé ÷åðåç åãî
öåíòð.

7. Øàð ëåæèò íà äíå áàññåéíà ãëóáèíîé H. Âû÷èñëèòü ðàáîòó, êîòî-
ðóþ íåîáõîäèìî çàòðàòèòü, ÷òîáû èçâëå÷ü øàð èç âîäû, åñëè åãî
ðàäèóñ ðàâåí R, à åãî ïëîòíîñòü δ.

8. Òåëî äâèæåòñÿ ïðÿìîëèíåéíî ïî çàêîíó x = Ct3, ãäå x � äëèíà ïóòè,
ïðîõîäèìîãî çà âðåìÿ t, C = const. Ñîïðîòèâëåíèå ñðåäû ïðîïîöè-
îíàëüíî êâàäðàòó ñêîðîñòè, ïðè÷åì êîýôôèöèåíò ïðîïîðöèîíàëü-
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íîñòè ðàâåí k. Âû÷èñëèòü ðàáîòó, ïðîèçâîäèìóþ ñîïðîòèâëåíèåì
ñðåäû ïðè ïåðåäâèæåíèè òåëà îò òî÷êè x = 0 äî òî÷êè x = a.

9. Ýëåêòðè÷åñêèé çàðÿä E, ñîñðåäîòî÷åííûé â íà÷àëå êîîðäèíàò, îò-
òàëêèâàåò çàðÿä e èç òî÷êè (a; 0) â òî÷êó (b; 0). Îïðåäåëèòü ðàáîòó
A ñèëû îòòàëêèâàíèÿ F , åñëè èçâåñòíî F = Ee

x2 äèí, ãäå x ñì �
ðàññòîÿíèå ìåæäó çàðÿäàìè E è e.

10. Ðàêåòà ïîäíèìàåòñÿ âåðòèêàëüíî ââåðõ. Ñ÷èòàÿ, ÷òî ïðè ïîñòîÿí-
íîé ñèëå òÿãè óñêîðåíèå ðàêåòû çà ñ÷åò óìåíüøåíèÿ åå âåñà ðàñòåò
ïî çàêîíó j = A

a−bt (a− bt > 0), íàéòè ñêîðîñòü â ëþáîé ìîìåíò âðå-
ìåíè t, åñëè íà÷àëüíàÿ ñêîðîñòü ðàâíà íóëþ. Íàéòè òàêæå âûñîòó,
äîñòèãíóòóþ ðàêåòîé ê ìîìåíòó âðåìåíè t = t1.

11. Ñêîðîñòü ðàñïàäà ðàäèÿ â êàæäûé ìîìåíò âðåìåíè ïðîïîðöèîíàëü-
íà åãî íàëè÷íîìó êîëè÷åñòâó. Íàéòè çàêîí ðàñïàäà ðàäèÿ, åñëè â
íà÷àëüíûé ìîìåíò t = 0 èìåëîñü Q0 ãðàììîâ ðàäèÿ, à ÷åðåç âðåìÿ
T = 1600 ëåò åãî êîëè÷åñòâî óìåíüøèòñÿ â äâà ðàçà.

12. Öèëèíäð ñ âûñîòîé H è ðàäèóñîì R, íàïîëíåííûé ãàçîì ïîä àòìî-
ñôåðíûì äàâëåíèåì p0, çàêðûò ïîðøíåì. Âû÷èñëèòü ðàáîòó, çàòðà-
÷èâàåìóþ íà èçîòåðìè÷åñêîå ñæàòèå ãàçà ïðè ïåðåìåùåíèè ïîðøíÿ
íà ðàññòîÿíèè h âíóòðü öèëèíäðà. Óêàçàíèå. Ïðè èçîòåðìè÷åñêîì
èçìåíåíèè ñîñòîÿíèÿ ãàçà, êîãäà åãî òåìïåðàòóðà îñòàåòñÿ íåèç-
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ìåííîé, çàâèñèìîñòü ìåæäó îáúåìîì V è äàâëåíèåì p ãàçà âûðà-

æàåòñÿ ôîðìóëîé pV = C = const (çàêîí Áîéëÿ � Ìàðèîòòà).

13. Âû÷èñëèòü ñîïðîòèâëåíèå ïðè ïðîõîæäåíèè òîêà ñ îäíîãî îñíîâà-
íèÿ óñå÷åííîãî êîíóñà ê äðóãîìó, åñëè ðàäèóñû îñíîâàíèé ðàâíû a

è b, à âûñîòà óñå÷åííîãî êîíóñà ðàâíà H.

14. Êóá ïîãðóæåí â âîäó òàê, ÷òî åãî âåðõíåå îñíîâàíèå íàõîäèòñÿ íà
ïîâåðõíîñòè âîäû. Îïðåäåëèòü ðàáîòó, íåîáõîäèìóþ äëÿ èçâëå÷å-
íèÿ êóáà èç âîäû, åñëè åãî ðåáðî ðàâíî a, à óäåëüíûé âåñ δ (δ > 1)
.

15. Âû÷èñëèòü ðàáîòó, êîòîðóþ íåîáõîäèìî çàòðàòèòü, ÷òîáû âûêà÷àòü
âîäó èç ðåçåðâóàðà, èìåþùåãî ôîðìó êîíóñà, îáðàùåííîãî âåðøè-
íîé âíèç. Âûñîòà êîíóñà H, ðàäèóñ R.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 13
Ôèçè÷åñêèå ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà.

Âû÷èñëåíèå äàâëåíèÿ æèäêîñòè íà âåðòèêàëüíóþ ïëàñòèíêó
è ïóòè, ïðîéäåííîãî òåëîì, äâèæóùèìñÿ

ñ ïåðåìåííîé ñêîðîñòüþ

Çàäàíèå 1. Íàéòè âåëè÷èíó ñèëû äàâëåíèÿ íà ïîëóêðóã, âåðòè-
êàëüíî ïîãðóæåííûé â æèäêîñòü, åñëè åãî ðàäèóñ ðàâåí R, à âåðõíèé
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äèàìåòð ëåæèò íà ñâîáîäíîé ïîâåðõíîñòè æèäêîñòè; óäåëüíûé âåñ æèä-
êîñòè ðàâåí γ.

JÐàññìîòðèì ãîðèçîíòàëüíóþ ïîëîñêó ïîëóêðóãà íà ãëóáèíå x (ðèñó-
íîê 15.13). Ïóñòü øèðèíà ïîëîñêè dx, à äëèíà l. Ïðèíèìàÿ ýòó ïîëîñêó
çà ýëåìåíò ïëîùàäè, äëÿ äèôôåðåíöèàëà ïëîùàäè ïîëó÷èì âûðàæåíèå
dS = ldx.

Ðèñóíîê 15.13

Ïî òåîðåìå Ïèôàãîðà, x2 +
(
l
2

)2
= R2. Îòêóäà l = 2

√
R2 − x2 è,

ñëåäîâàòåëüíî, dS = 2
√
R2 − x2dx.

Ñèëà äàâëåíèÿ æèäêîñòè íà ýëåìåíòàðíóþ ïîëîñêó ðàâíà

dP = γxgdS = 2γxg
√
R2 − x2dx.

Òàêèì îáðàçîì,

P = γg

R∫
0

2x
√
R2 − x2dx = −γg

R∫
0

(
R2 − x2

) 1
2 d
(
R2 − x2

)
=
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= −γg
[

2

3

(
R2 − x2

) 3
2

]∣∣∣∣R
0

= γgR3 (Í). I

Çàäàíèå 2. Êîíåö òðóáû, ïîãðóæåííîé ãîðèçîíòàëüíî â âîäó, ìîæåò
áûòü çàêðûò çàñëîíêîé. Îïðåäåëèòü ñèëó äàâëåíèÿ, äåéñòâóþùóþ íà
çàñëîíêó, åñëè åå äèàìåòð ðàâåí 60 ñì, à öåíòð íàõîäèòñÿ íà ãëóáèíå 15
ì ïîä âîäîé.

JÄëèíà õîðäû, îòñòîÿùåé íà ðàññòîÿíèè x îò öåíòðà êðóãà, ðàâíà
2
√

302 − x2, ïðè ýòîì îíà íàõîäèòñÿ íà ãëóáèíå 1500 − x (x > 0 äëÿ
âåðõíåé ïîëîâèíû êðóãà, x < 0 � äëÿ íèæíåé). Ïîýòîìó

dP = 2 (1500− x) g
√

302 − x2dx.

Ñëåäîâàòåëüíî, ñèëà äàâëåíèÿ âîäû ðàâíà

P = 2g

30∫
−30

(1500− x)
√

302 − x2dx = 1350000π (Í). I

Çàäàíèå 3. Âû÷èñëèòü ñèëó äàâëåíèÿ âîäû íà òðåóãîëüíèê, âûñîòà
êîòîðîãî ðàâíà h, à îñíîâàíèå b, åñëè îí ïîãðóæåí â âîäó òàêèì îáðà-
çîì, ÷òî îñíîâàíèå åãî ëåæèò íà ïîâåðõíîñòè âîäû, à âûñîòà íàïðàâëåíà
âåðòèêàëüíî âíèç (ðèñóíîê 15.14).

J ∆P ≈ y∆x · x103g =
b

h
103gx(h− x)∆x,
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y

b

Ðèñóíîê 15.14

P =
b

h
103g

h∫
0

(
hx− x2

)
dx =

b

h
103 g

(
h
x2

2
− x3

3

)∣∣∣∣h
0

= bgh2103 1

6
(Í). I

Çàäàíèå 4. Ïðÿìîóãîëüíàÿ ïëàñòèíêà ñî ñòîðîíàìè a è b ïîìåùåíà
â æèäêîñòü ïëîòíîñòüþ ρ òàêèì îáðàçîì, ÷òî ïëàñòèíêà ðàñïîëîæåíà
âåðòèêàëüíî è åå âåðõíÿÿ ñòîðîíà a íàõîäèòñÿ íà ãëóáèíå H îò ïîâåðõ-
íîñòè è ïàðàëëåëüíà ïîâåðõíîñòè âîäû. Íàéòè ñèëó äàâëåíèÿ æèäêîñòè
íà êàæäóþ èç ñòîðîí ïëàñòèíêè (ðèñóíîê 15.15).

JÑèëó äàâëåíèÿ ìîæíî â ýòîì ñëó÷àå íàéòè ïî ôîðìóëå:

P = ρg

d∫
c

(y2 − y1)xdx.

Â íàøåì ñëó÷àå y2 = a, y1 = 0, c = H, d = H + b, òîãäà ïîëó÷èì
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Ðèñóíîê 15.15

ñëåäóþùóþ ôîðìóëó äëÿ âû÷èñëåíèÿ ñèëû äàâëåíèÿ:

P = ρga

H+b∫
H

xdx = ρgax
2

2

∣∣∣H+b

H
=

1

2
ρgab(2H + b) H (Í). I

Çàäàíèå 5. Íàéòè ïóòü, ïðîéäåííûé òåëîì çà 4 ñåêóíäû îò íà÷àëà
äâèæåíèÿ, åñëè ñêîðîñòü òåëà v(t) = 10t+ 2 ì/ñ.

JÅñëè v(t) = 10t+ 2 ì/ñ, òî ïóòü, ïðîéäåííûé òåëîì îò íà÷àëà äâè-

æåíèÿ t = 0 äî êîíöà 4-é ñåêóíäû, îïðåäåëÿåòñÿ ôîðìóëîé l =
t2∫
t1

v(t)dt:

l =

4∫
0

(10t+ 2)dt = (5t2 + 2t)
∣∣4
0

= 88 ì. I
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Çàäàíèå 6. Ìàòåðèàëüíàÿ òî÷êà äâèæåòñÿ ïðÿìîëèíåéíî. Åå ñêî-
ðîñòü èçìåíÿåòñÿ ïî çàêîíó v(t) = 5 + 3t2. Êàêîé ïóòü ïðîéäåò ìàòåðè-
àëüíàÿ òî÷êà çà 2-þ ñåêóíäó îò íà÷àëà äâèæåíèÿ?

JÅñëè v(t) = 5 + 3t2 ì/ñ, òî ïóòü, ïðîéäåííûé òåëîì çà âòîðóþ

ñåêóíäó, îïðåäåëÿåòñÿ ôîðìóëîé l =
2∫

0

v(t)dt−
1∫

0

v(t)dt è ðàâåí:

l =

2∫
0

(5 + 3t2)dt−
1∫

0

(5 + 3t2)dt = (5t+ t3)
∣∣∣2
0
− (5t+ t3)

∣∣∣1
0

= 12 ì. I

Çàäàíèå 7. Ìàòåðèàëüíàÿ òî÷êà äâèæåòñÿ ïðÿìîëèíåéíî. Óñêîðå-
íèå ìàòåðèàëüíîé òî÷êè èçìåíÿåòñÿ ïî çàêîíó a(t) = 8+4t+14t2. Êàêîé
ñêîðîñòè îíà äîñòèãíåò ÷åðåç 0, 4 ñ ïîñëå íà÷àëà äâèæåíèÿ èç ñîñòîÿíèÿ
ïîêîÿ? Êàêîâ ïóòü ïðîéäåò îíà çà ýòî âðåìÿ?

JÑêîðîñòü è ïóòü îïðåäåëÿþòñÿ ïî ôîðìóëàì:

v =

t2∫
t1

a(t)dt, l =

t2∫
t1

v(t)dt.

Íàéäåì ñêîðîñòü è ïóòü:

v =

0,4∫
0

(8 + 4t+ 14t2)dt =

(
8t+ 2t2 +

14t3

3

)∣∣∣∣0,4
0

= 3, 82 ì/ñ,
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l =

0,4∫
0

(
8t+ 2t2 +

14t3

3

)
dt =

(
4t2 +

2t3

3
+

7t4

6

)∣∣∣∣0,4
0

= 0, 71 ì. I

Çàäàíèå 8. Çàêîí èçìåíåíèÿ óãëîâîãî óñêîðåíèÿ çàäàí ôîðìóëîé
β(t) = 60t2 + 4 ðàä/ñ2. Êàêîé óãëîâîé ñêîðîñòè β äîñòèãíåò ìàòåðèàëü-
íàÿ òî÷êà ÷åðåç 0, 5 ñ ïîñëå íà÷àëà äâèæåíèÿ èç ñîñòîÿíèÿ ïîêîÿ? ×åìó
ðàâíî åå óãëîâîå ïåðåìåùåíèå ϕ çà ýòî âðåìÿ?

JÑêîðîñòü è ïóòü îïðåäåëÿþòñÿ ïî ôîðìóëàì:

ω =

t2∫
t1

β(t)dt, ϕ =

t2∫
t1

ω(t)dt.

Íàéäåì ñêîðîñòü è ïóòü:

ω =

0,5∫
0

(60t2 + 4)dt =
(
20t3 + 4t

) ∣∣∣0,5
0

= 4, 5 ðàä/ñ,

ϕ =

0,5∫
0

(
20t3 + 4t

)
dt =

(
5t4 + 2t2

) ∣∣∣0,5
0

= 0, 81 ðàä. I
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Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Îïðåäåëèòü ñèëó äàâëåíèÿ âîäû íà âåðòèêàëüíûé ïðÿìîóãîëüíûé
øëþç ñ îñíîâàíèåì 18 ì è âûñîòîé 6 ì.

2. Âû÷èñëèòü ñèëó äàâëåíèÿ æèäêîñòè íà âåðòèêàëüíûé ýëëèïñ ñ îñÿ-
ìè 2a è 2b, öåíòð êîòîðîãî ïîãðóæåí â æèäêîñòü íà óðîâåíü h

(h > b). Ïëîòíîñòü æèäêîñòè d.

3. Âû÷èñëèòü ñèëó äàâëåíèÿ âîäû íà âåðòèêàëüíóþ ïëîòèíó, èìåþ-
ùóþ ôîðìó òðàïåöèè, âåðõíåå îñíîâàíèå êîòîðîé èìååò 70 ì â äëè-
íó, íèæíåå 50 ì, à âûñîòà 20 ì.

4. Âåðõíèé êðàé øëþçà, èìåþùåãî ôîðìó êâàäðàòà ñî ñòîðîíîé, ðàâ-
íîé 8 ì, ëåæèò íà ïîâåðõíîñòè âîäû. Îïðåäåëèòü âåëè÷èíó ñèëû
äàâëåíèÿ íà êàæäóþ èç ÷àñòåé øëþçà, îáðàçóåìîãî äåëåíèåì êâàä-
ðàòà îäíîé èç åãî äèàãîíàëåé.

5. Âû÷èñëèòü ñèëó äàâëåíèÿ æèäêîñòè íà áîêîâûå ñòåíêè êðóãîâî-
ãî öèëèíäðà, âûñîòà êîòîðîãî ðàâíà h ñì, à ðàäèóñ îñíîâàíèÿ r
ñì. Ïëîòíîñòü æèäêîñòè ðàâíà γ, è æèäêîñòü ïîëíîñòüþ çàïîëíÿåò
öèëèíäð.

6. Âû÷èñëèòü ñèëó äàâëåíèÿ âîäû íà âåðòèêàëüíûé ïàðàáîëè÷åñêèé
ñåãìåíò, îñíîâàíèå êîòîðîãî ðàâíî 4 ì è ðàñïîëîæåíî íà ïîâåðõíî-
ñòè âîäû, à âåðøèíà íàõîäèòñÿ íà ãëóáèíå 4 ì.
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ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 14

Ôèçè÷åñêèå ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà.
Âû÷èñëåíèå ñòàòè÷åñêèõ ìîìåíòîâ, ìîìåíòîâ èíåðöèè

è êîîðäèíàò öåíòðà òÿæåñòè

Çàäàíèå 1. Íàéòè ñòàòè÷åñêèé ìîìåíò âåðõíåé ÷àñòè ýëëèïñà (ðè-
ñóíîê 12.1)

x2

a2
+
y2

b2
= 1

îòíîñèòåëüíî îñè Ox.

JÑòàòè÷åñêèé ìîìåíò Mx êðèâîé AB îòíîñèòåëüíî îñè Ox âûðàæà-

åòñÿ òàê:Mx =
B∫
A

yds, ãäå A è B � êîíå÷íûå òî÷êè êðèâîé, a ds � ýëåìåíò

êðèâîé. Íî ïðè y > 0 ïîëó÷àåì:

yds = y
√

1 + y′2dx =

√
y2 + (yy′)2dx.

Òàê êàê y2 = b2 − b2

a2x
2 è yy′ = − b2

a2x, òî

yds =

√
b2 − b2

a2
x2 +

b4

a4
x2dx =

b

a

√
a2 − a2 − b2

a2
x2dx =

b

a

√
a2 − ε2x2dx,

ãäå ε � ýêñöåíòðèñèòåò ýëëèïñà.
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Èíòåãðèðóÿ îò −a äî a, íàõîäèì:

Mx =
b

a

a∫
−a

√
a2 − ε2x2dx = b

(
b+

a

ε
arcsin ε

)
. I

Çàäàíèå 2. Âû÷èñëèòü ìîìåíò èíåðöèè òðåóãîëüíèêà îòíîñèòåëüíî
åãî îñíîâàíèÿ.

Ðèñóíîê 15.16

JÎáîçíà÷èì îñíîâàíèå òðåóãîëüíèêà ÷åðåç b, à âûñîòó ÷åðåç h. Ðàñ-
ïîëîæèì îñè êîîðäèíàò, êàê ïîêàçàíî íà ðèñóíêå 15.16. Òîãäà dIx = y2dS,
ãäå dS = MNdy, íî MN = b(h−y)

h . Ñëåäîâàòåëüíî, dIx = y2 b(h−y)
h dy è

Ix =
b

h

h∫
0

(h− y) y2dy =
1

12
bh3. I
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Çàäàíèå 3. Ïðè ðàñ÷åòå áàëî÷íûõ äåðåâÿííûõ ìîñòîâ ÷àñòî ïðèõî-
äèòñÿ èìåòü äåëî ñ êðóãëûìè áðåâíàìè, îòåñàííûìè íà äâà êàíòà (ðèñó-
íîê 15.17). Îïðåäåëèòü ìîìåíò èíåðöèè ïîäîáíîãî ñå÷åíèÿ îòíîñèòåëüíî
ãîðèçîíòàëüíîé ñðåäíåé ëèíèè.

JÐàñïîëîæèì ñèñòåìó êîîðäèíàò, êàê ïîêàçàíî íà ðèñóíêå 15.17.

Ðèñóíîê 15.17

Òîãäà dIx = y2dS, ãäå dS = MNdy = 2xdy = 2
√
R2 − y2dy. Îòêóäà

Ix = 2

h∫
−h

y2
√
R2 − y2dy = 4

h∫
0

y2
√
R2 − y2dy.

Âû÷èñëÿÿ èíòåãðàë ñ ïîìîùüþ ïîäñòàíîâêè y = R sin t, ïîëó÷àåì:

Ix =
R4

2
arcsin

h

R
+
h

R

(
2h2 −R2

)√
R2 − h2.
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Â ÷àñòíîñòè, ïðè h = R ïîëó÷àåì ìîìåíò èíåðöèè êðóãà îòíîñèòåëü-
íî îäíîãî èç äèàìåòðîâ: Ix = πR4

4 . I
Çàäàíèå 4. Îïðåäåëèòü êîîðäèíàòû öåíòðà òÿæåñòè òîé ÷àñòè àñò-

ðîèäû (ðèñóíîê 12.8)
x

2
3 + y

2
3 = a

2
3 , (15.13)

êîòîðàÿ ðàñïîëîæåíà â ïåðâîì êîîðäèíàòíîì óãëó.
JÈç ñîîáðàæåíèé ñèììåòðèè çàêëþ÷àåì, ÷òî xc = yc. Äàëåå ó÷òåì,

÷òî äëèíà ÷åòâåðòîé ÷àñòè àñòðîèäû l = 3
2a. Ïðîäèôôåðèíöèðîâàâ âû-

ðàæåíèå (15.13), ïîëó÷èì:

2

3
x−

1
3 +

2

3
y−

1
3y′ = 0.

Îòêóäà

y′ = −y
1
3

x
1
3

, 1 + y′2 =
x

2
3 + y

2
3

x
2
3

=
a

2
3

x
2
3

,
√

1 + y′2 =
a

2
3

x
2
3

.

Ïîýòîìó

xc = yc =
2

3a

a∫
0

x · a
1
3x−

1
3dx =

2a
1
3

3a

a∫
0

x
2
3dx =

2

5
a−

2
3x

5
3

∣∣∣∣a
0

=
2

5
a. I

Çàäàíèå 5. Íàéòè äåêàðòîâû êîîðäèíàòû öåíòðà òÿæåñòè ÷àñòè
êàðäèîèäû ρ = a (1 + cosϕ) îò ϕ = 0 äî ϕ = π (ðèñóíîê 15.18).
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JÂûáåðåì îñè êîîðäèíàò, êàê óêàçàíî íà ðèñóíêå. Òîãäà

x = ρ cosϕ = a (1 + cosϕ) cosϕ, x = ρ sinϕ = a (1 + cosϕ) sinϕ.

Ðèñóíîê 15.18

Ìû ïîëó÷èëè óðàâíåíèå êàðäèîèäû â ïàðàìåòðè÷åñêîé ôîðìå, ãäå
ïàðàìåòðîì ñëóæèò ïåðåìåííàÿ ϕ. Ïðè èçìåíåíèè ïàðàìåòðà ϕ îò 0 äî
π òî÷êà (x; y) îïèøåò âåðõíþþ ÷àñòü êðèâîé.

Ó÷òåì, ÷òî äëèíà âñåé êàðäèîèäû ðàâíà 8a, ïîýòîìó

xc =
1

l

π∫
0

ydl =
1

4a

π∫
0

a sinϕ (1 + cosϕ) dl.
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Íî äëÿ êàðäèîèäû dl = 2a cos ϕ
2 . Ñëåäîâàòåëüíî,

xc =
1

4a

π∫
0

a sinϕ (1 + cosϕ) 2a cos
ϕ

2
dϕ =

4

5
a.

Àíàëîãè÷íî ïîëó÷àåì: yc = 4
5a. Èòàê, xc = yc = 4

5a.
Èíòåðåñíî îòìåòèòü, ÷òî öåíòð òÿæåñòè ðàññìîòðåííîé ïîëîâèíû êàð-

äèîèäû ëåæèò íà áèññåêòðèñå ïåðâîãî êîîðäèíàòíîãî óãëà, õîòÿ ñàìà
êðèâàÿ è íå ñèììåòðè÷íà îòíîñèòåëüíî ýòîé áèññåêòðèñû.I
Çàäàíèå 6. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ÷åòâåðòè ýëëèïñà

x2

a2
+
y2

b2
6 1 (x > 0, y > 0)

.

(0,  )b

(  ,0)a

Ðèñóíîê 15.19
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JÊîîðäèíàòû (xc; yc) öåíòðà òÿæåñòè êðèâîëèíåéíîé òðàïåöèè, îãðà-
íè÷åííîé îòðåçêîì [a; b] îñè àáñöèññ, ïðÿìûìè x = a, x = b è ãðàôèêîì
ôóíêöèè y = f (x), âû÷èñëÿþòñÿ ïî ôîðìóëàì:

xc =
1

S

b∫
a

xydx, yc =
1

2S

b∫
a

y2dx, (15.14)

ãäå S � ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, ïî êîòîðîé ðàâíîìåðíî ðàñ-
ïðåäåëåíà ìàññà ïîñòîÿííîé ïëîòíîñòè ρ.

Ïëîùàäü ÷åòâåðòè ýëëèïñà ðàâíà πab
4 ; îñòàåòñÿ âû÷èñëèòü èíòåãðàëû

a∫
0

xydx è
a∫
0

y2dx:

a∫
0

xydx =
b

a

a∫
0

x
√
a2 − x2dx =

a2b

3
.

Ñëåäîâàòåëüíî, xc =
a2b
3
πab
4

= 4a
3π .

Äàëåå,
a∫
0

y2dx = b2

a2

a∫
0

(
a2 − x2

)
dx = 2ab2

3 , ïîýòîìó yc = 2ab2

3 : πab2 = 4b
3π .

Èòàê, öåíòð òÿæåñòè ðàññìàòðèâàåìîé ôèãóðû íàõîäèòñÿ â òî÷êå
M
(

4a
3π ; 4b

3π

)
. I
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Çàäàíèå 7. Ïîëüçóÿñü âòîðîé òåîðåìîé Ïàïïà � Ãóëüäèíà (òåîðå-
ìà 15.2), âû÷èñëèòü îáúåì òîðà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè
Ox êðóãà (ðèñóíîê 15.20).

Ðèñóíîê 15.20

x2 + (y − b)2 = a2, a < b.

JÏëîùàäü äàííîãî êðóãà p = πa2, öåíòð òÿæåñòè êðóãà ñîâïàäàåò
ñ åãî öåíòðîì, è, ñëåäîâàòåëüíî, ïóòü, îïèñûâàåìûé öåíòðîì òÿæåñòè
êðóãà ïðè âðàùåíèè åãî âîêðóã îñè Ox, ðàâåí 2πb. Òîãäà, ïî âòîðîé
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òåîðåìå Ïàïïà � Ãóëüäèíà, èñêîìûé îáúåì ðàâåí:

V = πa22πb = 2π2a2b (êóá. åä.). I

Çàäàíèå 8. Ïîëüçóÿñü ïåðâîé òåîðåìîé Ïàïïà � Ãóëüäèíà (òåîðå-
ìà 15.1), íàéòè ïëîùàäü ïîâåðõíîñòè òîðà, ðàññìîòðåííîãî â ïðåäûäó-
ùåé çàäà÷å.

JÄëèíà l äàííîé îêðóæíîñòè ðàâíà 2πa. Öåíòð òÿæåñòè îêðóæíîñòè,
î÷åâèäíî, ñîâïàäàåò ñ åå öåíòðîì. Ñëåäîâàòåëüíî, äëèíà ïóòè, îïèñûâà-
åìîãî öåíòðîì òÿæåñòè ðàâíà 2πb:

S = 2πb · 2πa = 4π2ab (êâ. åä.). I

Çàäàíèå 9. Íàéòè öåíòð òÿæåñòè âåòâè öèêëîèäû x = a(t − sin t),
y = a(1− cos t) (ðèñóíîê 12.11), ïëîòíîñòü ρ = 1, a > 0.

J x = πa, y ·mL = Mx, y =

2π∫
0

ψ(t)
√
ϕ′2 + ψ′2dt

2π∫
0

√
ϕ′2 + ψ′2dt

=

=

[√
(a(1− cos t))2 + a2 cos2 t = a

√
2(1− cos t) = 2a sin

t

2

]
=
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=

4a2
2π∫
0

sin3 t
2dt

2a
2π∫
0

sin t
2dt

= 2a

−2
2π∫
0

(
1− cos2 t

2

)
d cos t

2

−2 cos t
2

∣∣∣2π
0

=

= 2a

(
cos t

2 −
cos3 t

2

3

)∣∣∣2π
0

−2
= −a

(
−1 +

1

3
− 1 +

1

3

)
= −a ·

(
−4

3

)
=

4

3
a. I

Çàäàíèå 10. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åí-
íîé ýëëèïñîì x2 + 4y2 = 4, îêðóæíîñòüþ x2 + y2 = 4, ïðÿìîé y = 0, è
ðàñïîëîæåííîé â ïåðâîé êîîðäèíàòíîé ÷åòâåðòè (ðèñóíîê 15.21).

Ðèñóíîê 15.21
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J m =
1

4
π22 − 1

4
π2 · 1 =

π

2
,

Mx =
1

2

2∫
0

(
4− x2 −

(
1− x2

4

))
dx =

=
1

2

2∫
0

(
3− 3

4
x2

)
dx =

1

2

(
3x− 3

4
· x

3

3

)∣∣∣∣2
0

=
1

2

(
3 · 2− 8

4

)
= 2,

My =

2∫
0

x

(√
4− x2 −

√
1− x2

4

)
dx =

2∫
0

−1

2

(
4− x2

) 1
2 d
(
4− x2

)
+

+

2∫
0

2

(
1− x2

4

) 1
2

d

(
1− x2

4

)
= −1

2
·
(
4− x2

) 3
2

3
2

∣∣∣∣∣
2

0

+

+ 2 ·

(
1− x2

4

) 3
2

3
2

∣∣∣∣∣∣∣
2

0

=
8

3
− 4

3
=

4

3
,

y =
Mx

m
=

2
2
π

=
4

π
, x =

My

m
=

4
3
π
2

=
8

3π
. I
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Çàäàíèå 11. Ïîëüçóÿñü ïåðâîé òåîðåìîé Ïàïïà � Ãóëüäèíà (òåîðåìà
15.1), íàéòè öåíòð òÿæåñòè ïîëóîêðóæíîñòè ðàäèóñà a (ðèñóíîê 15.22).

Ðèñóíîê 15.22

J x = 0, 2πy · dë · L = Sïîâ. âð., 2πy · πa = 4πa2,

y =
4πa2

2π · πa
=

2a

π
, C

(
0,

2a

π

)
. I

Çàäàíèå 12. Íàéòè ñòàòè÷åñêèå ìîìåíòû îòíîñèòåëüíî êîîðäèíàò-
íûõ îñåé Mx è My êðèâîé y = a ch x

a , 0 6 x 6 a (ðèñóíîê 15.23).

JMx =

a∫
0

a ch
x

a

√
sh2 x

a
+ 1dx = a

a∫
0

ch
x

a
· ch

x

a
dx = a

a∫
0

ch2 x

a
dx =

=

[(
ex + e−x

2

)2

=
1

4

(
e2x + 2 + e−2x

)]
=
a

2

a∫
0

(
ch
(

2
x

a

)
+ 1
)
dx =
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Ðèñóíîê 15.23

=
a

2

(a
2

sh
(

2
x

a

)
+ x
)∣∣∣a

0
=
a

2

(a
2

sh 2 + a
)

=
a2

4
(sh 2 + 2) .

My =

a∫
0

x

√
sh2 x

a
+ 1dx =

a∫
0

x ch
x

a
dx =

[
u = x;
dv = ch x

adx;
du = dx

v = a sh x
a

]
=

= a2 sh 1− a2 ch
x

a

∣∣∣a
0

= a2 sh 1− a2 ch 1 + a2 =

= a2 (sh 1− ch 1 + 1) = a2
(
e−1 + 1

)
. I

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Íàéòè ñòàòè÷åñêèå ìîìåíòû îòíîñèòåëüíî îñåé Ox è Oy òðåóãîëü-
íèêà, îãðàíè÷åííîãî ïðÿìûìè x+ y = 1, x = 0, y = 0.
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2. Íàéòè ñòàòè÷åñêèå ìîìåíòû ÷àñòè ïàðàáîëû y2 = 2 (y > 0) îòíî-
ñèòåëüíî îñåé Ox è Oy îò x = 0 äî x = 2.

3. Âû÷èñëèòü ìîìåíò èíåðöèè êâàäðàòà ñî ñòîðîíîé a îòíîñèòåëüíî
äèàãîíàëè.

4. Âû÷èñëèòü ìîìåíò èíåðöèè ïðàâèëüíîé øåñòèóãîëüíîé ïëàñòèíêè
ñî ñòîðîíîé a îòíîñèòåëüíî åå îñè ñèììåòðèè, ïðîõîäÿùåé ÷åðåç
ïðîòèâîïîëîæíûå âåðøèíû.

5. Íàéòè ìîìåíò èíåðöèè òðåóãîëüíèêà ñ îñíîâàíèåì b è âûñîòîé h
îòíîñèòåëüíî åãî îñíîâàíèÿ.

6. Íàéòè ñòàòè÷åñêèå ìîìåíòû îòíîñèòåëüíî îñåé êîîðäèíàò îòðåçêà
ïðÿìîé x

a + y
b = 1, çàêëþ÷åííîãî ìåæäó îñÿìè êîîðäèíàò.

7. Íàéòè ñòàòè÷åñêèé ìîìåíò îòíîñèòåëüíî îñåé êîîðäèíàò ÷àñòè àñò-
ðîèäû x

2
3 + y

2
3 = a

2
3 , ëåæàùåé â ïåðâîì êâàäðàíòå.

8. Íàéòè ñòàòè÷åñêèé ìîìåíò îòíîñèòåëüíî îñè Ox ôèãóðû, îãðàíè-
÷åííîé ñëåäóþùèìè ëèíèÿìè: y = 2

1+x2 è y = x2.

9. Íàéòè ìîìåíò èíåðöèè äóãè îêðóæíîñòè ðàäèóñà a, ñîîòâåòñòâóþ-
ùåé öåíòðàëüíîìó óãëó ϕ.

10. Íàéòè ìîìåíò èíåðöèè ïðÿìîãî ïàðàáîëè÷åñêîãî ñåãìåíòà ñ îñíî-
âàíèåì 2b è âûñîòîé h îòíîñèòåëüíî åãî îñè ñèììåòðèè.
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11. Íàéòè ìîìåíòû èíåðöèè îäíîðîäíîé ýëëèïòè÷åñêîé ïëàñòèíêè ñ
ïîëóîñÿìè a è b îòíîñèòåëüíî åå ãëàâíûõ îñåé.

12. Ïîêàçàòü, ÷òî ñòàòè÷åñêèé ìîìåíò âñÿêîé ôèãóðû, èìåþùåé îñü
ñèììåòðèè, îòíîñèòåëüíî ýòîé îñè ðàâåí íóëþ.

13. Íàéòè öåíòð òÿæåñòè ÷àñòè êðèâîé x = 1
4y

2 − 1
2 ln y, ñîäåðæàùåéñÿ

ìåæäó òî÷êàìè, äëÿ êîòîðûõ y = 1 è y = 2.

14. Íàéòè öåíòð òÿæåñòè äóãè îêðóæíîñòè ðàäèóñà a, ñòÿãèâàþùåé
óãîë 2α.

15. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé ïàðàáî-
ëàìè ax= y2, ay = x2 (x > 0).

16. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé êðèâîé
x2 + 4y− 16 = 0 è îñüþ Ox.

17. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé ïðÿìîé
y = 2

πx è ñèíóñîèäîé y = sinx ïðè x > 0.

18. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé îñüþ àáñ-
öèññ è ïåðâîé àðêîé öèêëîèäû{

x = a (t− sin t) ,
y = a (1− cos t) .

19. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé âåðõíåé
ïîëîâèíîé êàðäèîèäû ρ = a (1 + cosϕ).
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20. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ñåêòîðà, îãðàíè÷åííîãî îäíèì
ïîëóâèòêîì àðõèìåäîâîé ñïèðàëè ρ = aϕ îò ϕ1 = 0 äî ϕ2 = π.

21. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ÷àñòè ëîãàðèôìè÷åñêîé ñïèðà-
ëè ρ = aeϕ îò ϕ1 = π

2 äî ϕ2 = π.

22. Ïîëüçóÿñü òåîðåìîé Ïàïïà � Ãóëüäèíà, íàéòè öåíòð òÿæåñòè ïîëó-
îêðóæíîñòè ðàäèóñà a.

23. Íàéòè ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì ôèãóðû, îãðà-
íè÷åííîé ïåðâîé àðêîé öèêëîèäû è îñüþ Ox, âîêðóã êàñàòåëüíîé ê
âåðøèíå öèêëîèäû.

24. Âû÷èñëèòü ïî òåîðåìå Ïàïïà � Ãóëüäèíà îáúåì è áîêîâóþ ïîâåðõ-
íîñòü ïðÿìîãî êîíóñà ñ âûñîòîé H è ðàäèóñîì îñíîâàíèÿ r.

25. Ïðàâèëüíûé øåñòèóãîëüíèê ñî ñòîðîíîé a âðàùàåòñÿ âîêðóã îäíîé
èç ñòîðîí. Íàéòè îáúåì òåëà, êîòîðîå ïðè ýòîì ïîëó÷àåòñÿ.
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ËÅÊÖÈß 16

Íåñîáñòâåííûå èíòåãðàëû

16.1. Ïîíÿòèå íåñîáñòâåííîãî èíòåãðàëà.
Íåñîáñòâåííûå èíòåãðàëû ïåðâîãî ðîäà

Îïðåäåëåííûé èíòåãðàë Ðèìàíà, âî-ïåðâûõ, ðàññìàòðèâàëñÿ íàìè íà
êîíå÷íîì îòðåçêå, âî-âòîðûõ, ïîäûíòåãðàëüíàÿ ôóíêöèÿ íà ýòîì îòðåç-
êå äîëæíà áûòü îãðàíè÷åííîé. Ïðè ðåøåíèè ìíîãèõ çàäà÷ ôèçèêè, òåõ-
íèêè è ò.ä. ïðèõîäèòñÿ ñîïðèêàñàòüñÿ ñ íåîáõîäèìîñòüþ ðàñøèðåíèÿ ïî-
íÿòèÿ èíòåãðàëà Ðèìàíà êàê â ïëàíå ðàññìîòðåíèÿ èíòåãðàëà íà íåîãðà-
íè÷åííûõ ïðîìåæóòêàõ, òàê è èíòåãðàëîâ îò íåîãðàíè÷åííûõ ôóíêöèé.
Â ðåçóëüòàòå ìû ïðèõîäèì ê ïîíÿòèþ íåñîáñòâåííîãî èíòåãðàëà.

Îïðåäåëåíèå 16.1. Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà íà êîíå÷íîì

èëè áåñêîíå÷íîì ïîëóèíòåðâàëå [a, ω), −∞ < a < ω 6 +∞, è ÿâëÿ-

åòñÿ èíòåãðèðóåìîé ïî Ðèìàíó íà ëþáîì îòðåçêå [a, b], a < b < +∞.

Åñëè ñóùåñòâóåò êîíå÷íûé lim
b→ω−0

b∫
a

f(x)dx, òî ôóíêöèÿ f(x) íàçûâà-

åòñÿ èíòåãðèðóåìîé â íåñîáñòâåííîì ñìûñëå íà ïðîìåæóòêå [a, ω),
à óêàçàííûé ïðåäåë íàçûâàåòñÿ íåñîáñòâåííûì èíòåãðàëîì ôóíê-
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öèè f(x) íà ïðîìåæóòêå [a, ω) è îáîçíà÷àåòñÿ

ω∫
a

f(x)dx. (16.1)

Çàìå÷àíèå 16.1. Åñëè lim
b→ω−0

b∫
a

f(x)dx íå ñóùåñòâóåò èëè ðàâåí áåñ-

êîíå÷íîñòè, òî âñå ðàâíî (16.1) íàçûâàþò íåñîáñòâåííûì èíòåãðàëîì,
îäíàêî ïðè ýòîì ãîâîðÿò, ÷òî íåñîáñòâåííûì èíòåãðàë (16.1) ÿâëÿåòñÿ
ðàñõîäÿùèìñÿ.

Åñëè æå óêàçàííûé ïðåäåë ñóùåñòâóåò è ÿâëÿåòñÿ êîíå÷íûì, òî íåñîá-
ñòâåííûé èíòåãðàë íàçûâàåòñÿ ñõîäÿùèìñÿ.

Ïðèìåð 16.1. Âû÷èñëèòå
+∞∫
0

dx
1+x2 èëè óñòàíîâèòå åãî ðàñõîäèìîñòü.

JÈìååì äåëî ñ íåñîáñòâåííûì èíòåãðàëîì íà áåñêîíå÷íîì ïðîìåæóò-
êå èíòåãðèðîâàíèÿ. Ïî îïðåäåëåíèþ

+∞∫
0

dx

1 + x2
= lim

b→+∞

b∫
0

dx

1 + x2
= lim

b→+∞
arctg x

∣∣∣b
0
=

= lim
b→+∞

(arctg b− arctg 0) =
π

2
− 0 =

π

2
. I
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Ïðèìåð 16.2. Èññëåäóéòå íà ñõîäèìîñòü èíòåãðàë

+∞∫
a

dx

xα
, a > 0, α ∈ R.

JÅñëè α 6= 1, òî

+∞∫
a

dx

xα
= lim

b→+∞

b∫
a

x−αdx = lim
b→+∞

x−α+1

−α + 1

∣∣∣∣b
a

= lim
b→+∞

1

1− α

(
1

bα−1
− 1

aα−1

)
=

=

{
a1−α

α−1 , ãäå α > 1,

+∞, ãäå α < 1.

Åñëè α = 1, òî

+∞∫
a

dx

x
= lim

b→=∞

b∫
a

dx

x
= lim

b→+∞
lnx
∣∣b
a
= lim

b→+∞
(ln b− ln a) = +∞.

Îòâåò: Ïðè α > 1 èíòåãðàë
+∞∫
a

dx
xα (α ∈ R, a > 0) ñõîäèòñÿ, à ïðè

α 6 1 � ðàñõîäèòñÿ.I
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Çàìå÷àíèå 16.2. Ëþáîé èíòåãðàë Ðèìàíà
ω∫
a

f(x)dx ìîæíî ðàññìîò-

ðåòü êàê íåñîáñòâåííûé èíòåãðàë

ω∫
a

f(x)dx = lim
b→ω−0

b∫
a

f(x)dx = lim
b→ω−0

(F (b)− F (a)) = F (ω)− F (a),

ãäå F (x) � ïåðâîîáðàçíàÿ ôóíêöèè f(x) íà îòðåçêå [a, ω].

Îïðåäåëåíèå 16.1 íåñîáñòâåííîãî èíòåãðàëà
ω∫
a

f(x)dx â ñëó÷àå êîíå÷-

íîãî ïðîìåæóòêà [a, ω) ñîäåðæàòåëüíî ëèøü â ñëó÷àå, êîãäà ôóíêöèÿ
f(x) íå îãðàíè÷åíà â ëþáîé îêðåñòíîñòè òî÷êè x = ω, òî åñòü íà ëþáîì
èíòåðâàëå (ω − ε, ω). Ýòî ñâÿçàíî ñ òåì, ÷òî âñÿêàÿ ôóíêöèÿ, èíòåãðè-
ðóåìàÿ ïî Ðèìàíó íà ëþáîì îòðåçêå [a, b], a < b < ω 6 +∞, è îãðà-
íè÷åííàÿ íà ïîëóèíòåðâàëå [a, ω), ÿâëÿåòñÿ èíòåãðèðóåìîé ïî Ðèìàíó è
íà îòðåçêå [a, ω] ïðè ëþáîì åå äîîïðåäåëåíèè â òî÷êå x = ω. Ïðè ýòîì
èíòåãðàë Ðèìàíà îò òàêèì îáðàçîì äîîïðåäåëåííîé ôóíêöèè ðàâåí ïðå-

äåëó lim
b→ω−0

b∫
a

f(x)dx è òåì ñàìûì íå çàâèñèò îò âûáîðà äîïîëíèòåëüíîãî

çíà÷åíèÿ ôóíêöèè ïðè x = ω. Â ýòîì ñìûñëå èíòåãðàë Ðèìàíà ÿâëÿåòñÿ
÷àñòíûì ñëó÷àåì íåñîáñòâåííîãî èíåãðàëà, è ìîæíî ãîâîðèòü îá èíòå-
ãðàëå Ðèìàíà ïî êîíå÷íîìó ïîëóèíòåðâàëó [a, ω) îò ôóíêöèè, çàäàííîé
íà ýòîì ïðîìåæóòêå. Â ñèëó ñêàçàííîãî, òåîðèÿ íåñîáñòâåííûõ èíòåãðà-
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ëîâ ñîäåðæàòåëüíà, òî åñòü ïðèâîäèò ê ïðèíöèïèàëüíî íîâûì ðåçóëüòà-
òàì ëèøü êîãäà ôóíêöèÿ îïðåäåëåíà íà áåñêîíå÷íîì ïðîìåæóòêå èëè
êîíå÷íîì, ïðè÷åì â ïîñëåäíåì ñëó÷àå îíà íå îãðàíè÷åíà.

Îïðåäåëåíèå 16.2. Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà íà ïîëóèíòåð-
âàëå [a, ω), −∞ < a < ω 6 +∞, è ÿâëÿåòñÿ èíòåãðèðóåìîé ïî Ðèìàíó

íà ëþáîì îòðåçêå [a, b], a < b < +∞. Åñëè ω = +∞ èëè ôóíêöèÿ f(x)
íå îãðàíè÷åíà â ëþáîé îêðåñòíîñòè òî÷êè ω ∈ R, òî x = ω íàçûâàþò

îñîáîé òî÷êîé.

Ïðèìåð 16.3. Èññëåäóéòå íà ñõîäèìîñòü èíòåãðàë

b∫
a

dx

(b− x)α
, −∞ < a < b < +∞, α ∈ R.

JÈìååì äåëî ñ èíòåãðàëîì îò íåîãðàíè÷åííîé â ëþáîé îêðåñòíîñòè
òî÷êè x = b ôóíêöèè 1

(b−x)α (x = b � îñîáàÿ òî÷êà). Åñëè α 6= 1, òî

b∫
a

dx

(b− x)α
= lim

ε→0

− b−ε∫
a

(b− x)−αd(b− x)

 = lim
ε→0

(b− x)−α+1

α− 1

∣∣∣∣b−ε
a

=

= lim
ε→0

1

α− 1

(
ε−α+1 − (b− a)−α+1

)
=

{
(b−a)1−α

1−α , α < 1,

+∞, α > 1.



450

Åñëè α = 1, òî

b∫
a

dx

b− x
= lim

ε→0

b−ε∫
a

−d(b− x)

b− x
= lim

ε→0
(− ln(b− x))

∣∣∣b−ε
a

=

= lim
ε→0

(ln(b− a)− ln ε) = +∞.

Îòâåò: Ïðè α > 1 èíòåãðàë
b∫
a

dx
(b−x)α ðàñõîäèòñÿ, à ïðè α < 1 �

ñõîäèòñÿ.I

Çàìå÷àíèå 16.3. Åñëè ôóíêöèÿ f(x) îïðåäåëåíà íà ïîëóèíòåðâàëå
âèäà (η, b], −∞ 6 η < b < +∞, è èíòåãðèðóåìà ïî Ðèìàíó íà ëþ-
áîì îòðåçêå [a, b] ⊂ (η, b], òî íåñîáñòâåííûé èíòåãðàë îïðåäåëÿåòñÿ ïî
ôîðìóëå

b∫
η

f(x)dx = lim
a→η+0

b∫
a

f(x)dx. (16.2)

Ïðè ýòîì, åñëè â ëþáîé îêðåñòíîñòè òî÷êè η ∈ R ôóíêöèÿ f(x) íå
îãðàíè÷åíà èëè η = −∞, òî òî÷êó x = η íàçûâàþò îñîáîé òî÷êîé.

Åñëè æå ôóíêöèÿ f(x) îïðåäåëåíà íà èíòåðâàëå (η, ω), −∞ 6 η <
< ω 6 +∞, è ïðè íåêîòîðîì âûáîðå òî÷êè c ∈ (η, ω) ñóùåñòâóþò íåñîá-
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ñòâåííûå èíòåãðàëû
c∫
η

f(x)dx (â ñìûñëå îïðåäåëåíèÿ 16.1) è
ω∫
c

f(x)dx (â

ñìûñëå îïðåäåëåíèÿ 16.2), òî, ïî îïðåäåëåíèþ, èìååì:
ω∫
η

f(x)dx =

c∫
η

f(x)dx+

ω∫
c

f(x)dx. (16.3)

Ïðè ýòîì ñóùåñòâîâàíèå è çíà÷åíèå èíòåãðàëà
ω∫
η

f(x)dx íå çàâèñèò

îò âûáîðà òî÷êè c ∈ (a, b). Â ñàìîì äåëå, â ðàññìàòðèâàåìîì ñëó÷àå
ôóíêöèÿ f(x), î÷åâèäíî, èíòåãðèðóåìà ïî Ðèìàíó íà ëþáîì îòðåçêå
[a, b], η < a < b < ω, è ðàâåíñòâî (16.3), â ñèëó îïðåäåëåíèé (16.1) è
(16.2), ðàâíîñèëüíî ñëåäóþùåìó:

ω∫
η

f(x)dx = lim
a→η+0

c∫
a

f(x)dx+ lim
b→ω−0

b∫
c

f(x)dx,

ïðè÷åì ïåðåìåííûå a è b ñòðåìÿòñÿ ñîîòâåòñòâåííî ê η è ω íåçàâèñèìî
äðóã îò äðóãà.

Åñëè õîòÿ áû îäèí èç èíòåãðàëîâ lim
a→η+0

c∫
a

f(x)dx èëè lim
b→ω−0

b∫
c

f(x)dx

ðàñõîäèòñÿ, òî ãîâîðÿò, ÷òî è èíòåãðàë
ω∫
η

f(x)dx òàêæå ðàñõîäèòñÿ.
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Îïðåäåëèì òåïåðü îáùåå ïîíÿòèå íåñîáñòâåííîãî èíòåãðàëà îò ôóíê-
öèè f(x) ïî ïðîìåæóòêó ñ êîíöàìè a è b, −∞ 6 a < b ≤ +∞.

Âñÿêîå ìíîæåñòâî òî÷åê X = {x0, x1, . . . , xk}, òàêîå, ÷òî:
1) a < x0 < x1 < . . . < xk < b;

2) åñëè a = −∞, òî x0 = −∞, à åñëè b = +∞, òî xk = +∞;

3) ôóíêöèÿ f(x) èíòåãðèðóåìà ïî Ðèìàíó íà ëþáîì îòðåçêå, ëåæà-
ùåì â ðàññìàòðèâàåìîì ïðîìåæóòêå è íå ñîäåðæàùåì òî÷åê ìíîæåñòâà
X, íàçûâàåòñÿ ïðàâèëüíûì ðàçáèåíèåì ýòîãî ïðîìåæóòêà îòíîñèòåëüíî
ôóíêöèè f(x).

Íà êàæäîì èç ïðîìåæóòêîâ [a, x0], [xi−1, xi] (i = 1, k), [xk, b] èìååò
ñìûñë ðàññìàòðèâàòü íåñîáñòâåííûé èíòåãðàë.

Åñëè âñå èíòåãðàëû
x0∫
a

f(x)dx,
xi∫

xi−1

f(x)dx (i = 1, k),
b∫
xk

f(x)dx, ñõîäÿò-

ñÿ, òî ìîæíî íàéòè èíòåãðàë
b∫
a

f(x)dx. Îí îïðåäåëÿåòñÿ ðàâåíñòâîì

b∫
a

f(x)dx =

x0∫
a

f(x)dx+
k∑
i=1

xi∫
xi−1

f(x)dx+

b∫
xk

f(x)dx (16.4)

è íàçûâàåòñÿ ñõîäÿùèìñÿ èíòåãðàëîì.



453

Åñëè õîòÿ áû îäèí èç èíòåãðàëîâ â (16.4) ðàñõîäèòñÿ, òî ãîâîðÿò, ÷òî

èíòåãðàë
b∫
a

f(x)dx ðàñõîäèòñÿ.

Çàìå÷àíèå 16.4. Î÷åâèäíî, ÷òî îïðåäåëåííûé òàêèì îáðàçîì èí-
òåãðàë ïî îòðåçêó ìîæåò îêàçàòüñÿ èíòåãðàëîì Ðèìàíà â òîì è òîëüêî
òîì ñëó÷àå, êîãäà ó ýòîãî îòðåçêà èìååòñÿ ïóñòîå ïðàâèëüíîå ðàçáèåíèå
îòíîñèòåëüíî èíòåãðèðóåìîé ôóíêöèè.

Ïðèìåð 16.4. Âû÷èñëèòå
2∫
−1

dx
3
√
x
èëè äîêàæèòå åãî ñõîäèìîñòü.

J x = 0 � îñîáàÿ òî÷êà (â ëþáîé îêðåñòíîñòè òî÷êè x = 0 ôóíêöèÿ
1
3
√
x
ÿâëÿåòñÿ íåîãðàíè÷åííîé). Òîãäà

2∫
−1

dx
3
√
x

= lim
δ→0

δ∫
−1

dx
3
√
x

+ lim
ε→0

2∫
ε

dx
3
√
x

=
3

2

(
lim
δ→0

3
√
x2
∣∣∣δ
−1

+ lim
ε→0

3
√
x2
∣∣∣2
ε

)
=

=
3

2

(
lim
δ→0

(
3
√
δ2 − 1

)
+ lim

ε→0

(
3
√

4− 3
√
ε2
))

=
3

2

(
3
√

4− 1
)
. I

Îïðåäåëåíèå 16.3. Åñëè â íåñîáñòâåííîì èíòåãðàëå
ω∫
a

f(x)dx ïðî-

ìåæóòîê èíòåãðèðîâàíèÿ ÿâëÿåòñÿ áåñêîíå÷íûì, à äðóãèõ, êðîìå áåñ-
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êîíå÷íûõ, îñîáûõ òî÷åê íà ýòîì ïðîìåæóòêå ôóíêöèÿ f(x) íå èìå-

åò, òî
ω∫
a

f(x)dx íàçûâàåòñÿ íåñîáñòâåííûì èíòåãðàëîì ïåðâîãî

ðîäà. Åñëè ïðîìåæóòîê èíòåãðèðîâàíèÿ <a, ω> � êîíå÷íûé (ω � îñî-

áàÿ òî÷êà), òî íåñîáñòâåííûé èíòåãðàë
ω∫
a

f(x)dx íàçûâàåòñÿ íåñîá-

ñòâåííûì èíòåãðàëîì âòîðîãî ðîäà.

16.2. Îñíîâíûå ñâîéñòâà íåñîáñòâåííûõ èíòåãðàëîâ

Îïðåäåëåíèå 16.4. Ôóíêöèÿ y = f(x) íàçûâàåòñÿ èíòåãðèðóå-

ìîé â íåñîáñòâåííîì ñìûñëå íà ïðîìåæóòêå [a, ω), åñëè ω � åäèí-

ñòâåííàÿ îñîáàÿ òî÷êà, à íåñîáñòâåííûé èíòåãðàë
ω∫
a

f(x)dx ñõîäèòñÿ.

1. Ñâîéñòâî ëèíåéíîñòè
Åñëè ôóíêöèè f(x) è g(x) èíòåãðèðóåìû â íåñîáñòâåííîì ñìûñëå íà

ïðîìåæóòêå [a, ω), (ω � îñîáàÿ òî÷êà), α è β � ëþáûå äåéñòâèòåëüíûå
êîíñòàíòû, òî ôóíêöèÿ αf(x) + βg(x) èíòåãðèðóåìà â íåñîáñòâåííîì
ñìûñëå íà ïðîìåæóòêå [a, ω) è ñïðàâåäëèâà ôîðìóëà

ω∫
a

(αf(x) + βf(x))dx = α

ω∫
a

f(x)dx+ β

ω∫
a

g(x)dx.
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JÄëÿ äîêàçàòåëüñòâà èñïîëüçóåòñÿ îïðåäåëåíèå íåñîáñòâåííîãî èí-
òåãðàëà è ñâîéñòâî ëèíåéíîñòè äëÿ èíòåãðàëà Ðèìàíà.I
2. Ñâîéñòâî àääèòèâíîñòè
Åñëè ôóíêöèÿ f(x) èíòåãðèðóåìà â íåñîáñòâåííîì ñìûñëå íà ïðîìå-

æóòêå [a, ω) (ω � îñîáàÿ òî÷êà) è c � ëþáàÿ òî÷êà èç óêàçàííîãî ïðî-

ìåæóòêà, òî ñóùåñòâóåò â íåñîáñòâåííîì ñìûñëå èíòåãðàë
ω∫
c

f(x)dx, è

ñïðàâåäëèâà ôîðìóëà
ω∫
a

f(x)dx =

c∫
a

f(x)dx+

ω∫
c

f(x)dx.

JÄëÿ ëþáûõ b, c ∈ [a, ω)
b∫
a

f(x)dx =
c∫
a

f(x)dx +
b∫
c

f(x)dx, ãäå âñå

îïðåäåëåííûå èíòåãðàëû ñóùåñòâóþò (ñâîéñòâî àääèòèâíîñòè äëÿ èíòå-
ãðàëà Ðèìàíà). Òîãäà

∃ lim
b→ω−0

b∫
c

f(x)dx = lim
b→ω−0

 b∫
a

f(x)dx−
c∫

a

f(x)dx

 =

= lim
b→ω−0

b∫
a

f(x)dx−
c∫

a

f(x)dx =

ω∫
a

f(x)dx−
c∫

a

f(x)dx.



456

Îòêóäà
ω∫
c

f(x)dx =

ω∫
a

f(x)dx−
c∫

a

f(x)dx

è
ω∫
a

f(x)dx =

c∫
a

f(x)dx+

ω∫
c

f(x)dx. I

3. Ôîðìóëà Íüþòîíà � Ëåéáíèöà
Åñëè F (x) � ëþáàÿ ïåðâîîáðàçíàÿ ôóíêöèè f(x) íà ïðîìåæóòêå [a, ω)

(F (x) ìîæåò áûòü è îáîáùåííîé ïåðâîîáðàçíîé), ω � åäèíñòâåííàÿ îñî-
áàÿ òî÷êà ôóíêöèè f(x) íà ïðîìåæóòêå [a, ω), òî

ω∫
a

f(x)dx = F (ω)− F (a) =

{
F (ω − 0)− F (a), ω ∈ R,
F (+∞)− F (a), ω = +∞.

JÂîçüìåì ëþáîå b ∈ [a, ω). Òîãäà ñïðàâåäëèâà ôîðìóëà

b∫
a

f(x)dx = F (b)− F (a) (16.5)

(èç óñëîâèÿ ñëåäóåò, ÷òî äëÿ ëþáîãî b ∈ [a, ω) ñóùåñòâóåò
b∫
a

f(x)dx).
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Â ðàâåíñòâå (16.5) ïåðåõîäèì ê ïðåäåëó ïðè b → ω − 0 è ïîëó÷àåì
ñïðàâåäëèâîñòü çàêëþ÷åíèÿ ñâîéñòâà.I
4. Òåîðåìà î ïîäñòàíîâêå
Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà ïðîìåæóòêå [a, ω), ôóíêöèÿ ϕ(t)

íåïðåðûâíî äèôôåðåíöèðóåìà íà ïðîìåæóòêå [α, β), −∞ < α < β 6
6 +∞,

a = ϕ(α) 6 ϕ(t) < ω = lim
t→β−0

ϕ(t)

äëÿ α 6 t < β, E(ϕ) = [a, ω), òî

ω∫
a

f(x)dx =

β∫
α

f(ϕ(t)) · ϕ′(t)dt, (16.6)

ïðè÷åì íåñîáñòâåííûå èíòåãðàëû â îáåèõ ÷àñòÿõ ôîðìóëû (16.6) îäíî-
âðåìåííî ñõîäÿòñÿ èëè ðàñõîäÿòñÿ.

J Áåðåì ëþáîå γ ∈ [α, β), êîòîðîìó ñîîòâåòñòâóåò b = ϕ(γ) ∈ [a, ω).
Ïî òåîðåìå î ïîäñòàíîâêå äëÿ îïðåäåëåííîãî èíòåãðàëà (òåîðåìà 10.4):
b∫
a

f(x)dx =
β∫
α

f(ϕ(t))ϕ′(t)dt. Â ïðàâîé è ëåâîé ÷àñòÿõ ïîñëåäíåãî ðàâåí-

ñòâà ïåðåõîäèì ê ïðåäåëàì ñîîòâåòñòâåííî ïðè b→ ω − 0 è γ → β − 0.
Ïîëó÷èì ñïðàâåäëèâîñòü íàøåãî óòâåðæäåíèÿ.I



458

5. Òåîðåìà îá èíòåãðèðîâàíèè ïî ÷àñòÿì
Åñëè ôóíêöèè u = u(x) è v = v(x) íåïðåðûâíî äèôôåðåíöèðóåìû íà

ïðîìåæóòêå [a, ω), òî ñïðàâåäëèâà ôîðìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì
äëÿ íåñîáñòâåííûõ èíòåãðàëîâ

ω∫
a

udv = uv
∣∣∣ω
a
−

ω∫
a

vdu, (16.7)

ïðè÷åì íåñîáñòâåííûå èíòåãðàëû â îáåèõ ÷àñòÿõ ôîðìóëû (16.7) îäíî-
âðåìåííî ñõîäÿòñÿ ëèáî ðàñõîäÿòñÿ (ïðè ñõîäèìîñòè óêàçàííûõ íåñîá-
ñòâåííûõ èíòåãðàëîâ áóäåò ñóùåñòâîâàòü è

uv
∣∣∣ω
a

= lim
b→ω−0

u(b)v(b)− u(a)v(a)

)
.

JÂîçüìåì ëþáóþ òî÷êó b ∈ [a, ω). Òîãäà áóäåò ñïðàâåäëèâà ôîð-

ìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì äëÿ îïðåäåëåííîãî èíòåãðàëà
b∫
a

udv =

= uv
∣∣∣b
a
−

b∫
a

vdu. Â ýòîì ðàâåíñòâå ïåðåõîäèì ê ïðåäåëó ïðè b → ω − 0

è ïîëó÷àåì ñïðàâåäëèâîñòü çàêëþ÷åíèÿ òåîðåìû îá èíòåãðèðîâàíèè ïî
÷àñòÿì äëÿ íåñîáñòâåííîãî èíòåãðàëà.I

6. Èíòåãðèðîâàíèå íåðàâåíñòâ
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Åñëè íåñîáñòâåííûå èíòåãðàëû
ω∫
a

f(x)dx,
ω∫
a

g(x)dx (ω � åäèíñòâåííàÿ

îñîáàÿ òî÷êà) ñõîäÿòñÿ, è äëÿ ëþáûõ x ∈ [a, ω) âûïîëíÿåòñÿ íåðàâåíñòâî

f(x) 6 g(x), òî
ω∫
a

f(x)dx 6
ω∫
a

g(x)dx.

JÂîçüìåì ëþáîå b ∈ [a, ω), òîãäà
b∫
a

f(x)dx 6
b∫
a

g(x)dx. Â ïîñëåäíåì

íåðàâåíñòâå ïåðåõîäèì ê ïðåäåëó ïðè b→ ω − 0 è ïîëó÷àåì ñïðàâåäëè-
âîñòü çàêëþ÷åíèÿ ñâîéñòâà.I

Çàìå÷àíèå 16.5. Íå âñå ñâîéñòâà èíòåãðàëîâ Ðèìàíà àâòîìàòè÷å-
ñêè ïåðåíîñÿòñÿ íà íåñîáñòâåííûå èíòåãðàëû. Íàïðèìåð, åñëè

f(x) = g(x) = 1√
x
, D(f) = D(g) = (0, 1], òî íåñîáñòâåííûé èíòåãðàë

1∫
0

dx√
x

ñõîäèòñÿ, à íåñîáñòâåííûé èíòåãðàë
1∫

0

f(x) · g(x)dx =
1∫

0

dx
x áóäåò ðàñ-

õîäÿùèìñÿ, ÷òî íå îòâå÷àåò óñëîâèþ îá èíòåãðèðóåìîñòè ïðîèçâåäåíèÿ
äëÿ èíòåãðàëà Ðèìàíà.

Ïðèìåð 16.5. Âû÷èñëèòå
0∫
−∞

dx
(x2+x+1)2 .
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J I =

0∫
−∞

dx

(x2 + x+ 1)2
=

[
x2 + x+ 1 =

(
x+ 1

2

)2
+ 3

4 ,

x+ 1
2 = t, tí = −∞, tâ = 0, 5

]
=

=

0,5∫
−∞

dt(
t2 + 3

4

)2 =
4

3

0,5∫
−∞

3
4 + t2 − t2(
t2 + 3

4

)2 dt =
4

3

0,5∫
−∞

dt

t2 + 3
4

−

−4

3

[
u = t, du = dt,

dv = tdt

(t2+ 3
4)

2 , v = −1
2

1
t2+ 3

4

]0,5

−∞

=
4

3
lim
b→−∞

2√
3

arctg
2t√

3

∣∣∣∣0,5
b

+

+
2

3
lim
b→−∞

t

t2 + 3
4

∣∣∣∣0,5
b

− 2

3

2√
3

lim
b→−∞

arctg
2t√

3

∣∣∣∣0,5
b

=

=
4

3
√

3
lim
b→−∞

(
arctg

1√
3
− arctg

2b√
3

)
+

2

3
lim
b→−∞

(
0, 5

0, 52 + 3
4

− b

b2 + 3
4

)
=

=
4

3
√

3

(π
6

+
π

2

)
+

2

3
· 1

2
=

4π2

3 · 3
√

3
+

1

3
=

8π

9
√

3
+

1

3
. I

16.3. Êðèòåðèé Êîøè ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ

Òåîðåìà 16.1. Ôóíêöèÿ f(x), èíòåãðèðóåìàÿ ïî Ðèìàíó íà ëþ-

áîì îòðåçêå [a, b] ⊂ [a, ω), −∞<a<ω6 +∞, áóäåò èíòåãðèðóåìîé
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â íåñîáñòâåííîì ñìûñëå íà ïðîìåæóòêå [a, ω) òîãäà è òîëüêî òî-

ãäà, êîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò b ∈ [a, ω), ÷òî äëÿ ëþáûõ

b1, b2 ∈ (b, ω)

∣∣∣∣∣ b2∫b1 f(x)dx

∣∣∣∣∣ < ε.

J
ω∫
a

f(x)dx = lim
b→ω−0

b∫
a

f(x)dx = lim
b→ω−0

F (b), ãäå F (b) =
b∫
a

f(x)dx.

Îòêóäà âèäíî, ÷òî òåîðåìà ñâåëàñü ê êðèòåðèþ Êîøè ñóùåñòâîâàíèÿ
ïðåäåëà ôóíêöèè F (x) â òî÷êå b. I

Çàìå÷àíèå 16.6. Êðèòåðèé Êîøè ÷àùå èñïîëüçóåòñÿ â òåîðåòè÷å-
ñêèõ âûêëàäêàõ, à òàêæå ïðè äîêàçàòåëüñòâå ðàñõîäèìîñòè íåñîáñòâåí-

íûõ èíòåãðàëîâ, à èìåííî: íåñîáñòâåííûé èíòåãðàë
ω∫
a

f(x)dx (ω � îñî-

áàÿ òî÷êà) áóäåò ðàñõîäÿùèìñÿ, åñëè ñóùåñòâóåò ε > 0, ÷òî äëÿ ëþáîãî

b ∈ [a, ω) ñóùåñòâóþò òàêèå b1, b2 ∈ (b, ω), ÷òî

∣∣∣∣∣ b2∫b1 f(x)dx

∣∣∣∣∣ > ε.

Ïðèìåð 16.6. Äîêàæèòå ðàñõîäèìîñòü èíòåãðàëà
+∞∫
0

cos2 x
(1+x)αdx ïðè

α 6 1.

JÂîçüìåì ëþáîå b ∈ [0,+∞). Äëÿ íàõîæäåíèÿ óêàçàííûõ âûøå ε > 0
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è b1, b2 ∈ (b, ω) îöåíèì ñíèçó

∣∣∣∣∣ b2∫b1 cos2 x
(1+x)αdx

∣∣∣∣∣. Âîçüìåì b1 = πn, b2 = 2πn,

n ∈ N. Èìååì:∣∣∣∣∣∣
2πn∫
πn

cos2 x

(1 + x)α
dx

∣∣∣∣∣∣ =

2πn∫
πn

cos2 x

(1 + x)α
dx >

2πn∫
πn

cos2 x

1 + x
dx >

1

2

2πn∫
πn

cos2 x

x
dx >

>
1

2
· 1

2πn

2πn∫
πn

1 + cos 2x

2
dx =

1

8πn

2πn∫
πn

dx =
1

8πn
(2πn− πn) =

1

8
.

Çíà÷èò, ïðè α 6 1 äàííûé èíòåãðàë ðàñõîäèòñÿ.I

Âîïðîñû è çàäàíèÿ äëÿ ñàìîêîíòðîëÿ

1. Äàéòå îïðåäåëåíèÿ íåñîáñòâåííûõ èíòåãðàëîâ ïåðâîãî è âòîðîãî
ðîäà, ïðèâåäèòå ïðèìåðû.

2. Äàéòå îïðåäåëåíèÿ ñõîäÿùèõñÿ è ðàñõîäÿùèõñÿ íåñîáñòâåííûõ èí-
òåãðàëîâ ïåðâîãî è âòîðîãî ðîäà.

3. Ñôîðìóëèðóéòå îñíîâíûå ñâîéñòâà íåñîáñòâåííûõ èíòåãðàëîâ.

4. Ñôîðìóëèðóéòå êðèòåðèé Êîøè ñõîäèìîñòè íåñîáñòâåííûõ èíòå-
ãðàëîâ.
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ËÅÊÖÈß 17

Èññëåäîâàíèå ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ

17.1. Íåñîáñòâåííûé èíòåãðàë îò íåîòðèöàòåëüíûõ ôóíêöèé.
Êðèòåðèé ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ

îò íåîòðèöàòåëüíûõ ôóíêöèé

Äàëåå áóäåì ðàññìàòðèâàòü íåñîáñòâåííûå èíòåãðàëû âèäà
ω∫
a

f(x)dx

(ω � îñîáàÿ òî÷êà), ãäå ôóíêöèÿ f(x) íà ïðîìåæóòêå [a, ω) ïðèíèìàåò
íåîòðèöàòåëüíûå çíà÷åíèÿ. Ñïðàâåäëèâ êðèòåðèé.

Òåîðåìà 17.1. Ïóñòü ôóíêöèÿ f(x) ïðèíèìàåò íà ïðîìåæóòêå

[a, ω) íåîòðèöàòåëüíûå çíà÷åíèÿ è ÿâëÿåòñÿ èíòåãðèðóåìîé ïî Ðè-

ìàíó íà ëþáîì îòðåçêå [a, b] ⊂ [a, ω).

Íåñîáñòâåííûé èíòåãðàë

ω∫
a

f(x)dx (17.1)

ñõîäèòñÿ òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò M ∈ R+, ÷òî äëÿ

ëþáîãî b ∈ [a, ω)
b∫
a

f(x)dx 6M , ïðè÷åì
ω∫
a

f(x)dx = sup
a6b<ω

{
b∫
a

f(x)dx

}
.
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JÐàññìîòðèì ôóíêöèþ φ(b) =
b∫
a

f(x)dx, b ∈ [a, ω). Ïîêàæåì, ÷òî

ôóíêöèÿ φ(b) íåóáûâàåò íà ïðîìåæóòêå [a, ω). Áåðåì ëþáûå b1, b2 ∈ (a, ω),
ïðè÷åì b1 < b2. Îöåíèì

φ(b2)− φ(b1) =

b2∫
a

f(x)dx−
b1∫
a

f(x)dx =

b2∫
b1

f(x)dx > 0.

Åñëè φ(b) =
b∫
a

f(x)dx 6M � îãðàíè÷åíà ñâåðõó, òî (òåîðåìà î ïðåäåëå

ìîíîòîííîé ôóíêöèè [12, òåîðåìà 11.1])

∃ lim
b→ω−0

φ(b) = lim
b→ω−0

b∫
a

f(x)dx = sup
a6b<ω


b∫

a

f(x)dx

 .

Çíà÷èò, íåñîáñòâåííûé èíòåãðàë (17.1) ñõîäèòñÿ.

Ïóñòü òåïåðü íåñîáñòâåííûé èíòåãðàë (17.1) ñõîäèòñÿ. Òîãäà ñóùå-
ñòâóåò

lim
b→ω−0

φ(b) = lim
b→ω−0

b∫
a

f(x)dx = I ∈ R.
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Çíà÷èò, ñóùåñòâóåò îêðåñòíîñòü Ů(ω, δ) = (ω − δ, ω) (δ > 0), ãäå φ(b) �
îãðàíè÷åíà. Âîçüìåì ëþáîå b ∈ (ω−δ, ω), çàôèêñèðóåì, òîãäà ñóùåñòâó-

åò
b∫
a

f(x)dx � êàê èíòåãðàë Ðèìàíà, à ïîýòîìó íà îòðåçêå [a, b] ôóíêöèÿ

φ(b) îãðàíè÷åíà, òàê êàê 0 6 φ(x) 6 φ(b) =
b∫
a

f(x)dx. Âûâîä: ôóíêöèÿ

φ � îãðàíè÷åíà íà ïðîìåæóòêå [a, ω). I

17.2. Äîñòàòî÷íûå ïðèçíàêè ñõîäèìîñòè íåñîáñòâåííûõ
èíòåãðàëîâ îò íåîòðèöàòåëüíûõ ôóíêöèé

(ïðèçíàêè ñðàâíåíèÿ)

Òåîðåìà 17.2. Åñëè ôóíêöèè f(x) è g(x) îïðåäåëåíû è ïðèíèìàþò

íåîòðèöàòåëüíûå çíà÷åíèÿ íà ïðîìåæóòêå [a, ω), è èíòåãðèðóåìû ïî

Ðèìàíó íà ëþáîì îòðåçêå èç ýòîãî ïðîìåæóòêà, ñóùåñòâóþò C ∈ R+

è δ > 0, ÷òî äëÿ ëþáûõ x ∈ (ω − δ, ω) f(x) 6 C · g(x) (ôóíêöèÿ f(x)
ñðàâíèìà ïî O áîëüøîìó ïðèçíàêó ñ ôóíêöèåé g(x) ïðè x → ω − 0:
f(x) = O(g(x)) ïðè x→ ω − 0), òî:

1) èç ñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà
ω∫
a

g(x)dx ñëåäóåò ñõî-

äèìîñòü íåñîáñòâåííîãî èíòåãðàëà
ω∫
a

f(x)dx;



466

2) èç ðàñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà
ω∫
a

f(x)dx ñëåäóåò ðàñ-

õîäèìîñòü íåñîáñòâåííîãî èíòåãðàëà
ω∫
a

g(x)dx.

JÏóñòü íåñîáñòâåííûé èíòåãðàë
ω∫
a

g(x)dx ñõîäèòñÿ. Äîêàæåì, ÷òî

ñõîäèòñÿ è èíòåãðàë
ω∫
a

f(x)dx. Ïî òåîðåìå 17.1 (íåîáõîäèìîå óñëîâèå),

∃ M > 0 ∀ x ∈ (ω − δ, ω)

ω∫
ω−δ

g(x)dx 6M.

Îäíàêî (ïî óñëîâèþ òåîðåìû) íà (ω − δ, ω) f(x) 6 Cg(x), à çíà÷èò,
ω∫

ω−δ

f(x)dx 6 C

ω∫
ω−δ

g(x)dx 6 C ·M = D.

Òîãäà (òåîðåìà 17.1) íåñîáñòâåííûé èíòåãðàë
ω∫

ω−δ
f(x)dx ñõîäèòñÿ. Íî

ω∫
a

f(x)dx ñóùåñòâóåò êàê èíòåãðàë Ðèìàíà, ïîýòîìó íåñîáñòâåííûé èí-

òåãðàë
ω∫
a

f(x)dx áóäåò ñõîäÿùèìñÿ.
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Äàëåå, åñëè íåñîáñòâåííûé èíòåãðàë
ω∫
a

f(x)dx � ðàñõîäÿùèéñÿ, òî è

ω∫
a

g(x)dx áóäåò ðàñõîäÿùèìñÿ, ïîòîìó ÷òî â ñëó÷àå åãî ñõîäèìîñòè áûë

áû ñõîäÿùèìñÿ è
ω∫
a

f(x)dx.I

Òåîðåìà 17.3. Åñëè ôóíêöèè f(x) è g(x) îïðåäåëåíû è ïðèíèìàþò

íåîòðèöàòåëüíûå çíà÷åíèÿ íà ïðîìåæóòêå [a, ω), ïðè÷åì äëÿ ëþáîãî

x ∈ [a, ω) g(x) 6= 0, à íà êàæäîì èç îòðåçêîâ [a, b] óêàçàííîãî ïðîìå-
æóòêà ôóíêöèè f(x) è g(x) èíòåãðèðóåìû è ñóùåñòâóåò

lim
x→ω−0

f(x)

g(x)
= l ∈ (0; +∞),

òî íåñîáñòâåííûå èíòåãðàëû
ω∫
a

f(x)dx è
ω∫
a

g(x)dx îäíîâðåìåííî ñõî-

äÿòñÿ èëè ðàñõîäÿòñÿ.

J lim
x→ω−0

f(x)
g(x) = l ∈ (0; +∞) :

∀ ε > 0 (ε < l) ∃ δ > 0 ∀ x ∈ (ω − δ, ω)

∣∣∣∣f(x)

g(x)
− l
∣∣∣∣ < ε.∣∣∣∣f(x)

g(x)
− l
∣∣∣∣ < ε⇔ 0 < l − ε < f(x)

g(x)
< l + ε.
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Èç ïîñëåäíåãî íåðàâåíñòâà è òåîðåìû 17.2 ñëåäóåò ñïðàâåäëèâîñòü

çàêëþ÷åíèé òåîðåìû. Íàïðèìåð, åñëè íåñîáñòâåííûé èíòåãðàë
ω∫
a

g(x)dx

ðàñõîäèòñÿ, òî g(x) < 1
l−εf(x) äëÿ ëþáûõ x ∈ (ω−δ, ω). Çíà÷èò (òåîðåìà

17.2), è íåñîáñòâåííûé èíòåãðàë
ω∫
a

f(x)dx ÿâëÿåòñÿ ðàñõîäÿùèìñÿ.I

Ñëåäñòâèå 17.1. Åñëè âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 17.3, íî l= 0,

òî èç ñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà
ω∫
a

g(x)dx ñëåäóåò ñõîäè-

ìîñòü è íåñîáñòâåííîãî èíòåãðàëà
ω∫
a

f(x)dx, à èç ðàñõîäèìîñòè èíòå-

ãðàëà
ω∫
a

f(x)dx � ðàñõîäèìîñòü
ω∫
a

g(x)dx.

J lim
x→ω−0

f(x)

g(x)
= 0 : ∀ ε > 0 ∃ δ > 0 ∀x ∈ (ω − δ, ω) − ε < f(x)

g(x)
< ε.

Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò íåðàâåíñòâî f(x) < ε · g(x) äëÿ
âñåõ x ∈ (ω − δ, ω). Ñïðàâåäëèâîñòü çàêëþ÷åíèÿ òåîðåìû ñëåäóåò èç
òåîðåìû 17.2.I

Çàìå÷àíèå 17.1. Èñïîëüçîâàíèå òåîðåì 17.2 è 17.3 ïðè èññëåäîâà-
íèè íåñîáñòâåííûõ èíòåãðàëîâ íà ñõîäèìîñòü áóäåò ýôôåêòèâíûì ïðè
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íàëè÷èè íàáîðà íåñîáñòâåííûõ èíòåãðàëîâ (ýòàëîíîâ ñ ïàðàìåòðàìè),
ñõîäèìîñòü (ðàñõîäèìîñòü) êîòîðûõ èçâåñòíà. Íàïðèìåð:

1)
b∫
a

dx
(b−x)α è

b∫
a

dx
(x−a)α ñõîäÿòñÿ ïðè α < 1 è ðàñõîäÿòñÿ ïðè α > 1;

2)
+∞∫
a

dx
xα , α > 0 � ñõîäèòñÿ ïðè α > 1 è ðàñõîäèòñÿ ïðè α 6 1.

Ïðèìåð 17.1. Èññëåäóéòå íà ñõîäèìîñòü èíòåãðàë
+∞∫
0

√
xdx√

1+x4
.

J
√
x√

1+x4
x→+∞∼ 1

x3/2
. Òîãäà

+∞∫
0

√
xdx√

1+x4
=

1∫
0

√
xdx√

1+x4
+

+∞∫
1

√
xdx√

1+x4
= I1 + I2.

Èíòåãðàë I1 � èíòåãðàë Ðèìàíà îò íåïðåðûâíîé íà îòðåçêå [0, 1] ôóíê-

öèè f =
√
x√

1+x4
, à çíà÷èò, îí ñõîäèòñÿ.

Äëÿ íåñîáñòâåííîãî èíòåãðàëà I2 ôóíêöèåé ñðàâíåíèÿ áóäåò

1

x1,5

 lim
x→+∞

√
x√

1+x4

1
x1,5

= 1 > 0

 ,

íî èíòåãðàë
+∞∫
1

dx
x1,5 ñõîäèòñÿ, çíà÷èò, è èíòåãðàë

+∞∫
1

√
x√

1+x4
dx ñõîäèòñÿ.

Îòâåò: Íåñîáñòâåííûé èíòåãðàë
+∞∫
0

√
xdx√

1+x4
ñõîäèòñÿ.I



470

Ïðèìåð 17.2. Èññëåäóéòå íà ñõîäèìîñòü èíòåãðàë
+∞∫
0

dx
lnx .

JÎ÷åâèäíî, ÷òî 1
lnx >

1
x äëÿ ëþáûõ x ∈ [2,+∞). Íî íåñîáñòâåííûé

èíòåãðàë
+∞∫
2

dx
x (α = 1) ðàñõîäèòñÿ, ïîýòîìó (òåîðåìà 17.2) áóäåò ðàñõî-

äèòüñÿ è íàø èíòåãðàë.I

Ïðèìåð 17.3. Èññëåäóéòå íà ñõîäèìîñòü èíòåãðàë
+∞∫
0

e−x
2

dx.

JÄëÿ x > 1 áóäåò e−x
2

6 e−x, íî

+∞∫
1

e−xdx = −e−x
∣∣∣+∞
1

= − lim
b→+∞

(
1

eb
− 1

e

)
=

1

e

ñõîäÿùèéñÿ, ïîýòîìó è äàííûé èíòåãðàë ñõîäÿùèéñÿ.I

Ïðèìåð 17.4. Èññëåäóéòå íà ñõîäèìîñòü èíòåãðàë

1∫
0

dx√
(1− x2)(1− k2x2)

, 0 6 k2 < 1.
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J x = 1 � îñîáàÿ òî÷êà.√
(1− x2)(1− k2x2)

x→1−0∼
√

2(1− k2)(1− x)0,5.

À íåñîáñòâåííûé èíòåãðàë
1∫

0

dx√
2(1−k2)(1−x)0,5

ñõîäèòñÿ (α = 0, 5 < 1), ïî-

ýòîìó è äàííûé èíòåãðàë òàêæå áóäåò ñõîäÿùèìñÿ.I

Ïðèìåð 17.5. Èññëåäóéòå íà ñõîäèìîñòü èíòåãðàë
ϕ∫

0

dΘ√
cos Θ− cosϕ

, ϕ>0.

J
√

cos Θ− cosϕ =

√
2 sin

ϕ+ Θ

2
sin

ϕ−Θ

2

Θ→ϕ−0∼
√

sinϕ(ϕ−Θ)0,5.

Äàëåå ðàññóæäåíèÿ àíàëîãè÷íû ïðèâåäåííûì â ïðèìåðå 17.4. Çíà÷èò,
äàííûé èíòåãðàë ÿâëÿåòñÿ ñõîäÿùèìñÿ.I

17.3. Àáñîëþòíàÿ è óñëîâíàÿ ñõîäèìîñòü
íåñîáñòâåííûõ èíòåãðàëîâ

Îïðåäåëåíèå 17.1. Íåñîáñòâåííûé èíòåãðàë
ω∫
a

f(x)dx íàçûâàåòñÿ

àáñîëþòíî ñõîäÿùèìñÿ, åñëè ñõîäèòñÿ èíòåãðàë
ω∫
a

|f(x)|dx.
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Òåîðåìà 17.4. Åñëè íåñîáñòâåííûé èíòåãðàë ñõîäèòñÿ àáñîëþòíî,
òî îí ñõîäèòñÿ.

J Ïóñòü
ω∫
a

f(x)dx � íåñîáñòâåííûé èíòåãðàë (ω � îñîáàÿ òî÷êà), èí-

òåãðàë
ω∫
a

|f(x)|dx ñõîäèòñÿ, òîãäà (òåîðåìà 16.1, íåîáõîäèìîå óñëîâèå)

∀ ε > 0 ∃ b ∈ [a, ω) ∀ b1, b2 ∈ (b, ω)

∣∣∣∣∣∣
b2∫
b1

|f(x)|dx

∣∣∣∣∣∣ < ε.

Íî

∣∣∣∣∣ b2∫b1 f(x)dx

∣∣∣∣∣ 6
∣∣∣∣∣ b2∫b1 |f(x)|dx

∣∣∣∣∣, à çíà÷èò (òåîðåìà 16.1, äîñòàòî÷íîå óñëî-
âèå), íåñîáñòâåííûé èíòåãðàë

ω∫
a

f(x)dx ñõîäèòñÿ.I

Îïðåäåëåíèå 17.2. Åñëè íåñîáñòâåííûé èíòåãðàë ñõîäèòñÿ, íî íå

àáñîëþòíî, òî îí íàçûâàåòñÿ óñëîâíî ñõîäÿùèìñÿ.

Ïðèìåð 17.6. Èññëåäóéòå íà àáñîëþòíóþ è óñëîâíóþ ñõîäèìîñòü

íåñîáñòâåííûé èíòåãðàë
+∞∫
π
2

sinx
x dx.
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J

+∞∫
π
2

sinx

x
dx =

[
u = 1

x , du = − 1
x2dx,

dv = sinxdx, v = − cosx

]
= − cosx

x

∣∣∣+∞
π
2

−

−
+∞∫
π
2

cosx

x2
dx = lim

b→+∞

(
cos π

2
π
2

− cos b

b

)
− I = −I, I =

+∞∫
π
2

cosx

x2
dx.

Íî èíòåãðàë I ÿâëÿåòñÿ àáñîëþòíî ñõîäÿùèìñÿ
(∣∣cosx

x2

∣∣ 6 1
x2

)
, à çíà-

÷èò, è ñõîäÿùèìñÿ. Òàêèì îáðàçîì, äàííûé èíòåãðàë ñõîäÿùèéñÿ.

Äàëåå èññëåäóåì íà ñõîäèìîñòü èíòåãðàë
b∫
π
2

∣∣ sinx
x

∣∣ dx, b > π
2 , b ∈ R.

b∫
π
2

∣∣∣∣sinxx
∣∣∣∣ dx >

b∫
π
2

sin2 x

x
dx =

1

2

b∫
π
2

dx

x
− 1

2

b∫
π
2

cos 2x

x
dx.

Ïåðåõîäÿ ê ïðåäåëó ïðè b→ +∞ â ïîñëåäíåì íåðàâåíñòâå, ïîëó÷èì:

+∞∫
π
2

| sinx|
x

>
1

2

+∞∫
π
2

dx

x
− 1

2

+∞∫
π
2

cos 2x

x
dx.
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Èíòåãðàë
+∞∫
π
2

dx
x � ðàñõîäèòñÿ, à èíòåãðàë

+∞∫
π
2

cos 2x
x dx � ñõîäèòñÿ (äîêà-

çàòåëüñòâî ïðîâîäèòñÿ (êàê è âûøå) èíòåãðèðîâàíèåì ïî ÷àñòÿì).

Çíà÷èò, íåñîáñòâåííûé èíòåãðàë
+∞∫
π
2

sinx
x dx áóäåò ðàñõîäÿùèìñÿ.

Îòâåò: Äàííûé íåñîáñòâåííûé èíòåãðàë ñõîäèòñÿ óñëîâíî.I

17.4. Ïðèçíàêè Äèðèõëå è Àáåëÿ óñëîâíîé ñõîäèìîñòè
íåñîáñòâåííûõ èíòåãðàëîâ

Òåîðåìà 17.5 (ïðèçíàê Äèðèõëå). Åñëè ôóíêöèè f(x) è g(x)
îïðåäåëåíû íà ïðîìåæóòêå [a, ω) è èíòåãðèðóåìû ïî Ðèìàíó íà ëþáîì

îòðåçêå [a, b] ⊂ [a, ω), ôóíêöèÿ F (b) =
b∫
a

f(x)dx (ïåðâîîáðàçíàÿ f(x) íà

[a, ω)) îãðàíè÷åíà íà [a, ω), à ôóíêöèÿ g(x) ìîíîòîííî ñòðåìèòñÿ ê

íóëþ ïðè x → ω − 0, òî íåñîáñòâåííûé èíòåãðàë
ω∫
a

f(x) · g(x)dx �

ñõîäèòñÿ.

JÄîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ ñ èñïîëüçîâàíèåì âòîðîé òåî-
ðåìû î ñðåäíåì çíà÷åíèè äëÿ îïðåäåëåííîãî èíòåãðàëà (òåîðåìà 11.1) è
êðèòåðèÿ Êîøè ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ (òåîðåìà 16.1).I
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Òåîðåìà 17.6 (ïðèçíàê Àáåëÿ). Åñëè ôóíêöèè f(x) è g(x) îïðå-
äåëåíû íà ïðîìåæóòêå [a, ω) è èíòåãðèðóåìû ïî Ðèìàíó íà ëþáîì

îòðåçêå [a, b] ⊂ [a, ω), ôóíêöèÿ g(x) ìîíîòîííà è îãðàíè÷åíà íà [a, ω),

à íåñîáñòâåííûé èíòåãðàë
ω∫
a

f(x)dx ñõîäèòñÿ, òî ñõîäèòñÿ è íåñîá-

ñòâåííûé èíòåãðàë
ω∫
a

f(x) · g(x)dx.

J Äîêàçàòåëüñòâî òåîðåìû 17.6 àíàëîãè÷íî äîêàçàòåëüñòâó òåîðå-
ìû 17.5.I

Ïðèìåð 17.7. Èññëåäóéòå íà àáñîëþòíóþ è óñëîâíóþ ñõîäèìîñòü

íåñîáñòâåííûé èíòåãðàë
1∫

0

(1− x)α sin π
1−xdx, α > −2.

J
∣∣(1− x)α sin π

1−x

∣∣ 6 (1−x)α. Íî â ñèëó òîãî, ÷òî íåñîáñòâåííûé èí-

òåãðàë
1∫

0

(1 − x)αdx ÿâëÿåòñÿ ñõîäÿùèìñÿ ïðè α > −1, äàííûé èíòåãðàë

ñõîäèòñÿ àáñîëþòíî ïðè α > −1 (òåîðåìà 17.2).

Åñëè −2 < α 6 −1, òî∣∣sin π
1−x

∣∣
(1− x)−α

>
sin2 π

1−x
(1− x)−α

=
1− cos 2π

1−x
2(1− x)−α

.
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Íî èíòåãðàë
1∫

0

dx
(1−x)−α ïðè −2 < α 6 −1 ÿâëÿåòñÿ ðàñõîäÿùèìñÿ.

Äîêàæåì, ÷òî
1∫

0

(
− cos 2π

1−x
2(1−x)−α

)
dx ñõîäèòñÿ ïðè −2<α6 − 1.

Ïðåäñòàâèì ïîäûíòåãðàëüíóþ ôóíêöèþ ñëåäóþùèì îáðàçîì:

−
cos 2π

1−x
2(1− x)−α

= cos
2π

1− x
· 2π 1

(1− x)2
· −1(1− x)2+α

4π
.

Èñïîëüçóåì ïðèçíàê Äèðèõëå. f(x) = 2π 1
(1−x)2 cos 2π

1−x èìååò îãðàíè-

÷åííóþ íà [0, 1) ïåðâîîáðàçíóþ

F (x) = sin
2π

1− x
(F ′(x) = f(x)).

g(x) = −(1−x)2+α

4π � ìîíîòîííî ñòðåìèòñÿ ê íóëþ ïðè x→ 1−0. Äðóãèå
óñëîâèÿ ïðèçíàêà Äèðèõëå òàêæå, î÷åâèäíî, âûïîëíÿþòñÿ.

Çíà÷èò, íåñîáñòâåííûé èíòåãðàë
1∫

0

sin2 π
1−x

(1−x)−αdx ïðè −2 < α 6 −1 áó-

äåò ðàñõîäÿùèìñÿ, à ïîýòîìó (òåîðåìà 17.2) è èíòåãðàë
1∫

0

|sin π
1−x|

(1−x)−αdx �

ðàñõîäÿùèéñÿ.
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Äàëåå äîêàçûâàåòñÿ (àíàëîãè÷íî, êàê è äëÿ
1∫

0

(
− cos 2π

1−x
2(1−x)−α

)
dx), ÷òî

ïðè −2 < α 6 −1 íåñîáñòâåííûé èíòåãðàë
1∫

0

sin2 π
1−x

(1−x)−αdx � ñõîäèòñÿ.

Îòâåò:Ïðè α > −1 èíòåãðàë ñõîäèòñÿ àáñîëþòíî, à ïðè−2 < α 6 −1
óñëîâíî.I

17.5. Ãëàâíîå çíà÷åíèå íåñîáñòâåííîãî èíòåãðàëà

Îïðåäåëåíèå 17.3. Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà íà ÷èñëîâîé

ïðÿìîé R è èíòåãðèðóåìà ïî Ðèìàíó íà ëþáîì îòðåçêå [a, b] ⊂ R. Ãî-
âîðÿò, ÷òî ôóíêöèÿ f(x) èíòåãðèðóåìà ïî Êîøè, åñëè ñóùåñòâóåò

ïðåäåë lim
A→+∞

A∫
−A

f(x)dx. Ýòîò ïðåäåë íàçûâàåòñÿ ãëàâíûì çíà÷åíè-

åì íåñîáñòâåííîãî èíòåãðàëà îò ôóíêöèè f(x) (â ñìûñëå Êîøè) è
îáîçíà÷àåòñÿ

V.p.

+∞∫
−∞

f(x)dx = lim
A→+∞

A∫
−A

f(x)dx.

Çàìå÷àíèå 17.2. Åñëè íåñîáñòâåííûé èíòåãðàë
+∞∫
−∞

f(x)dx ñõîäèòñÿ,

òî ôóíêöèÿ f(x) èíòåãðèðóåìà è ïî Êîøè, à ñîîòâåòñòâóþùèå ïðåäåëû
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ñîâïàäàþò:

+∞∫
−∞

f(x)dx = lim
A→−∞

0∫
A

f(x)dx+ lim
B→+∞

B∫
o

f(x)dx = lim
A→+∞

A∫
−A

f(x)dx.

Íî è ïðè ðàñõîäèìîñòè óêàçàííîãî íåñîáñòâåííîãî èíòåãðàëà îí ìîæåò
ñõîäèòüñÿ ïî Êîøè. Íàïðèìåð:

+∞∫
−∞

sinxdx− ðàñõîäèòñÿ, íî V.p.

+∞∫
−∞

sinxdx = 0.

Òåîðåìà 17.7. Åñëè íå÷åòíàÿ ôóíêöèÿ f(x) èíòåãðèðóåìà íà ëþ-
áîì îòðåçêå [a, b] ⊂ R, òî îíà èíòåãðèðóåìà ïî Êîøè, è ãëàâíîå çíà-

÷åíèå èíòåãðàëà îò íåå ðàâíî íóëþ.

J

+∞∫
−∞

f(x)dx = lim
A→+∞

 0∫
−A

f(x)dx+

A∫
0

f(x)dx

 =

=

 äëÿ èíòåãðàëà
0∫
−A

f(x)dx äåëàåì çàìåíó ïåðåìåííîé x = −t,

dx = −dt, f(−t) = −f(t), tí = A, tâ = 0

 =
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= lim
A→+∞

− 0∫
A

f(t)dt+

A∫
0

f(x)dx

 =

[
â ïåðâîì èíòåãðàëå äåëàåì
çàìåíó ïåðåìåííîé t = x

]
=

= lim
A→+∞

− A∫
0

f(x)dx+

A∫
0

f(x)dx

 = 0. I

Òåîðåìà 17.8. ×åòíàÿ ôóíêöèÿ f(x) áóäåò èíòåãðèðóåìîé ïî Êî-

øè òîãäà è òîëüêî òîãäà, êîãäà ñõîäèòñÿ íåñîáñòâåííûé èíòåãðàë
+∞∫
0

f(x)dx.

JÄëÿ äîêàçàòåëüñòâà òåîðåìû èñïîëüçóåì ðàâåíñòâî, ñïðàâåäëèâîå
äëÿ ÷åòíûõ ôóíêöèé:

A∫
−A

f(x)dx = 2

A∫
0

f(x)dx,

è ïåðåõîäèì â ïîñëåäíåì ðàâåíñòâå ê ïðåäåëó ïðè A→ +∞.I

Çàìå÷àíèå 17.3. Ïîíÿòèå èíòåãðèðóåìîñòè ïî Êîøè ââîäèòñÿ è

äëÿ íåñîáñòâåííîãî èíòåãðàëà âòîðîãî ðîäà
b∫
a

f(x)dx, åñëè îñîáàÿ òî÷êà

ω ∈ (a, b).
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Îïðåäåëåíèå 17.4. Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà íà îòðåçêå

[a, b], êðîìå, ìîæåò áûòü, òî÷êè ω ∈ (a, b), è èíòåãðèðóåìà ïî Ðèìà-
íó íà ëþáûõ îòðåçêàõ èç ïðîìåæóòêîâ [a, ω) è (ω, b]. Áóäåì ãîâîðèòü,

÷òî ôóíêöèÿ f(x) èíòåãðèðóåìà ïî Êîøè íà [a, b], åñëè ñóùåñòâó-

åò ïðåäåë

lim
ε→+0

 c−ε∫
a

f(x)dx+

b∫
c+ε

f(x)dx

 = V.p.

b∫
a

f(x)dx (ε > 0),

êîòîðûé íàçûâàåòñÿ ãëàâíûì çíà÷åíèåì èíòåãðàëà â ñìûñëå Êî-

øè.

Ïðèìåð 17.8. Âû÷èñëèòü V.p.
3∫

0

dx
x2−4 .

J V.p.

3∫
0

dx

x2 − 4
= lim

ε→0

 2−ε∫
0

dx

x2 − 4
+

3∫
2+ε

dx

x2 − 4

 =

= lim
ε→0

(
1

4
ln

∣∣∣∣x− 2

x+ 2

∣∣∣∣∣∣∣∣2−ε
0

+
1

4
ln

∣∣∣∣x− 2

x+ 2

∣∣∣∣∣∣∣∣3
2+ε

)
=

=
1

4
lim
ε→0

(
ln

∣∣∣∣ −ε4− ε

∣∣∣∣+ ln

∣∣∣∣15
∣∣∣∣− ln

∣∣∣∣ ε

4 + ε

∣∣∣∣) =
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=
1

4
lim
ε→0
ε<4

(ln ε− ln(4− ε)− ln 5− ln ε+ ln(4 + ε)) = −1

4
ln 5. I

Çàìå÷àíèå 17.4. Íåñîáñòâåííûé èíòåãðàë
3∫

0

dx
x2−4 ðàñõîäèòñÿ:

3∫
0

dx

x2 − 4
= lim

δ→0

2−δ∫
0

dx

x2 − 4
+ lim

ε→0

3∫
2+ε

dx

x2 − 4
.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 15
Íåñîáñòâåííûå èíòåãðàëû ïåðâîãî ðîäà è èõ ïðèëîæåíèÿ

Çàäàíèå 1. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
+∞∫
0

xe−x
2

dx.

JÏîäûíòåãðàëüíàÿ ôóíêöèÿ îïðåäåëåíà è íåïðåðûâíà ïðè âñåõ çíà-
÷åíèÿõ x, à ñëåäîâàòåëüíî, èìååò ïåðâîîáðàçíóþ Φ(x) = −1

2e
−x2. Ïî

îïðåäåëåíèþ:

+∞∫
0

xe−x
2

dx = lim
b→+∞

b∫
0

xe−x
2

dx = lim
b→+∞

[
−1

2
e−x

2

∣∣∣∣b
0

]
=

= lim
b→+∞

[
−1

2
e−b

2 −
(
−1

2

)]
=

1

2
. I
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Çàäàíèå 2. Èññëåäóéòå íà ñõîäèìîñòü íåñîáñòâåííûé èíòåãðàë

+∞∫
0

x sinxdx.

J
+∞∫
0

x sinxdx = lim
b→+∞

b∫
0

x sinxdx. Ïðèìåíèì ôîðìóëó èíòåãðèðîâà-

íèÿ ïî ÷àñòÿì, ïîëàãàÿ u = x, du = dx, dv = sinxdx, v = − cosx.
Ïîëó÷èì:

+∞∫
0

x sinxdx = lim
b→+∞

b∫
0

x sinxdx = lim
b→+∞

−x cosx
∣∣∣b
0

+

b∫
0

cosxdx

 =

= lim
b→+∞

[−b cos b+ sin b] .

Ýòîò ïðåäåë íå ñóùåñòâóåò, ñëåäîâàòåëüíî, èíòåãðàë ðàñõîäèòñÿ.I

Çàäàíèå 3. Âû÷èñëèòü èíòåãðàë I =

π
2∫

0

sin2 x·cos2 x

(sin3 x+cos3 x)
2dx.

JÏîëîæèâ tg x = t; dx = dt
1+t2 , ïîëó÷èì:

I =

+∞∫
0

t2

(1 + t3)2
dt = lim

b→+∞

b∫
0

t2

(1 + t3)2
dt = −1

3
lim
b→+∞

[
1

1 + t3

∣∣∣∣b
0

]
=

1

3
. I
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Çàäàíèå 4. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé y = 8a3

x2+4a2

(a > 0) è åå àñèìïòîòîé.

JÎñü Ox ÿâëÿåòñÿ àñèìïòîòîé ãðàôèêà ýòîé ôóíêöèè (ðèñóíîê 17.1).

Ðèñóíîê 17.1

Èñêîìàÿ ïëîùàäü S ðàâíà:

S =

+∞∫
−∞

8a3

x2 + 4a2
dx = 2

+∞∫
0

8a3dx

x2 + 4a2

(â ñèëó ñèììåòðèè ãðàôèêà îòíîñèòåëüíî îñè Ox).

Ïëîùàäü âûðàæàåòñÿ íåñîáñòâåííûì èíòåãðàëîì ñ áåñêîíå÷íûì âåðõ-
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íèì ïðåäåëîì:

S = lim
A→+∞

A∫
0

8a3dx

x2 + 4a2
= 4πa2 (êâ. åä.). I

Çàäàíèå 5. Âû÷èñëèòü ïëîùàäü ïåòëè äåêàðòîâà ëèñòà

x2 + y2 − 3axy = 0.

Ðèñóíîê 17.2
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JÄåêàðòîâ ëèñò èçîáðàæåí íà ðèñóíêå 17.2. Äëÿ óäîáñòâà âû÷èñëå-
íèÿ ïåðåéäåì ê ïàðàìåòðè÷åñêèì óðàâíåíèÿì:

x =
3at

1 + t3
, y =

3at

1 + t3
.

Ïðè èçìåíåíèè t îò 0 äî∞ òî÷êàM(x; y) îïèñûâàåò ïåòëþ. Ïëîùàäü
ýòîé ïåòëè îïðåäåëÿåòñÿ ïî ôîðìóëå.

S =
1

2

∞∫
0

(xdy − ydx) =
9a2

2

∞∫
0

t2dt

(1 + t3)2 =
3

2
a2 (êâ. åä.). I

Çàäàíèå 6. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòüþ, îáðàçî-
âàííîé âðàùåíèåì êðèâîé y = 1√

1+x2
âîêðóã îñè àáñöèññ.

J V = π

∞∫
−∞

y2dx = π

∞∫
−∞

dx

1 + x2
= 2π

∞∫
0

dx

1 + x2
= π2 (êóá. åä.). I

Çàäàíèå 7.Íàéòè äëèíó òîé ÷àñòè ëîãàðèôìè÷åñêîé ñïèðàëè ρ = eaϕ,
êîòîðàÿ çàêëþ÷åíà âíóòðè îêðóæíîñòè ρ = 1 (çàäà÷à Òîððè÷åëëè1).

JÂíóòðè îêðóæíîñòè ρ = 1 ëåæàò òî÷êè ëîãàðèôìè÷åñêîé ñïèðàëè,
ñîîòâåòñòâóþùèå èçìåíåíèþ ïîëÿðíîãî óãëà îò −∞ äî 0; åñëè ϕ→ −∞,

1Ýâàíäæåëèñòà Òîððè÷åëëè (1608�1647) � èòàëüÿíñêèé ìàòåìàòèê è ôèçèê.
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òî ïðè ýòîì ðàäèóñ-âåêòîð ρ ñïèðàëè áóäåò íåîãðàíè÷åííî óìåíüøàòüñÿ
äî íóëÿ, è òî÷êè ñïèðàëè áóäóò íåîãðàíè÷åííî ïðèáëèæàòüñÿ ê ïîëþñó.

Èñêîìàÿ äëèíà âûðàçèòñÿ ñëåäóþùèì íåñîáñòâåííûì èíòåãðàëîì:

l =

0∫
−∞

√
r2 + r′2dϕ =

0∫
−∞

√
e2aϕ + a2e2aϕdϕ =

=
√

1 + a2 lim
A→−∞

1

a
eaϕ
∣∣∣∣0
A

=

√
1 + a2

a
(åä. äë.).

Òîððè÷åëëè ïðèøåë ê ýòîìó ðåçóëüòàòó äî îòêðûòèÿ èíòåãðàëüíîãî
èñ÷èñëåíèÿ.I
Çàäàíèå 8. Íàéòè ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì

âîêðóã îñè Ox êðèâîé y = e−x îò x = 0 äî x = +∞.

JÈñêîìàÿ ïëîùàäü ïîâåðõíîñòè âû÷èñëÿåòñÿ ïî ôîðìóëå

Sx = 2π

b∫
a

y
√

1 + y′2dx.

Â íàøåì ñëó÷àå Sx =
+∞∫
0

e−x
√

1 + e−2xdx.
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Ñäåëàâ ïîäñòàíîâêó e−x = t, ïîëó÷èì t1 = 1, t2 = 0, −e−xdx = dt,
îòêóäà

Sx = 2π

1∫
0

√
1 + t2dt = π

[√
2 + ln

(
1 +
√

2
)]

(êâ. åä.). I

Çàäàíèå 9. Èññëåäîâàòü íà ñõîäèìîñòü íåñîáñòâåííûé èíòåãðàë:

+∞∫
0

x2

x4 − x2 + 1
= I.

JÔóíêöèÿ f (x) = x2

x4−x2+1 íåïðåðûâíà íà [0,+∞), à çíà÷èò, èíòåãðèðó-
åìà íà ëþáîì îòðåçêå [0, a] (a > 0).

I =

1∫
0

x2dx

x4 − x2 + 1
+

+∞∫
1

x2dx

x4 − x2 + 1
= I1 + I2.

I1 � ñóùåñòâóåò êàê èíòåãðàë Ðèìàíà. Äëÿ I2 ïðèìåíèì òåîðåìó ñðàâ-

íåíèÿ 17.3:
+∞∫
1

dx
x2 =

+∞∫
1

g (x) dx � ñõîäÿùèéñÿ èíòåãðàë.

lim
x→+∞

f (x)

g (x)
= lim

x→+∞

x2

x4−x2+1
1
x2

= lim
x→+∞

x4

x4 − x2 + 1
= 1,
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çíà÷èò, I � ñõîäèòñÿ.I
Çàäàíèå 10. Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäèìîñòü

íåñîáñòâåííûé èíòåãðàë:
+∞∫
0

√
x cosx
x+100 dx = I.

JÈññëåäóåì èíòåãðàë íà àáñîëþòíóþ ñõîäèìîñòü:

I∗ =

+∞∫
0

∣∣∣∣√x cosx

x+ 100

∣∣∣∣ dx >

∞∫
0

√
x cos2 x

x+ 100
dx =

=
1

2

+∞∫
0

√
xdx

x+ 100
+

1

2

+∞∫
0

√
x cos 2x

x+ 100
dx =

1

2
(I1 + I2).

I1 =

1∫
0

√
xdx

x+ 100
dx+

+∞∫
1

√
xdx

x+ 100
.

1∫
0

√
xdx

x+100 � ñõîäèòñÿ êàê èíòåãðàë Ðèìàíà.
+∞∫
1

√
xdx

x+100dx � ðàñõîäèòñÿ, òàê

êàê
√
x

x+100

x→∞∼ 1

x
1
2
, à

+∞∫
1

dx

x
1
2
� ðàñõîäèòñÿ. Çíà÷èò, I1 � ðàñõîäèòñÿ.

I2 =

100∫
0

√
x cos 2x

x+ 100
dx+

+∞∫
100

√
x cos 2x

x+ 100
dx.
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100∫
0

√
x cos 2x
x+100 dx � ñõîäèòñÿ êàê èíòåãðàë Ðèìàíà. Ïîêàæåì, ÷òî èíòåãðàë

+∞∫
100

√
x cos 2x
x+100 dx � ñõîäèòñÿ. Ïðèìåíèì ïðèçíàê Äèðèõëå (òåîðåìà 17.5).

1. Ôóíêöèÿ f(x) = cos 2x íåïðåðûâíà íà [100; +∞), à çíà÷èò, èíòå-
ãðèðóåìà íà êàæäîì êîíå÷íîì îòðåçêå èç ýòîãî ïðîìåæóòêà.

Ïåðâîîáðàçíàÿ

F (b) =

b∫
100

f(x)dx =

b∫
100

cos 2xdx =
1

2
sin 2x

∣∣∣b
100

=
1

2
(sin 2b− sin 200)

îãðàíè÷åíà íà [100; +∞):

|F (b)| = 1

2
|sin 2b− sin 200| < 1 ∀ b ∈ [100; +∞).

2. g(x) =
√
x

x+100 , g
′(x) = 100−x

2
√
x(x+100)2

6 0 íà [100; +∞).

lim
x→+∞

√
x

x+ 100
= 0.

Çíà÷èò, g(x) ìîíîòîííî ñòðåìèòñÿ ê 0 ïðè x→ +∞.

Òàêèì îáðàçîì,
+∞∫
100

√
x cos 2x
x+100 dx ñõîäèòñÿ ïî òåîðåìå 17.5.
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Çíà÷èò, I2 � ñõîäèòñÿ. Òîãäà I∗ � ðàñõîäèòñÿ, òî åñòü I íå ÿâëÿåòñÿ
àáñîëþòíî ñõîäÿùèìñÿ.

Èññëåäóåì èíòåãðàë íà óñëîâíóþ ñõîäèìîñòü.

+∞∫
0

√
x cosx

x+ 100
dx =

100∫
0

√
x cosx

x+ 100
dx+

+∞∫
100

√
x cosx

x+ 100
dx.

100∫
0

√
x cosx
x+100 dx � ñõîäèòñÿ êàê èíòåãðàë Ðèìàíà.

+∞∫
100

√
x cosx
x+100 dx ñõîäèòñÿ ïî

ïðèçíàêó Äèðèõëå (äîêàçàòåëüñòâî àíàëîãè÷íî ïðèâåäåííîìó âûøå).

Òàêèì îáðàçîì, èíòåãðàë
+∞∫
0

√
x cosx
x+100 dx ñõîäèòñÿ óñëîâíî.I

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Âû÷èñëèòü íåñîáñòâåííûå èíòåãðàëû:

1.1
∞∫
1

dx
x+x3 ;

1.2
∞∫
1

1
x2e
− 1
xdx;

1.3
∞∫
1

dx
x
√
x2+1

;

1.4
∞∫
e

dx
x ln2 x

;

1.5
∞∫
1

arctg xdx
1+x2 dx;

1.6
∞∫
−∞

dx
x2+2x+5 ;

1.7
∞∫
0

arctg x

(1+x2)
3
2
dx;

1.8
∞∫
2

dx
x
√
x2−1

;

1.9
∞∫
0

x2e−
x
2dx.
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2. Äîêàçàòü, ÷òî ñëåäóþùèå èíòåãðàëû ðàñõîäÿòñÿ:

2.1
∞∫
1

dx√
x
;

2.2
∞∫
2

dx
x lnx ;

2.3
∞∫
1

x cosxdx;

2.4
∞∫
0

x2 cosxdx;

2.5
∞∫
2

xdx
x2−1 ;

2.6
∞∫
2

dx√
4+x2

;

2.7
∞∫
0

x2dx
x3+x+1 ;

2.8
∞∫
0

x2π−1e2xdx.

3. Èññëåäîâàòü ñëåäóþùèå èíòåãðàëû íà ñõîäèìîñòü:

3.1
∞∫
0

x13

(x5+x3+1)
3dx;

3.2
∞∫
2

xdx√
x4+1

;

3.3
∞∫
0

√
xe−xdx;

3.4
∞∫
2

dx
x2+ 3
√
x4+1

.

4. Äîêàçàòü, ÷òî ïëîùàäü îáëàñòè, çàêëþ÷åííîé ìåæäó îñüþ àáñöèññ,
îñüþ îðäèíàò, êðèâîé y = 1√

1−x2 è àñèìïòîòîé x = 1, êîíå÷íà è
ðàâíà −π

2 .

5. Äîêàçàòü, ÷òî ïëîùàäü îáëàñòè, çàêëþ÷åííîé ìåæäó êðèâîé y = 1
3
√
x2
,

îñüþ àáñöèññ è ïðÿìûìè x = ±1, êîíå÷íà è ðàâíà 6, à ïëîùàäü îá-
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ëàñòè, çàêëþ÷åííîé ìåæäó êðèâîé y = 1
x2 , îñüþ àáñöèññ è ïðÿìûìè

x = ±1, áåñêîíå÷íà.

6. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòüþ, ïîëó÷àåìîé ïðè
âðàùåíèè êðèâîé y = 1

1+x2 âîêðóã îñè àáñöèññ.

7. Íàéòè ïëîùàäü, ñîäåðæàùóþñÿ ìåæäó öèññîèäîé y = x3

2a−x è åå
àñèìïòîòîé x = 2a.

8. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòüþ, îáðàçîâàííîé âðà-
ùåíèåì öèññîèäû y2 = x3

2a−x âîêðóã åå àñèìïòîòû x = 2a.

9. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòüþ, ïîëó÷àåìîé ïðè
âðàùåíèè êðèâîé y2 = 2xe−2x âîêðóã ñâîåé àñèìïòîòû.

ÏÐÀÊÒÈ×ÅÑÊÎÅ ÇÀÍßÒÈÅ 16

Íåñîáñòâåííûå èíòåãðàëû âòîðîãî ðîäà è èõ ïðèëîæåíèÿ

Çàäàíèå 1. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë

I =

1∫
−1

3x2 + 2
3
√
x2

dx.
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JÏðåîáðàçóåì äàííûé èíòåãðàë ñëåäóþùèì îáðàçîì:

I =

1∫
−1

3x2 + 2
3
√
x2

dx = 3

1∫
−1

x
4
3dx+ 2

1∫
−1

x−
2
3dx = 3I1 + 2I2.

Èíòåãðàë I1 ëåãêî âû÷èñëÿåòñÿ ïðè ïîìîùè ôîðìóëû Íüþòîíà �
Ëåéáíèöà (çàêîííîñòü ïðèìåíåíèÿ ôîðìóëû Íüþòîíà � Ëåéáíèöà âû-

òåêàåò èç íåïðåðûâíîñòè ïîäûíòåãðàëüíîé ôóíêöèè) I1 = 3
7 x

7
3

∣∣∣1
−1

= 6
7 .

Èíòåãðàë I2 ÿâëÿåòñÿ íåñîáñòâåííûì èíòåãðàëîì.

Íåñîáñòâåííûé èíòåãðàë I2 ñëåäóåò ïðåäñòàâèòü â âèäå ñóììû äâóõ
èíòåãðàëîâ (èáî òî÷êà ðàçðûâà x = 0 ëåæèò âíóòðè ïðîìåæóòêà èíòå-
ãðèðîâàíèÿ):

I2 =

1∫
−1

x−
2
3dx =

0∫
−1

x−
2
3dx+

1∫
0

x−
2
3dx = lim

ε1→−0

ε1∫
−1

x−
2
3dx+

+ lim
ε2→+0

1∫
ε2

x−
2
3dx = lim

ε1→−0
3x

1
3

∣∣∣ε1
−1

+ lim
ε2→+0

3x
1
3

∣∣∣1
ε2

= 3 + 3 = 6.

Èòàê, I = 3I1 + 2I2 = 3 · 6
7 + 2 · 6 = 144

7 . I
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Çàäàíèå 2. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë

I =

1∫
0

dx√
x(1− x)

.

JÏîäûíòåãðàëüíàÿ ôóíêöèÿ íåîãðàíè÷åíà â îêðåñòíîñòÿõ òî÷åê x = 0
è x = 1.

I =

1
2∫

0

dx√
x(1− x)

+

1∫
1
2

dx√
x(1− x)

= I1 + I2.

Îáà èíòåãðàëà I1 è I2 íåñîáñòâåííûå.
Ïî îïðåäåëåíèþ èìååì:

I = lim
ε1→+0

1
2∫

ε1

dx√
x(1− x)

+ lim
ε2→+0

1−ε2∫
1
2

dx√
x(1− x)

=

= lim
ε1→+0

[
arcsin(2x− 1)

∣∣∣ 12
ε1

]
+ lim

ε2→+0

[
arcsin(2x− 1)

∣∣∣1−ε2
1
2

]
=

= lim
ε1→+0

[arcsin 0− arcsin(2ε1 − 1)] + lim
ε2→+0

[arcsin(1− 2ε2)− arcsin 0] =

=
π

2
+
π

2
= π. I
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Çàäàíèå 3. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë

I =

2∫
1

xdx√
x2 − 1

.

JÇäåñü ïîäûíòåãðàëüíàÿ ôóíêöèÿ f(x) = xdx√
x2−1

òåðïèò áåñêîíå÷íûé

ðàçðûâ â òî÷êå x = 1, íî åå ïåðâîîáðàçíàÿ F (x) =
√
x2 − 1 íåïðåðûâ-

íà íà ïðîìåæóòêå [1; 2]. Ïîýòîìó çäåñü ïðèìåíèìà ôîðìóëà Íüþòîíà �
Ëåéáíèöà.

I =

2∫
1

xdx√
x2 − 1

=
√
x2 − 1

∣∣∣2
1

=
√

3. I

Çàäàíèå 4. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë

I =

2∫
1

x− 2√
x− 1

dx.

JÏðåîáðàçóåì èíòåãðàë ñëåäóþùèì îáðàçîì:

I =

2∫
1

x− 2√
x− 1

dx =

2∫
1

x− 1√
x− 1

dx−
2∫

1

dx√
x− 1

=

2∫
1

√
x− 1dx

︸ ︷︷ ︸
I1

−
2∫

1

dx√
x− 1︸ ︷︷ ︸
I2

.
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Â èíòåãðàëå I1 ïîäûíòåãðàëüíàÿ ôóíêöèÿ íåïðåðûâíà â ïðîìåæóòêå
[1; 2], ïîýòîìó åãî ìîæíî âû÷èñëÿòü ïî ôîðìóëå Íüþòîíà � Ëåéáíèöà:

I1 =

2∫
1

√
x− 1dx =

(x− 1)
3
2

3
2

=
2

3
.

Èíòåãðàë I2 íåñîáñòâåííûé, òàê êàê ïðè x → 1 ïîäûíòåãðàëüíàÿ
ôóíêöèÿ 1√

x−1
→∞. Ïî îïðåäåëåíèþ:

I2 = lim
ε→+0

2∫
1+ε

dx√
x− 1

= lim
ε→+0

2
√
x− 1

∣∣∣∣2
1+ε

=

= 2

[√
2− 1− lim

ε→+0

√
(1 + ε)− 1

]
= 2.

Îêîí÷àòåëüíî, I = I1 − I2 = 2
3 − 2 = −4

3 . I
Çàäàíèå 5. Èññëåäóéòå íà ñõîäèìîñòü íåñîáñòâåííûé èíòåãðàë:

2∫
0

dx

x2 − 4x+ 3
.

J

2∫
0

dx

x2 − 4x+ 3
=

 x2 − 4x+ 3 = 0;
x1 = 1;
x2 = 3.

 =
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= lim
δ→+0

1−δ∫
0

dx

x2 − 4x+ 3
+ lim

ε→+0

2∫
1+ε

dx

x2 − 4x+ 3
=

= lim
δ→+0

1

2
ln

∣∣∣∣x− 2− 1

x− 2 + 1

∣∣∣∣∣∣∣∣1−δ
0

+ lim
ε→+0

1

2
ln

∣∣∣∣x− 2− 1

x− 2 + 1

∣∣∣∣∣∣∣∣2
1+ε

=

=
1

2

(
lim
δ→+0

ln

∣∣∣∣−δ − 2

−δ

∣∣∣∣− ln 3 + lim
ε→+0

ln

∣∣∣∣ε− 2

ε

∣∣∣∣) = +∞.

Çíà÷èò,
2∫

0

dx
x2−4x+3 � ðàñõîäèòñÿ.I

Çàäàíèå 6. Âû÷èñëèòü èíòåãðàë I =
2∫

1

dx
x
√

3x2−2x−1
.

J 3x2 − 2x− 1 = 0,
D

4
= 1 + 3 = 4, x1,2 =

1± 2

3
, x1 = 1, x2 = −1

3
.

Èñïîëüçóåì ïîäñòàíîâêó:

1

x
= t, x =

1

t
, dx = −dt

t2
,
√

3x2 − 2x− 1
∣∣∣x= 1

t
=

=

√
3

1

t2
− 2

t
− 1 =

√
−t2 − 2t+ 3

t
, tí = 1, tâ =

1

2
,
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I =

0,5∫
1

−dt
t2

1
t

√
−t2−2t+3

t

= −
0,5∫
1

dt√
−t2 − 2t+ 3

.

−t2 − 2t+ 3 = −
(
t2 + 2t− 3

)
= −

(
t2 + 2t+ 1− 4

)
= 4− (t+ 1)2 .

I = −
0,5∫
1

d (t+ 1)√
4− (t+ 1)2

=

1∫
0,5

d (t+ 1)√
4− (t+ 1)2

= lim
ε→+0

arcsin
t+ 1

2

∣∣∣∣1−ε
0,5

=

= lim
ε→+0

(
arcsin

1− ε+ 1

2
− arcsin

3

4

)
=
π

2
− arcsin

3

4
. I

Çàäàíèå 7. Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäèìîñòü

0,5∫
0

cos3(lnx)

x lnx
dx. (17.2)

JÈññëåäóåì èíòåãðàë (17.2) íà ñõîäèìîñòü.

Ïóñòü f (x) = cos3(lnx)
x . Ïîêàæåì, ÷òî ïåðâîîáðàçíàÿ ôóíêöèè f(x)

îãðàíè÷åíà íà ïðîìåæóòêå (0; 0, 5].∣∣∣∣∣∣
0,5∫
t

cos3(lnx)

x
dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0,5∫
t

cos2(lnx)d (sin(lnx))

∣∣∣∣∣∣ =
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=
[
cos2(lnx) = 1− sin2(lnx)

]
=

=

∣∣∣∣∣∣
0,5∫
t

(
1− sin2(lnx)

)
d sin(lnx)

∣∣∣∣∣∣ =

∣∣∣∣sin(lnx)
∣∣∣0,5
t
− 1

3
sin3(lnx)

∣∣∣0,5
t

∣∣∣∣ 6 2
2

3
.

Ïóñòü g (x) = 1
lnx . Ïîêàæåì, ÷òî g(x) ìîíîòîííî ñòðåìèòñÿ ê íóëþ

ïðè x→ +0.

g′ (x) = −
1
x

(lnx)2 < 0 äëÿ x ∈ (0; 0, 5], lim
x→+0

g (x) = lim
x→+0

1

lnx
= 0.

Çíà÷èò, ïî òåîðåìå 17.5 (ïðèçíàê Äèðèõëå), èíòåãðàë (17.2) ñõîäèòñÿ.

Èññëåäóåì èíòåãðàë (17.2) íà óñëîâíóþ ñõîäèìîñòü. Äëÿ ýòîãî èññëå-
äóåì íà ñõîäèìîñòü èíòåãðàë

0,5∫
0

∣∣∣∣cos3(lnx)

x lnx

∣∣∣∣ dx. (17.3)

∣∣∣∣cos3(lnx)

x lnx

∣∣∣∣ =
|cos(lnx)| cos2(lnx)

−x lnx
>

cos2(lnx) cos2(lnx)

−x lnx
=

= − 1

x lnx

(
1 + cos(2 lnx)

2

)2

=
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= − 1

4x lnx

(
1 + 2 cos(2 lnx) +

1 + cos(4 lnx)

2

)
=

= − 3

8x lnx
− cos(2 lnx)

2x lnx
− cos(4 lnx)

8x lnx
.

Èíòåãðàë −
0,5∫
0

3
8x lnxdx ðàñõîäèòñÿ, èíòåãðàë −

0,5∫
0

cos(2 lnx)
2x lnx dx ñõîäèò-

ñÿ, èíòåãðàë −
0,5∫
0

cos(4 lnx)
8x lnx dx ñõîäèòñÿ (ïîêàæèòå ýòî ñàìîñòîÿòåëüíî),

çíà÷èò, èíòåãðàë 17.3 � ðàñõîäèòñÿ, òî åñòü èíòåãðàë (17.2) ñõîäèòñÿ
óñëîâíî.I

Çàäàíèå 8. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë In =
1∫

0

(lnx)n dx,

n = 0, 1, . . ..
JÈíòåãðèðóÿ ïî ÷àñòÿì (ïðè n ∈ N), èìååì:

In = x (lnx)n
∣∣∣1
0
− n

1∫
0

(lnx)n−1 dx = −nIn−1,

òàê êàê lim
x→+0

x (lnx)n = 0. Ýòî ðàâåíñòâî ëåãêî ïîëó÷èòü, åñëè ïðèìå-

íèòü n ðàç ïðàâèëî Ëîïèòàëÿ:

lim
x→+0

x (lnx)n = lim
x→+0

(lnx)n

1
x

= −n lim
x→+0

(lnx)n−1

1
x

= . . . =
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= (−1)n+1n! lim
x→+0

x = 0.

Çàìåòèâ, ÷òî I0 =
1∫

0

dx = 1, ïîëó÷èì In = (−1)nn!. I

Çàäàíèå 9. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë J =

π
2∫

0

ln(sinx)dx

(èíòåãðàë Ýéëåðà).
JÑäåëàâ çàìåíó ïåðåìåííîé x = 2t, ïîëó÷èì:

J = 2

π
4∫

0

ln(sin 2t)dt = 2

π
4∫

0

ln(2 sin t · cos t)dt =

=
π

2
ln 2 + 2

π
4∫

0

ln(sin t)dt+ 2

π
4∫

0

ln(cos t)dt.

Âûïîëíèâ â ïîñëåäíåì èíòåãðàëå çàìåíó ïåðåìåííîé t = π
2 − y, ïîëó-

÷èì:

J =
π

2
ln 2 + 2

π
4∫

0

ln(sin t)dt+ 2

π
2∫

π
4

ln(sin y)dy =
π

2
ln 2 + 2

π
2∫

0

ln(sin t)dt,

òî åñòü J = π
2 ln 2 + J , îòêóäà J = −π

2 ln 2. I
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Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

1. Âû÷èñëèòå íåñîáñòâåííûå èíòåãðàëû èëè äîêàæèòå èõ ðàñõîäèìîñòü:

1.1
2∫

0

dx
3
√

(x−1)
2
;

1.2
3∫

2

xdx
4
√
x2−4

;

1.3
− 1
e∫

0

dx
x ln2 x

;

1.4
2∫

0

dx√
x2−4x+3

;

1.5
2∫

0

dx
x
√

lnx
;

1.6
1∫
−1

3x2+2
3
√
x2
dx;

1.7
b∫
a

dx√
(x−a)(b−x)

;

1.8
∞∫
1

dx
x
√
x2−1

;

1.9
− 1

2∫
0

dx
x ln2 x

;

1.10

π
2∫

0

ln(sinx)dx;

1.11
2∫

1

dx
lnx ;

1.12
1∫

0

dx
ex−cosx ;

1.13
1∫

0

xp lnq 1
xdx;

1.14
∞∫
1

dx
xp lnq x ;

1.15

π
4∫

1

sinx
x
√
x
dx.

2. Èññëåäóéòå èíòåãðàë íà ñõîäèìîñòü
1∫

0

xmdx√
1−x2 ïðè m ∈ N à) ÷åòíîì;

á) íå÷åòíîì.
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Âàðèàíòû çàäàíèé äëÿ èíäèâèäóàëüíîé ðàáîòû

Âàðèàíò 1

1. Âû÷èñëèòü èíòåãðàë, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòå-

ãðàëà êàê ïðåäåëà èíòåãðàëüíûõ ñóìì:
b∫
a

lnx
x dx (ðàçáèòü îòðåçîê

[a; b] íà ÷àñòè òî÷êàìè, îáðàçóþùèìè ãåîìåòðè÷åñêóþ ïðîãðåññèþ).

2. Îöåíèòü èíòåãðàë:
2π∫
0

dx
10+3 cosx .

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë
2∫

1

dx
x
√

1+x2
.

4. Âû÷èñëèòü ïëîùàäü, îãðàíè÷åííóþ ëèíèÿìè: ρ = 2
√

3a cosϕ è
ρ = 2a sinϕ.

5. Âû÷èñëèòü îáúåì ÷àñòè öèëèíäðà, îòñå÷åííîé ïëîñêîñòüþ, êîòîðàÿ
ïðîõîäèò ÷åðåç äèàìåòð 2R åãî îñíîâàíèÿ ïîä óãëîì α ê ïëîñêîñòè
îñíîâàíèÿ.

6. Îïðåäåëèòü äëèíó êðèâîé y = x2

2 − 1, îòñå÷åííîé îñüþ Ox.

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé
y = x2

2 , îòñå÷åííîé ïðÿìîé y = 1, 5, âîêðóã îñè Oy.
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8. Âû÷èñëèòü ðàáîòó, êîòîðóþ íåîáõîäèìî çàòðàòèòü, ÷òîáû âûêà÷àòü
âîäó èç êîòëà, èìåþùåãî ôîðìó ïàðàáîëîèäà âðàùåíèÿ, ðàäèóñ îñ-
íîâàíèÿ êîòîðîãî ðàâåí R, à âûñîòà H.

9. Íàéòè öåíòð òÿæåñòè êðèâîé x = 1
4y

2− 1
2 ln y, ñîäåðæàùåéñÿ ìåæäó

òî÷êàìè, äëÿ êîòîðûõ y = 1 è y = 2.

10. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
∞∫
1

dx
x+x3 .

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
2∫

0

dx
3
√

(x−1)
2
.

Âàðèàíò 2

1. Âû÷èñëèòü èíòåãðàë, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòå-

ãðàëà êàê ïðåäåëà èíòåãðàëüíûõ ñóìì:
a∫
0

xexdx.

2. Îöåíèòü èíòåãðàë:

√
3∫

√
3
3

x arctg xdx.

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë

√
3∫

1

√
1+x2

x2 dx.

4. Íàéòè ïëîùàäü, çàêëþ÷åííóþ ìåæäó ëèíèÿìè ρ = 2 − cosϕ è
ρ = cosϕ.
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5. Íàéòè îáúåì, îãðàíè÷åííûé äâóìÿ ýëëèïòè÷åñêèìè öèëèíäðàìè
x2

a2 + y2

b2 = 1 è x2

a2 + z2

b2 = 1.

6. Îïðåäåëèòü äëèíó êðèâîé y2 = (x+ 1)3, îòñå÷åííîé ïðÿìîé x= 4.

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé
y2 = 4 + x, îòñå÷åííîé ïðÿìîé x = 2, âîêðóã îñè Ox.

8. Âû÷èñëèòü ðàáîòó, êîòîðóþ íàäî çàòðàòèòü, ÷òîáû îñòàíîâèòü æå-
ëåçíûé øàð ðàäèóñàR, âðàùàþùèéñÿ ñ óãëîâîé ñêîðîñòüþ ω âîêðóã
ñâîåãî äèàìåòðà.

9. Íàéòè öåíòð òÿæåñòè äóãè îêðóæíîñòè ðàäèóñà a, ñòÿãèâàþùåé
óãîë 2α.

10. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
∞∫
1

1
x2e
− 1
xdx.

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
3∫

2

xdx
4
√
x2−4

.

Âàðèàíò 3

1. Âû÷èñëèòü èíòåãðàë, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî èíòå-

ãðàëà êàê ïðåäåëà èíòåãðàëüíûõ ñóìì:
b∫
a

dx
x2 (0 < a < b) (ïîëîæèòü

xi =
√
xixi+1, i= 0, 1, . . . , n).



506

2. Îöåíèòü èíòåãðàë
1∫

0

x6√
1+x

dx.

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë
6∫

3

√
x2−9
x4 dx.

4. Âû÷èñëèòü ïëîùàäü îáùåé ÷àñòè êðóãîâ ρ = a cosϕ, ρ = a cosϕ+a sinϕ.

5. Âû÷èñëèòü îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x2 + y2 = ax,
x − z = 0, x + z = 0, ðàññìîòðåâ ñå÷åíèÿ, ïåðïåíäèêóëÿðíûå îñè
Ox.

6. Îïðåäåëèòü äëèíó êðèâîé 9y2 = x (x− 3)2 ìåæäó òî÷êàìè ïåðåñå-
÷åíèÿ ñ îñüþ Ox.

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé
y = cos πx

2a âîêðóã îñè Ox îò x1 = −a äî x2 = a.

8. Âû÷èñëèòü ðàáîòó, êîòîðóþ íåîáõîäèìî çàòðàòèòü, ÷òîáû òåëî ìàñ-
ñû m ïîäíÿòü ñ ïîâåðõíîñòè Çåìëè, ðàäèóñ êîòîðîé R, íà âûñîòó h.

9. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé ïàðàáî-
ëàìè ax= y2, ay = x2 (x > 0).

10. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
∞∫
1

dx
x
√
x2+1

.
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11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
− 1
e∫

0

dx
x ln2 x

.

Âàðèàíò 4

1. Âû÷èñëèòü èíòåãðàë

π
2∫

0

sinxdx, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåí-

íîãî èíòåãðàëà êàê ïðåäåëà èíòåãðàëüíûõ ñóìì.

2. Äîêàçàòü, ÷òî 2
5 <

2∫
1

xdx
x2+1 <

1
2 .

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë

π
2∫

0

dx
2+cosx .

4. Âû÷èñëèòü ïëîùàäü, îãðàíè÷åííîé êðèâîé ρ = 2a cos 3ϕ è ëåæà-
ùóþ âíå êðóãà ρ = a.

5. Âû÷èñëèòü îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x2 + y2 = 1,
x2 + z2 = 1, ðàññìîòðåâ ãîðèçîíòàëüíûå ñå÷åíèÿ.

6. Îïðåäåëèòü äëèíó êðèâîé y = ln sinx ìåæäó òî÷êàìè, àáñöèññû
êîòîðûõ ðàâíû π

2 è π
3 .

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì âîêðóã
îñè Oy ýëëèïñà 3x2 + 4y2 = 12.
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8. Âû÷èñëèòü êèíåòè÷åñêóþ ýíåðãèþ øàðà ìàññûm è ðàäèóñà R, âðà-
ùàþùåãîñÿ ñ óãëîâîé ñêîðîñòüþ ω îêîëî îñè, ïðîõîäÿùåé ÷åðåç åãî
öåíòð.

9. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé îñüþ Ox

è ïàðàáîëîé x2 + 4y − 16 = 0.

10. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
∞∫
e

dx
x ln2 x

.

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
2∫

0

dx√
x2−4x+3

.

Âàðèàíò 5

1. Âû÷èñëèòü èíòåãðàë
2∫

0

dx
x , èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî

èíòåãðàëà êàê ïðåäåëà èíòåãðàëüíûõ ñóìì.

2. Äîêàçàòü, ÷òî: π6 <
1∫

0

dx√
4−x2−x3 6

π
4
√

2
.

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë
1∫
√
2
2

√
4−x2
x2 dx.

4. Ïîêàçàòü, ÷òî ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëþáûìè äâóìÿ ðàäèóñ-
âåêòîðàìè ãèïåðáîëè÷åñêîé ñïèðàëè ρϕ = a è åå êðèâîé, ïðÿìî
ïðîïîðöèîíàëüíà ðàçíîñòè ýòèõ ðàäèóñîâ.
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5. Âû÷èñëèòü îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x2+y2+z2 = 1,
x2 + y2 = 1.

6. Íàéòè ïåðèìåòð ôèãóðû, îãðàíè÷åííîé ëèíèÿìè x2 = (y + 1)3 è
y = 4.

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì âîêðóã
îñè Oy ïåòëè êðèâîé 9x2 = y (3− y).

8. Øàð ëåæèò íà äíå áàññåéíà ãëóáèíîé H. Âû÷èñëèòü ðàáîòó, êîòî-
ðóþ íåîáõîäèìî çàòðàòèòü, ÷òîáû èçâëå÷ü øàð èç âîäû, åñëè åãî
ðàäèóñ ðàâåí R, à åãî ïëîòíîñòü δ.

9. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé ïðÿìîé
y = 2

πx è ñèíóñîèäîé y = sinx ïðè x > 0.

10. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
∞∫
1

arctg xdx
1+x2 dx.

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
2∫

0

dx
x
√

lnx
.

Âàðèàíò 6

1. Âû÷èñëèòü èíòåãðàë
10∫
0

2xdx, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî

èíòåãðàëà êàê ïðåäåëà èíòåãðàëüíûõ ñóìì.
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2. Äîêàçàòü, ÷òî 2
4
√
e
<

2∫
0

ex
2−xdx < 2e.

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë

π
2∫

6

dx

1 + sin x+ cosx
.

4. Âû÷èñëèòü ïëîùàäü ïåòëè êðèâîé x = 3t2, y = 3t− t3.

5. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè Oy ôèãó-
ðû, îãðàíè÷åííîé àñòðîèäîé x = a cos3 t, y = b sin3 t. Äîêàçàòü, ÷òî
ýòîò îáúåì ðàâåí îáúåìó òåëà, ïîëó÷åííîãî ïðè âðàùåíèè òîé æå
ôèãóðû âîêðóã îñè àáñöèññ.

6. Âû÷èñëèòü äëèíó êðèâîé x = t2, y = t− 1
2t

3 â ïðåäåëàõ îò 0 äî
√

3.

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì âîêðóã
îñè àáñöèññ ïåòëè êðèâîé 9y2 = x2 − x4.

8. Ýëåêòðè÷åñêèé çàðÿä E, ñîñðåäîòî÷åííûé â íà÷àëå êîîðäèíàò, îò-
òàëêèâàåò çàðÿä e èç òî÷êè (a; 0) â òî÷êó (b; 0). Îïðåäåëèòü ðàáîòó
A ñèëû îòòàëêèâàíèÿ F , åñëè èçâåñòíî F = Ee

x2 äèí, ãäå x ñì �
ðàññòîÿíèå ìåæäó çàðÿäàìè E è e.
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9. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé îñüþ àáñ-

öèññ è ïåðâîé àðêîé öèêëîèäû

{
x = a (t− sin t) ,
y = a (1− cos t) .

10. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
∞∫
−∞

dx
x2+2x+5 .

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
1∫
−1

3x2+2
3
√
x2
dx.

Âàðèàíò 7

1. Âû÷èñëèòü èíòåãðàë
b∫
a

ekxdx, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííîãî

èíòåãðàëà êàê ïðåäåëà èíòåãðàëüíûõ ñóìì.

2. Âûÿñíèòü, íå âû÷èñëÿÿ èíòåãðàëû, êàêîé èç èíòåãðàëîâ áîëüøå:
1∫

0

√
1 + x2dx èëè

1∫
0

xdx.

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë

π
2∫

0

cosxdx

6− 5 sinx+ sin2 x
.
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4. Âû÷èñëèòü ïëîùàäü, ñîäåðæàùóþñÿ âíóòðè ïåòëè

x =
t2

1 + t2
, y =

t
(
1− t2

)
1 + t2

.

5. Âû÷èñëèòü îáúåì òåëà, ïîëó÷åííîãî âðàùåíèåì âîêðóã îñè Ox êðè-
âîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé êðèâîé x = a sin t, y = b sin 2t.

6. Âû÷èñëèòü äëèíó ýâîëþòû ýëëèïñà{
x = c2

a cos3 t,

y = c2

b sin3 t,

(
c2 = a2 − b2

)
, a > b.

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì ÷àñòè
ïàðàáîëû y2 = 2x ìåæäó òî÷êàìè ïåðåñå÷åíèÿ ñ ïðÿìîé 2x = 3.

8. Öèëèíäð ñ âûñîòîé H è ðàäèóñîì R, íàïîëíåííûé ãàçîì ïîä àòìî-
ñôåðíûì äàâëåíèåì p0, çàêðûò ïîðøíåì. Âû÷èñëèòü ðàáîòó, çàòðà-
÷èâàåìóþ íà èçîòåðìè÷åñêîå ñæàòèå ãàçà ïðè ïåðåìåùåíèè ïîðøíÿ
íà ðàññòîÿíèå h âíóòðü öèëèíäðà. Óêàçàíèå. Ïðè èçîòåðìè÷åñêîì
èçìåíåíèè ñîñòîÿíèÿ ãàçà, êîãäà åãî òåìïåðàòóðà îñòàåòñÿ íåèç-

ìåííîé, çàâèñèìîñòü ìåæäó îáúåìîì V è äàâëåíèåì p ãàçà âûðà-
æàåòñÿ ôîðìóëîé pV = C = const (çàêîí Áîéëÿ � Ìàðèîòòà).

9. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé âåðõíåé
ïîëîâèíîé êàðäèîèäû ρ = a (1 + cosϕ).
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10. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
∞∫
2

dx
x
√
x2−1

.

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
∞∫
1

dx
x
√
x2−1

.

Âàðèàíò 8

1. Âû÷èñëèòü èíòåãðàë
1∫

0

x
(
1− x2

)
dx, èñïîëüçóÿ îïðåäåëåíèå îïðå-

äåëåííîãî èíòåãðàëà êàê ïðåäåëà èíòåãðàëüíûõ ñóìì.

2. Âûÿñíèòü, íå âû÷èñëÿÿ èíòåãðàëû, êàêîé èç èíòåãðàëîâ áîëüøå:
1∫

0

x2 sin2 xdx èëè
1∫

0

x sin2 xdx.

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë

π
2∫

0

x cosxdx.

4. Âû÷èñëèòü ïëîùàäü, îãðàíè÷åííóþ êðèâîé x4 +y4 = ax2 (ïðèâåñòè
óðàâíåíèå ê ïàðàìåòðè÷åñêîìó âèäó, ïîëîæèâ y = tx).

5. Âû÷èñëèòü îáúåì òåëà, ïîëó÷åííîãî ïðè âðàùåíèè âîêðóã îñè Ox
êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé ÷àñòüþ ýâîëþòû ýëëèïñà

x =
c2

a
cos3 t, y = −c

2

b
sin3 t,

ëåæàùåé â ïåðâîì êâàäðàòå, è îñÿìè êîîðäèíàò.



514

6. Íàéòè äëèíó ýïèöèêëîèäû

{
x = a (2 cos t+ cos 2t) ,
y = a (2 sin t+ sin 2t) .

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì âîêðóã
îñè Ox êðèâîé x = 1

4y
2 − 1

2 ln y îò y = 1 äî y = e.

8. Âû÷èñëèòü ñîïðîòèâëåíèå ïðè ïðîõîæäåíèè òîêà ñ îäíîãî îñíîâà-
íèÿ óñå÷åííîãî êîíóñà ê äðóãîìó, åñëè ðàäèóñû îñíîâàíèé ðàâíû a

è b, à âûñîòà óñå÷åííîãî êîíóñà ðàâíà H.

9. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ñåêòîðà, îãðàíè÷åííîãî îäíèì
ïîëóâèòêîì àðõèìåäîâîé ñïèðàëè ρ = aϕ îò ϕ1 = 0 äî ϕ2 = π.

10. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
∞∫
0

x2e−
x
2dx.

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
− 1

2∫
0

dx
x ln2 x

.

Âàðèàíò 9

1. Âû÷èñëèòü èíòåãðàë
e∫

1

lnxdx, èñïîëüçóÿ îïðåäåëåíèå îïðåäåëåííî-

ãî èíòåãðàëà êàê ïðåäåëà èíòåãðàëüíûõ ñóìì.

2. Âûÿñíèòü, íå âû÷èñëÿÿ èíòåãðàëû, êàêîé èç èíòåãðàëîâ áîëüøå:
2∫

1

lnxdx èëè
2∫

1

(lnx)2 dx.
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3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë

2∫
1

(3x+ 2) lnxdx.

4. Âû÷èñëèòü ïëîùàäü, îãðàíè÷åííóþ îäíîé ïåòëåé êðèâîé{
x = a sin 2t,
y = a sin t.

5. Íàéòè îáúåì òåëà, êîòîðîå ïîëó÷àåòñÿ ïðè âðàùåíèÿ ôèãóðû, îãðà-
íè÷åííîé êàðäèîèäîé ρ = α(1 + cosϕ), âîêðóã ïîëÿðíîé îñè.

6. Íàéòè äëèíó êðèâîé

{
x = et (cos t+ sin t) ,
y = et (cos t+ sin t) ,

îò òî÷êè t1 = 0 äî

òî÷êè t2 = 1.

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì âîêðóã
îñè Oy êðèâîé y2 + 4x = 2 ln y îò y = 1 äî y = 2.

8. Îïðåäåëèòü ñèëó äàâëåíèÿ âîäû íà âåðòèêàëüíûé ïðÿìîóãîëüíûé
øëþç ñ îñíîâàíèåì 18 ì è âûñîòîé 6 ì.

9. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ÷àñòè ëîãàðèôìè÷åñêîé ñïèðà-
ëè ρ = aeϕ îò ϕ1 = π

2 äî ϕ2 = π.
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10. Äîêàçàòü, ÷òî ñëåäóþùèé èíòåãðàë ðàñõîäèòñÿ
∞∫
1

dx√
x
.

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë

π
2∫

0

ln(sinx)dx.

Âàðèàíò 10

1. Âû÷èñëèòü èíòåãðàë
4∫

1

x3dx ïî îïðåäåëåíèþ, ðàçáèâàÿ îòðåçîê [1; 4]

íà ðàâíûå ÷àñòè è âûáèðàÿ â êà÷åñòâå xk ëåâûå êîíöû ýòèõ ÷àñòåé.

2. Âûÿñíèòü, íå âû÷èñëÿÿ èíòåãðàëû, êàêîé èç èíòåãðàëîâ áîëüøå:
4∫

3

lnxdx èëè
4∫

3

(lnx)2 dx.

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë
1∫

0

arcsinx√
1+x

dx.

4. Âû÷èñëèòü ïëîùàäü, îãðàíè÷åííóþ îäíîé âåòâüþ òðîõîèäû{
x = at− b sin t,
y = a− b cos t,

(0 < b 6 a) è êàñàòåëüíîé ê íåé â íèçøèõ åå òî÷êàõ.

5. Âû÷èñëèòü îáúåì, êîòîðûé îáðàçóåòñÿ âðàùåíèåì êðóãà ρ = α sinϕ
âîêðóã ïîëÿðíîé îñè.
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6. Íàéòè äëèíó ýâîëüâåíòû îêðóæíîñòè

{
x = a (cos t+ t sin t) ,
y = a (sin t− t cos t) ,

îò

t = 0 äî t= 2π.

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé
x = et sin t, y = et cos t âîêðóã îñè Ox îò t1 = 0 äî t2 = π

2 .

8. Âû÷èñëèòü ñèëó äàâëåíèÿ âîäû íà òðåóãîëüíèê, âûñîòà êîòîðîãî
ðàâíà h ñì, à îñíîâàíèå b ñì, åñëè îí ïîãðóæåí â âîäó òàêèì îá-
ðàçîì, ÷òî îñíîâàíèå åãî ëåæèò íà ïîâåðõíîñòè âîäû, à âûñîòà íà-
ïðàâëåíà âåðòèêàëüíî âíèç.

9. Ïîëüçóÿñü òåîðåìîé Ïàïïà � Ãóëüäèíà, íàéòè öåíòð òÿæåñòè ïîëó-
îêðóæíîñòè ðàäèóñà a.

10. Äîêàçàòü, ÷òî ñëåäóþùèé èíòåãðàë ðàñõîäèòñÿ
∞∫
2

dx
x lnx .

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
2∫

1

dx
lnx .

Âàðèàíò 11

1. Âû÷èñëèòü èíòåãðàë
4∫

1

x3dx ïî îïðåäåëåíèþ, ðàçáèâàÿ îòðåçîê [1; 4]

íà ðàâíûå ÷àñòè è âûáèðàÿ â êà÷åñòâå òî÷åê xk ïðàâûå êîíöû ýòèõ
÷àñòåé.
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2. Âûÿñíèòü, íå âû÷èñëÿÿ èíòåãðàëû, êàêîé èç èíòåãðàëîâ áîëüøå:
π∫
0

e−x cos2 xdx èëè
2π∫
π

e−x
2

cos2 xdx.

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë

1∫
0

x ln
(
1 + x2

)
dx.

4. Âû÷èñëèòü ïëîùàäü, çàêëþ÷åííóþ ìåæäó ïàðàáîëîé y = x2−2x+2,
êàñàòåëüíîé ê íåé â òî÷êå M (3; 5) è îñüþ îðäèíàò.

5. Âû÷èñëèòü îáúåì òåëà, ïîëó÷åííîãî ïðè âðàùåíèè âîêðóã ïîëÿð-
íîé îñè ôèãóðû, îãðàíè÷åííîé êðèâîé ρ = α cos2 ϕ.

6. Íàéòè äëèíó ãèïåðáîëè÷åñêîé ñïèðàëè ρϕ = 1 îò òî÷êè
(
2; 1

2

)
äî

òî÷êè
(

1
2 ; 2
)
.

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé{
x = 2 cos t− cos 2t,
y = 2 sin t− sin 2t,

âîêðóã îñè Ox.

8. Âû÷èñëèòü ñèëó äàâëåíèÿ æèäêîñòè íà âåðòèêàëüíûé ýëëèïñ ñ îñÿ-
ìè 2a è 2b, öåíòð êîòîðîãî ïîãðóæåí â æèäêîñòü íà óðîâåíü h

(h> b). Ïëîòíîñòü æèäêîñòè d.
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9. Íàéòè ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì ôèãóðû, îãðà-
íè÷åííîé ïåðâîé àðêîé öèêëîèäû è îñüþ Ox, âîêðóã êàñàòåëüíîé ê
âåðøèíå öèêëîèäû.

10. Äîêàçàòü, ÷òî ñëåäóþùèé èíòåãðàë ðàñõîäèòñÿ
∞∫
1

x cosxdx.

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
1∫

0

xp lnq 1
xdx.

Âàðèàíò 12

1. Âû÷èñëèòü èíòåãðàë
4∫

1

x3dx ïî îïðåäåëåíèþ, ðàçáèâàÿ îòðåçîê [1; 4]

íà ðàâíûå ÷àñòè è âûáèðàÿ â êà÷åñòâå xk ñåðåäèíû ýòèõ ÷àñòåé.

2. Ñ ïîìîùüþ íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî äîêàçàòü, ÷òî

1∫
0

√
1 + x2

√
x3 + 1dx 6

5

3
.

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë

π∫
0

ex sin 2xdx.
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4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé y = −x2+x−
−3 è êàñàòåëüíûìè ê íåé â òî÷êàõ M1 (0;−3) è M2 (3; 0).

5. Âû÷èñëèòü îáúåì òåëà, ïîëó÷åííîãî ïðè âðàùåíèè âîêðóã ïîëÿð-
íîé îñè ôèãóðû, îãðàíè÷åííîé êðèâîé ρ = α cos3 ϕ.

6. Âû÷èñëèòü äëèíó ïðÿìîé ëèíèè a
ρ = cos

(
ϕ− π

3

)
â ïðåäåëàõ îò

ϕ1 = 0 äî ϕ2 = π
2 .

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé
x = t3

3 , y = 4 − t2

2 âîêðóã îñè Ox ìåæäó òî÷êàìè ïåðåñå÷åíèÿ ñ
îñÿìè êîîðäèíàò.

8. Âû÷èñëèòü ñèëó äàâëåíèÿ âîäû íà âåðòèêàëüíóþ ïëîòèíó, èìåþ-
ùóþ ôîðìó òðàïåöèè, âåðõíåå îñíîâàíèå êîòîðîé èìååò 70 ì â äëè-
íó, íèæíåå 50 ì, à âûñîòà 20 ì.

9. Âû÷èñëèòü ïî òåîðåìå Ïàïïà � Ãóëüäèíà îáúåì è áîêîâóþ ïîâåðõ-
íîñòü ïðÿìîãî êîíóñà ñ âûñîòîé H è ðàäèóñîì îñíîâàíèÿ r.

10. Äîêàçàòü, ÷òî ñëåäóþùèé èíòåãðàë ðàñõîäèòñÿ
∞∫
0

x2 cosxdx.

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
∞∫
1

dx
xp lnq x .
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Âàðèàíò 13

1. Âû÷èñëèòü èíòåãðàë
4∫

1

x3dx ïî îïðåäåëåíèþ, ðàçáèâàÿ îòðåçîê [1; 4]

íà ÷àñòè òî÷êàìè x0, x1, . . . , xn, ãäå xk = qk, q = n
√

4, è âûáèðàÿ â
êà÷åñòâå òî÷åê xk ëåâûå êîíöû ýòèõ ÷àñòåé.

2. Ñ ïîìîùüþ íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî äîêàçàòü, ÷òî

1∫
0

√
1 + x4dx <

√
1, 2.

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë

π
3∫
π
4

xdx
sin2 x

.

4. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé y = x4−2x3+x2+
+3, îñüþ àáñöèññ è äâóìÿ îðäèíàòàìè, ñîîòâåòñòâóþùèìè òî÷êàì,
â êîòîðûõ ôóíêöèÿ èìååò ìèíèìóì.

5. Íàéòè îáúåì òåëà, ïîëó÷åííîãî ïðè âðàùåíèè òîé æå ôèãóðû âî-
êðóã ïðÿìîé y = x.

6. Âû÷èñëèòü äëèíó ÷àñòè öèññîèäû Äèîêëåñà ρ = 2a sin2 ϕ
cosϕ â ïðåäåëàõ

îò ϕ1 äî ϕ2.
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7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì âîêðóã
îñè Ox ïåòëè êðèâîé x = t2, y = t

3

(
t2 − 3

)
.

8. Âåðõíèé êðàé øëþçà, èìåþùåãî ôîðìó êâàäðàòà ñî ñòîðîíîé, ðàâ-
íîé 8 ì, ëåæèò íà ïîâåðõíîñòè âîäû. Îïðåäåëèòü âåëè÷èíó äàâëå-
íèÿ íà êàæäóþ èç ÷àñòåé øëþçà, îáðàçóåìîãî äåëåíèåì êâàäðàòà
îäíîé èç åãî äèàãîíàëåé.

9. Íàéòè ìîìåíòû èíåðöèè îäíîðîäíîé ýëëèïòè÷åñêîé ïëàñòèíêè ñ
ïîëóîñÿìè a è b îòíîñèòåëüíî åå ãëàâíûõ îñåé.

10. Äîêàçàòü, ÷òî ñëåäóþùèé èíòåãðàë ðàñõîäèòñÿ
∞∫
2

xdx
x2−1 .

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë

π
4∫

1

sinx
x
√
x
dx.

Âàðèàíò 14

1. Âû÷èñëèòü èíòåãðàë
4∫

1

x3dx ïî îïðåäåëåíèþ, ðàçáèâàÿ îòðåçîê [1; 4]

íà ÷àñòè òî÷êàìè x0, x1, . . . , xn, ãäå xk = qk, q = n
√

4, è âûáèðàÿ â
êà÷åñòâå òî÷åê xk ïðàâûå êîíöû ýòèõ ÷àñòåé.
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2. Ñ ïîìîùüþ íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî äîêàçàòü, ÷òî

π∫
0

x2
√

sinxdx <
2π5

5
.

3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë

π∫
0

x3 sinxdx.

4. Íàéòè ïëîùàäü êàæäîé èç ôèãóð, îãðàíè÷åííîé îêðóæíîñòüþ

x2 + y2 + 6x− 2y + 8 = 0

è ïàðàáîëîé y = x2 + 6x+ 10.

5. Íàéòè îáúåì, ïîëó÷àåìûé ïðè âðàùåíèè âîêðóã îñè àáñöèññ ëåïåñò-
êà ëåìíèñêàòû ρ2 = a2 sin 2ϕ.

6. Âû÷èñëèòü äëèíó ÷àñòè ïàðàáîëû a
ρ = cos2 ϕ

2 îòñåêàåìîé îò ïàðà-
áîëû âåðòèêàëüíîé ïðÿìîé, ïðîõîäÿùåé ÷åðåç ïîëþñ.

7. Îêðóæíîñòü ρ = 2r sinϕ âðàùàåòñÿ âîêðóã ïîëÿðíîé îñè. Íàéòè
ïëîùàäü ïîâåðõíîñòè, êîòîðàÿ ïðè ýòîì ïîëó÷àåòñÿ.
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8. Âû÷èñëèòü ñèëó äàâëåíèÿ æèäêîñòè íà áîêîâûå ñòåíêè êðóãîâîãî
öèëèíäðà, âûñîòà êîòîðîãî ðàâíà h ñì, à ðàäèóñ îñíîâàíèÿ r ñì.
Ïëîòíîñòü æèäêîñòè ðàâíà γ è æèäêîñòü ïîëíîñòüþ çàïîëíÿåò öè-
ëèíäð.

9. Íàéòè ìîìåíò èíåðöèè ïðÿìîãî ïàðàáîëè÷åñêîãî ñåãìåíòà ñ îñíî-
âàíèåì 2b è âûñîòîé h îòíîñèòåëüíî åãî îñè ñèììåòðèè.

10. Äîêàçàòü, ÷òî ñëåäóþùèé èíòåãðàë ðàñõîäèòñÿ
∞∫
2

dx√
4+x2

.

11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
1∫

0

dx
x−sinx .

Âàðèàíò 15

1. Âû÷èñëèòü èíòåãðàë
4∫

1

x3dx ïî îïðåäåëåíèþ, ðàçáèâàÿ îòðåçîê [1; 4]

íà ÷àñòè òî÷êàìè x0, x1, . . . , xn, ãäå xk = qk, q = n
√

4, è âûáèðàÿ â
êà÷åñòâå òî÷åê xk ñðåäíèå ãåîìåòðè÷åñêèå ëåâûõ è ïðàâûõ êîíöîâ
÷àñòåé.

2. Ñ ïîìîùüþ íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî äîêàçàòü, ÷òî
π∫

0

√
(1 + x3) sinxdx < 2π +

π4

2
.
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3. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàë

e∫
1

(1− lnx)2 dx.

4. Âû÷èñëèòü ïëîùàäü, îãðàíè÷åííóþ äâóìÿ êóáè÷åñêèìè ïàðàáîëà-
ìè 6x = y3 − 16y è 24x = y3 − 16y.

5. Íàéòè îáúåì, ïîëó÷àåìûé ïðè âðàùåíèè ôèãóðû, îãðàíè÷åííîé êó-
áè÷åñêèìè ïàðàáîëàìè 6x = y3−16y è 24x = y3−16y âîêðóã ïðÿìîé
y = −x.

6. Íàéòè äëèíó êðèâîé ρ = p
1+cosϕ

(
|ϕ| 6 π

2

)
.

7. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, ïîëó÷åííîé ïðè âðàùåíèÿ êðè-
âîé ρ2 = a2 cosϕ: à) âîêðóã îñè ϕ = π

2 ; á) âîêðóã îñè ϕ = π
4 .

8. Âû÷èñëèòü äàâëåíèå âîäû íà âåðòèêàëüíûé ïàðàáîëè÷åñêèé ñåã-
ìåíò, îñíîâàíèå êîòîðîãî ðàâíî 4 ì è ðàñïîëîæåíî íà ïîâåðõíîñòè
âîäû, à âåðøèíà íàõîäèòñÿ íà ãëóáèíå 4 ì.

9. Íàéòè ìîìåíò èíåðöèè äóãè îêðóæíîñòè ðàäèóñà a, ñîîòâåòñòâóþ-
ùåé öåíòðàëüíîìó óãëó ϕ.

10. Äîêàçàòü, ÷òî ñëåäóþùèé èíòåãðàë ðàñõîäèòñÿ
∞∫
0

x2dx
x3+x+1 .
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11. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë
2∫

1

dx
x lnp x .

Âîïðîñû äëÿ ïîäãîòîâêè ê ýêçàìåíó è (èëè) çà÷åòó

1. Ïîíÿòèå ïåðâîîáðàçíîé ôóíêöèè è åå îñíîâíîå ñâîéñòâî.
2. Íåîïðåäåëåííûé èíòåãðàë. Îñíîâíûå ñâîéñòâà íåîïðåäåëåííîãî èí-

òåãðàëà.
3. Òàáëèöà îñíîâíûõ íåîïðåäåëåííûõ èíòåãðàëîâ (ñ äîêàçàòåëüñòâîì

âñåõ ôîðìóë òàáëèöû).
4. Çàìåíà ïåðåìåííîé â íåîïðåäåëåííîì èíòåãðàëå.
5. Èíòåãðèðîâàíèå ïî ÷àñòÿì â íåîïðåäåëåííîì èíòåãðàëå.
6. Ðàçëîæåíèå ðàöèîíàëüíûõ äðîáåé íà ýëåìåíòàðíûå.
7. Èíòåãðèðîâàíèå ýëåìåíòàðíûõ ðàöèîíàëüíûõ äðîáåé.
8. Èíòåãðèðîâàíèå ïðîñòåéøèõ èððàöèîíàëüíûõ ôóíêöèé. Ïðîñòåé-

øèå ïîäñòàíîâêè.
9. Èíòåãðèðîâàíèå ïðîñòåéøèõ èððàöèîíàëüíûõ ôóíêöèé. Ïîäñòà-

íîâêè Ýéëåðà.
10. Èíòåãðàëû îò äèôôåðåíöèàëüíûõ áèíîìîâ.
11. Èíòåãðèðîâàíèå ôóíêöèé òèïà R(sinx, cosx).
12. Èíòåãðèðîâàíèå ôóíêöèé òèïà R(shx, chx).
13. Èíòåãðèðîâàíèå ôóíêöèé òèïà R(ex).
14. Çàäà÷è, ïðèâîäÿùèå ê ïîíÿòèþ îïðåäåëåííîãî èíòåãðàëà.
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15. Ïîíÿòèå îïðåäåëåííîãî èíòåãðàëà (èíòåãðàëà Ðèìàíà), åãî ãåî-
ìåòðè÷åñêèé è ìåõàíè÷åñêèé ñìûñë.

16. Íåîáõîäèìûå óñëîâèÿ èíòåãðèðóåìîñòè ôóíêöèè íà îòðåçêå.

17. Íèæíèå è âåðõíèå ñóììû Äàðáó, èõ ñâîéñòâà.

18. Êðèòåðèé èíòåãðèðóåìîñòè ôóíêöèè íà îòðåçêå.

19. Îá èíòåãðèðóåìîñòè íåïðåðûâíûõ íà îòðåçêå ôóíêöèé.

20. Îá èíòåãðèðóåìîñòè ìîíîòîííûõ íà îòðåçêå ôóíêöèé.

21. Êðèòåðèé Äàðáó èíòåãðèðóåìîñòè ôóíêöèè íà îòðåçêå.

22. Êðèòåðèé Ðèìàíà èíòåãðèðóåìîñòè ôóíêöèè íà îòðåçêå.

23. Îá èíòåãðèðóåìîñòè íà îòðåçêå íåêîòîðûõ êëàññîâ ðàçðûâíûõ
ôóíêöèé.

24. Îñíîâíûå ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà, ñâÿçàííûå ñ ðàâåí-
ñòâàìè.

25. Îñíîâíûå ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà, ñâÿçàííûå ñ íåðà-
âåíñòâàìè.

26. Èíòåãðèðîâàíèå ÷åòíûõ, íå÷åòíûõ è ïåðèîäè÷åñêèõ ôóíêöèé.

27. Òåîðåìû î ñðåäíåì çíà÷åíèè äëÿ îïðåäåëåííîãî èíòåãðàëà.

28. Èíòåãðàëüíûå íåðàâåíñòâà Ãåëüäåðà, Ìèíêîâñêîãî, Êîøè � Áóíÿ-
êîâñêîãî.

29. Îïðåäåëåííûé èíòåãðàë ñ ïåðåìåííûì âåðõíèì ïðåäåëîì. Ñóùå-
ñòâîâàíèå ïåðâîîáðàçíîé ó íåïðåðûâíîé íà ïðîìåæóòêå ôóíêöèè.

30. Ôîðìóëà Íüþòîíà � Ëåéáíèöà.
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31. Çàìåíà ïåðåìåííîé (ïîäñòàíîâêà) â îïðåäåëåííîì èíòåãðàëå.

32. Èíòåãðèðîâàíèå ïî ÷àñòÿì â îïðåäåëåííîì èíòåãðàëå.

33. Îñòàòîê ôîðìóëû Òåéëîðà â èíòåãðàëüíîé ôîðìå.

34. Èíòåãðèðîâàíèå âåêòîðíîçíà÷íûõ ôóíêöèé.

35. Ïîíÿòèå êâàäðèðóåìîñòè è ïëîùàäè ïëîñêîé ôèãóðû. Êðèòåðèé
êâàäðèðóåìîñòè ïëîñêèõ ôèãóð.

36. Êâàäðèðóåìîñòü êðèâîëèíåéíîé òðàïåöèè.

37. Êâàäðèðóåìîñòü êðèâîëèíåéíîãî ñåêòîðà.

38. Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé êðèâîé, çàäàí-
íîé â ïàðàìåòðè÷åñêîé ôîðìå.

39. Ïîíÿòèå êóáèðóåìîñòè è îáúåìà òåë. Êðèòåðèé êóáèðóåìîñòè òåë.

40. Ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ.

41. Ñïðÿìëÿåìûå êðèâûå. Äëèíà ñïðÿìëÿåìîé êðèâîé.

42. Ìàññà ìàòåðèàëüíîé êðèâîé. Ñòàòè÷íûå ìîìåíòû è öåíòð òÿæå-
ñòè ìàòåðèàëüíîé êðèâîé. Ïåðâàÿ òåîðåìà Ïàïïà � Ãóëüäèíà.

43. Ìàññà ìàòåðèàëüíîé ïëîñêîé ôèãóðû. Ñòàòè÷íûå ìîìåíòû è öåíòð
òÿæåñòè ìàòåðèàëüíîé ïëîñêîé ôèãóðû. Âòîðàÿ òåîðåìà Ïàïïà � Ãóëü-
äèíà.

44. Ïîíÿòèå íåñîáñòâåííîãî èíòåãðàëà. Íåñîáñòâåííûå èíòåãðàëû ïåð-
âîãî è âòîðîãî ðîäà.

45. Îñíîâíûå ñâîéñòâà íåñîáñòâåííûõ èíòåãðàëîâ.

46. Êðèòåðèé Êîøè ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ.
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47. Êðèòåðèé ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ îò íåîòðèöàòåëü-
íûõ ôóíêöèé.

48. Äîñòàòî÷íûå ïðèçíàêè ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ îò
íåîòðèöàòåëüíûõ ôóíêöèé (ïðèçíàêè ñðàâíåíèÿ).

49. Ïîíÿòèÿ àáñîëþòíîé è óñëîâíîé ñõîäèìîñòè íåñîáñòâåííûõ èí-
òåãðàëîâ. Òåîðåìà î ñõîäèìîñòè àáñîëþòíî ñõîäÿùèõñÿ íåñîáñòâåííûõ
èíòåãðàëîâ.

50. Ïðèçíàêè Äèðèõëå è Àáåëÿ óñëîâíîé ñõîäèìîñòè íåñîáñòâåííûõ
èíòåãðàëîâ.

51. Ãëàâíîå çíà÷åíèå íåñîáñòâåííîãî èíòåãðàëà.
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Çàäàíèÿ äëÿ ïîäãîòîâêè ê ýêçàìåíó è (èëè) çà÷åòó

1. Íàéäèòå íåîïðåäåëåííûå èíòåãðàëû:

1.1.
∫

dx
x6(1+x2) ;

1.2.
∫

x2dx
(1−x2)3 ;

1.3.
∫

dx√
x+ 3
√
x
;

1.4.
∫
x2
√

x
1−xdx;

1.5.
∫ √

x
1−x
√
x
dx;

1.6.
∫

x5dx√
1+x2

;

1.7.
∫

dx
x
√

1+x3+x6
;

1.8.
∫

dx
x
√
x4−2x2−1

;

1.9.
∫ (1+x)dx

x+
√
x+x2

;

1.10.
∫ ln(1+x+x2)

(1+x)2 dx;

1.11.
∫
x ln(4 + x4)dx;

1.12.
∫

arcsinx
x2

1+x2√
1−x2dx;

1.13.
∫
x
√
x2 + 1 ln

√
x2 − 1dx;

1.14.
∫

x√
1−x2 ln x√

1−xdx;

1.15.
∫

dx
1+x4+x8 ;

1.16.
∫

x+2
x2
√

1−x2dx;

1.17.
∫

dx
3
√
x2(1−x)

;

1.18.
∫

1+
√

1−x2
1−
√

1−x2dx;

1.19.
∫

(2x+ 3) arccos(2x− 3)dx;

1.20.
∫ x ln(1+

√
1+x2)√

1+x2
dx;

1.21.
∫

dx
(2+sinx)2 ;

1.22.
∫

sin 4x
sin8 x+cos8 x

dx;

1.23.
∫

dx
sinx
√

1+cosx
;

1.24.
∫

x lnx
(1+x2)2dx;

1.25.
∫

x arctg x√
1+x2

dx;

1.26.
∫

sin 2x√
1+cos4 x

dx;



531

1.27.
∫

x3 arccosx√
1−x2 dx;

1.28.
∫

x4 arctg x
1+x2 dx;

1.29.
∫

x arctg x
(1+x2)3 dx;

1.30.
∫ x ln(x+

√
1+x2)

(1−x2)2 dx;

1.31.
∫ √

1− x2 arcsinxdx;

1.32.
∫
x(1 + x2) arcctg xdx;

1.33.
∫

arcsin ex

ex dx;

1.34.
∫

arctg e
x
2

e
x
2 (1+ex)

dx;

1.35.
∫

1+sinx
1+cosxe

xdx;

1.36.
∫

4x3−5
x(x3−5)(x4−5x+1)dx;

1.37.
∫

dx
(1+x)

√
1+x−x2 ;

1.38.
∫ (5x+4)dx√

x2+2x+5
;

1.39.
∫

1+cos 2x
cosx dx;

1.40.
∫ 3
√

sin2 2x cos 2xdx;

1.41.
∫ √

x
3
√
x2− 4
√
x
dx;

1.42.
∫

sin 2x
cos4 x+sin4 x

dx;

1.43.
∫

x3−x−1√
x2+2x+2

dx;

1.44.
∫

dx
7 cos2 x+2 sin2 x

;

1.45.
∫

lnx−3
x
√

lnx
dx;

1.46.
∫

dx
(2x−3)

√
4x−x2 ;

1.47.
∫

dx
8−4 sinx+7 cosx ;

1.48.
∫ (1+sinx)dx

sinx(1+cosx) ;

1.49.
∫

x lnx√
(x2−1)3

dx;

1.50.
∫
earcsinxdx;

1.51.
∫ sin(x−1)

sin(x+1)dx;

1.52.
∫

dx
x11
√

1+x4
;

1.53.
∫

(x4 − 3x2 + 2)(1− x)21dx;

1.54.
∫

dx
tg x·cos 2x ;

1.55.
∫ (

x
x5+2

)4
dx;

1.56.
∫

ln arccosx√
1−x2 arccosx

dx;
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1.57.
∫
e3x sin

(
2x− π

4

)
dx;

1.58.
∫

arcsin
√

x
x+1dx;

1.59.
∫

x4−4x3+5x2+10x−10
x5−3x2+x+5 dx;

1.60.
∫
x 4
√
x− 2dx;

1.61.
∫

xex

(1+ex)2dx;

1.62.
∫

x+1
2x+1dx;

1.63.
∫ ln(1−x2)√

1−x dx;

1.64.
∫

dx√
3 cosx+sinx

;

1.65.
∫

dx
2−ex−e2x ;

1.66.
∫

dx√
x3−x2−x+1

.

2. Âû÷èñëèòü èíòåãðàë
4∫

1

x3dx ïî îïðåäåëåíèþ, ðàçáèâàÿ îòðåçîê [1; 4]

íà ðàâíûå ÷àñòè è âûáèðàÿ â êà÷åñòâå xk ëåâûå êîíöû ýòèõ ÷àñòåé.

3. Âû÷èñëèòü èíòåãðàë
4∫

1

x3dx ïî îïðåäåëåíèþ, ðàçáèâàÿ îòðåçîê [1; 4]

íà ðàâíûå ÷àñòè è âûáèðàÿ â êà÷åñòâå òî÷åê xk ïðàâûå êîíöû ýòèõ
÷àñòåé.

4. Âû÷èñëèòü èíòåãðàë
4∫

1

x3dx ïî îïðåäåëåíèþ, ðàçáèâàÿ îòðåçîê [1; 4]

íà ÷àñòè òî÷êàìè x0, x1, . . . , xn, ãäå xk = qk, q = n
√

4, è âûáèðàÿ â
êà÷åñòâå òî÷åê xk ëåâûå êîíöû ýòèõ ÷àñòåé.

5. Îöåíèòü èíòåãðàë:

√
3∫

√
3
3

arctg xdx.
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6. Äîêàçàòü, ÷òî 2
4
√
e
<

2∫
0

ex
2−xdx < 2e.

7. Âûÿñíèòü, íå âû÷èñëÿÿ èíòåãðàëû, êàêîé èç èíòåãðàëîâ áîëüøå:
1∫

0

x2 sin2 xdx èëè
1∫

0

x sin2 xdx.

8. Ñ ïîìîùüþ íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî äîêàçàòü, ÷òî

π∫
0

√
(1 + x3) sinxdx < 2π +

π4

2
.

9. Ïðèìåíÿÿ ôîðìóëó Íüþòîíà � Ëåéáíèöà, íàéòè èíòåãðàëû:

9.1

π
2∫

6

dx
1+sinx+cosx ;

9.2
1∫

0

arcsinx√
1+x

dx;

9.3
2∫

1

(3x+ 2) lnxdx;

9.4
2∫

1

dx
x
√

1+x2
.

10. Âû÷èñëèòü ïëîùàäü, îãðàíè÷åííóþ ëèíèÿìè: ρ = 2
√

3a cosϕ è
ρ = 2a sinϕ.

11. Íàéòè ïëîùàäü êàæäîé èç ôèãóð, îãðàíè÷åííîé îêðóæíîñòüþ

x2 + y2 + 6x− 2y + 8 = 0
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è ïàðàáîëîé y = x2 + 6x+ 10.

12. Âû÷èñëèòü ïëîùàäü, ñîäåðæàùóþñÿ âíóòðè ïåòëè

x =
t2

1 + t2
, y =

t
(
1− t2

)
1 + t2

.

13. Âû÷èñëèòü îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè

x2 + y2 + z2 = 1, x2 + y2 = 1.

14. Âû÷èñëèòü îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x2 + y2 = 1,
x2 + z2 = 1, ðàññìîòðåâ ãîðèçîíòàëüíûå ñå÷åíèÿ.

15. Íàéòè îáúåì, îãðàíè÷åííûé äâóìÿ ýëëèïòè÷åñêèìè öèëèíäðàìè
x2

a2 + y2

b2 = 1, x
2

a2 + z2

b2 = 1.

16. Âû÷èñëèòü îáúåì ÷àñòè öèëèíäðà, îòñå÷åííîé ïëîñêîñòüþ, êîòîðàÿ
ïðîõîäèò ÷åðåç äèàìåòð 2R åãî îñíîâàíèÿ ïîä óãëîì α ê ïëîñêîñòè
îñíîâàíèÿ.

17. Íàéòè äëèíó ãèïåðáîëè÷åñêîé ñïèðàëè ρϕ = 1 îò òî÷êè
(
2; 1

2

)
äî

òî÷êè
(

1
2 ; 2
)
.

18. Îïðåäåëèòü äëèíó êðèâîé y2 = (x+ 1)3, îòñå÷åííîé ïðÿìîé x= 4.

19. Îïðåäåëèòü äëèíó êðèâîé y = ln sinx ìåæäó òî÷êàìè, àáñöèññû
êîòîðûõ ðàâíû π

2 è π
3 .
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20. Âû÷èñëèòü äëèíó ýâîëþòû ýëëèïñà{
x = c2

a cos3 t,

y = c2

b sin3 t,

(
c2 = a2 − b2

)
, a > b.

21. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé
x = t3

3 , y = 4 − t2

2 âîêðóã îñè Ox ìåæäó òî÷êàìè ïåðåñå÷åíèÿ ñ
îñÿìè êîîðäèíàò.

22. Îêðóæíîñòü ρ = 2r sinϕ âðàùàåòñÿ âîêðóã ïîëÿðíîé îñè. Íàéòè
ïëîùàäü ïîâåðõíîñòè, êîòîðàÿ ïðè ýòîì ïîëó÷àåòñÿ.

23. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé
y2 = 4 + x, îòñå÷åííîé ïðÿìîé x = 2, âîêðóã îñè Ox.

24. Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé
y = x2

2 , îòñå÷åííîé ïðÿìîé y = 1, 5, âîêðóã îñè Oy.

25. Âû÷èñëèòü ðàáîòó, êîòîðóþ íåîáõîäèìî çàòðàòèòü, ÷òîáû âûêà÷àòü
âîäó èç êîòëà, èìåþùåãî ôîðìó ïàðàáîëîèäà âðàùåíèÿ, ðàäèóñ îñ-
íîâàíèÿ êîòîðîãî ðàâåí R, à âûñîòà H.

26. Âû÷èñëèòü êèíåòè÷åñêóþ ýíåðãèþ øàðà ìàññûm è ðàäèóñà R, âðà-
ùàþùåãîñÿ ñ óãëîâîé ñêîðîñòüþ îêîëî îñè, ïðîõîäÿùåé ÷åðåç åãî
öåíòð.
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27. Âû÷èñëèòü ñèëó äàâëåíèÿ æèäêîñòè íà áîêîâûå ñòåíêè êðóãîâî-
ãî öèëèíäðà, âûñîòà êîòîðîãî ðàâíà h ñì, à ðàäèóñ îñíîâàíèÿ r

ñì. Ïëîòíîñòü æèäêîñòè ðàâíà γ, è æèäêîñòü ïîëíîñòüþ çàïîëíÿåò
öèëèíäð.

28. Âû÷èñëèòü äàâëåíèå âîäû íà âåðòèêàëüíûé ïàðàáîëè÷åñêèé ñåã-
ìåíò, îñíîâàíèå êîòîðîãî ðàâíî 4 ì è ðàñïîëîæåíî íà ïîâåðõíîñòè
âîäû, à âåðøèíà íàõîäèòñÿ íà ãëóáèíå 4 ì.

29. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé îñüþ àáñ-

öèññ è ïåðâîé àðêîé öèêëîèäû

{
x = a (t− sin t) ,
y = a (1− cos t) .

30. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ôèãóðû, îãðàíè÷åííîé âåðõíåé
ïîëîâèíîé êàðäèîèäû ρ = a (1 + cosϕ).

31. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè ÷àñòè ëîãàðèôìè÷åñêîé ñïèðà-
ëè ρ = aeϕ îò ϕ1 = π

2 äî ϕ2 = π.

32. Íàéòè öåíòð òÿæåñòè ÷àñòè êðèâîé x = 1
4y

2 − 1
2 ln y, ñîäåðæàùåéñÿ

ìåæäó òî÷êàìè, äëÿ êîòîðûõ y = 1 è y = 2.

33. Âû÷èñëèòå íåñîáñòâåííûå èíòåãðàëû èëè äîêàæèòå èõ ðàñõîäèìîñòü:

34.1
∞∫
1

dx
x+x3 ; 34.2

2∫
0

dx
3
√

(x−1)
2
; 34.3

∞∫
1

1
x2e
− 1
xdx;



537

34.4
3∫

2

xdx
4
√
x2−4

; 34.5
∞∫
e

dx
x ln2 x

;

34.6
2∫

0

dx√
x2−4x+3

;

34.7
∞∫
−∞

dx
x2+2x+5 ;

34.8
1∫
−1

3x2+2
3
√
x2
dx.
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